1. Preface 
2. Whole Numbers 


1. Introduction 

2. Introduction to Whole Numbers 
3. Add Whole Numbers 

4. Subtract Whole Numbers 

5. Multiply Whole Numbers 

6. Divide Whole Numbers 


3. The Language of Algebra 


. Introduction to the Language of Algebra 

. Use the Language of Algebra 

. Evaluate, Simplify, and Translate Expressions 

. Solving Equations Using the Subtraction and Addition 
Properties of Equality 

. Find Multiples and Factors 

. Prime Factorization and the Least Common Multiple 


RWNH 


Oo Ul 


4. Integers 


1. Introduction to Integers 

. Introduction to Integers 

. Add Integers 

. Subtract Integers 

. Multiply and Divide Integers 

. Solve Equations Using Integers; The Division Property 
of Equality 


Au BRwWND 


5. Fractions 


1. Introduction to Fractions 

2. Visualize Fractions 

3. Multiply and Divide Fractions 

4. Multiply and Divide Mixed Numbers and Complex 
Fractions 

5. Add and Subtract Fractions with Common 


6, 


ep 
8. 


Denominators 

Add and Subtract Fractions with Different 
Denominators 

Add and Subtract Mixed Numbers 

Solve Equations with Fractions 


6. Decimals 


CONAUTABWNHEH 


. Introduction to Decimals 

. Decimals 

. Decimal Operations 

. Decimals and Fractions 

. Solve Equations with Decimals 
. Averages and Probability 

. Ratios and Rate 

. Simplify and Use Square Roots 


7. Percents 


RWwWNEH 


Oo Ul 


. Introduction to Percents 

. Understand Percent 

. Solve General Applications of Percent 

. Solve Sales Tax, Commission, and Discount 


Applications 


. Solve Simple Interest Applications 
. Solve Proportions and their Applications 


8. The Properties of Real Numbers 


AuNBRWNEH 


. Introduction to the Properties of Real Numbers 
. Rational and Irrational Numbers 

. Commutative and Associative Properties 

. Distributive Property 

. Properties of Identity, Inverses, and Zero 

. Systems of Measurement 


9. Solving Linear Equations 


1. 
a 


Introduction to Solving Linear Equations 
Solve Equations Using the Subtraction and Addition 
Properties of Equality 


3. 


4. 


Di 


Solve Equations Using the Division and Multiplication 
Properties of Equality 

Solve Equations with Variables and Constants on Both 
Sides 

Solve Equations with Fraction or Decimal Coefficients 


10. Math Models and Geometry 


RWNH 


re 
8. 


. Introduction 

. Use a Problem Solving Strategy 

. Solve Money Applications 

. Use Properties of Angles, Triangles, and the 


Pythagorean Theorem 


. Use Properties of Rectangles, Triangles, and Trapezoids 
. Solve Geometry Applications: Circles and Irregular 


Figures 
Solve Geometry Applications: Volume and Surface Area 
Solve a Formula for a Specific Variable 


11. Polynomials 


NOB WN 


. Introduction to Polynomials 

. Add and Subtract Polynomials 

. Use Multiplication Properties of Exponents 
. Multiply Polynomials 

. Divide Monomials 

. Integer Exponents and Scientific Notation 
. Introduction to Factoring Polynomials 


12. Graphs 


1. 
2. 
3. 
4. 
5. 


Graphs 

Use the Rectangular Coordinate System 
Graphing Linear Equations 

Graphing with Intercepts 

Understand Slope of a Line 


13. Cumulative Review 
14. Powers and Roots Tables 
15. Geometric Formulas 


Preface 


Welcome to Prealgebra, an OpenStax resource. This 
textbook was written to increase student access to 
high-quality learning materials, maintaining highest 
standards of academic rigor at little to no cost. 


About OpenStax 


OpenStax is a nonprofit based at Rice University, 
and it’s our mission to improve student access to 
education. Our first openly licensed college textbook 
was published in 2012, and our library has since 
scaled to over 20 books for college and AP® Courses 
used by hundreds of thousands of students. Our 
adaptive learning technology, designed to improve 
learning outcomes through personalized educational 
paths, is being piloted in college courses throughout 
the country. Through our partnerships with 
philanthropic foundations and our alliance with 
other educational resource organizations, OpenStax 
is breaking down the most common barriers to 
learning and empowering students and instructors 
to succeed. 


About OpenStax Resources 


Customization 


Prealgebra is licensed under a Creative Commons 
Attribution 4.0 International (CC BY) license, which 
means that you can distribute, remix, and build 
upon the content, as long as you provide attribution 
to OpenStax and its content contributors. 


Because our books are openly licensed, you are free 
to use the entire book or pick and choose the 
sections that are most relevant to the needs of your 
course. Feel free to remix the content by assigning 
your students certain chapters and sections in your 
syllabus, in the order that you prefer. You can even 
provide a direct link in your syllabus to the sections 
in the web view of your book. 


Faculty also have the option of creating a 
customized version of their OpenStax book through 
the aerSelect platform. The custom version can be 
made available to students in low-cost print or 
digital form through their campus bookstore. Visit 
your book page on openstax.org for a link to your 
book on aerSelect. 


Errata 


All OpenStax textbooks undergo a rigorous review 
process. However, like any professional-grade 

textbook, errors sometimes occur. Since our books 
are web based, we can make updates periodically 


when deemed pedagogically necessary. If you have 
a correction to suggest, submit it through the link 
on your book page on openstax.org. Subject matter 
experts review all errata suggestions. OpenStax is 
committed to remaining transparent about all 
updates, so you will also find a list of past errata 
changes on your book page on openstax.org. 


Format 


You can access this textbook for free in web view or 
PDF through openstax.org. 


About Prelagebra 


Prealgebra is designed to meet scope and sequence 
requirements for a one-semester prealgebra course. 
The text introduces the fundamental concepts of 
algebra while addressing the needs of students with 
diverse backgrounds and learning styles. Each topic 
builds upon previously developed material to 
demonstrate the cohesiveness and structure of 
mathematics. 


Students who are taking Basic Mathematics and 
Prealgebra classes in college present a unique set of 
challenges. Many students in these classes have been 
unsuccessful in their prior math classes. They may 
think they know some math, but their core 


knowledge is full of holes. Furthermore, these 
students need to learn much more than the course 
content. They need to learn study skills, time 
management, and how to deal with math anxiety. 
Some students lack basic reading and arithmetic 
skills. The organization of Prealgebra makes it easy 
to adapt the book to suit a variety of course syllabi. 


Coverage and Scope 


Prealgebra follows a nontraditional approach in its 
presentation of content. The beginning, in 
particular, is presented as a sequence of small steps 
so that students gain confidence in their ability to 
succeed in the course. The order of topics was 
carefully planned to emphasize the logical 
progression throughout the course and to facilitate a 
thorough understanding of each concept. As new 
ideas are presented, they are explicitly related to 
previous topics. 


Chapter 1: Whole Numbers 


Each of the four basic operations with whole 
numbers—addition, subtraction, multiplication, 
and division—is modeled and explained. As 
each operation is covered, discussions of 
algebraic notation and operation signs, 
translation of algebraic expressions into word 
phrases, and the use the operation in 


applications are included. 
Chapter 2: The Language of Algebra 


Mathematical vocabulary as it applies to the 
whole numbers is presented. The use of 
variables, which distinguishes algebra from 
arithmetic, is introduced early in the chapter, 
and the development of and practice with 
arithmetic concepts use variables as well as 
numeric expressions. In addition, the difference 
between expressions and equations is discussed, 
word problems are introduced, and the process 
for solving one-step equations is modeled. 
Chapter 3: Integers 


While introducing the basic operations with 
negative numbers, students continue to practice 
simplifying, evaluating, and translating 
algebraic expressions. The Division Property of 
Equality is introduced and used to solve one- 
step equations. 

Chapter 4: Fractions 


Fraction circles and bars are used to help make 
fractions real and to develop operations on 
them. Students continue simplifying and 
evaluating algebraic expressions with fractions, 
and learn to use the Multiplication Property of 
Equality to solve equations involving fractions. 
Chapter 5: Decimals 


Basic operations with decimals are presented, 
as well as methods for converting fractions to 
decimals and vice versa. Averages and 
probability, unit rates and unit prices, and 
square roots are included to provide 
opportunities to use and round decimals. 
Chapter 6: Percents 


Conversions among percents, fractions, and 
decimals are explored. Applications of percent 
include calculating sales tax, commission, and 
simple interest. Proportions and solving percent 
equations as proportions are addressed as well. 
Chapter 7: The Properties of Real Numbers 


The properties of real numbers are introduced 
and applied as a culmination of the work done 
thus far, and to prepare students for the 
upcoming chapters on equations, polynomials, 
and graphing. 

Chapter 8: Solving Linear Equations 


A gradual build-up to solving multi-step 
equations is presented. Problems involve 
solving equations with constants on both sides, 
variables on both sides, variables and constants 
on both sides, and fraction and decimal 
coefficients. 

Chapter 9: Math Models and Geometry 


The chapter begins with opportunities to solve 


“traditional” number, coin, and mixture 
problems. Geometry sections cover the 
properties of triangles, rectangles, trapezoids, 
circles, irregular figures, the Pythagorean 
Theorem, and volumes and surface areas of 
solids. Distance-rate-time problems and 
formulas are included as well. 

Chapter 10: Polynomials 


Adding and subtracting polynomials is 
presented as an extension of prior work on 
combining like terms. Integer exponents are 
defined and then applied to scientific notation. 
The chapter concludes with a brief introduction 
to factoring polynomials. 

Chapter 11: Graphs 


This chapter is placed last so that all of the 
algebra with one variable is completed before 
working with linear equations in two variables. 
Examples progress from plotting points to 
graphing lines by making a table of solutions to 
an equation. Properties of vertical and 
horizontal lines and intercepts are included. 
Graphing linear equations at the end of the 
course gives students a good opportunity to 
review evaluating expressions and solving 
equations. 


All chapters are broken down into multiple sections, 
the titles of which can be viewed in the Table of 


Contents. 


Accuracy of Content 


We have taken great pains to ensure the validity and 
accuracy of this text. Each chapter’s manuscript 
underwent rounds of review and revision by a panel 
of active instructors. Then, prior to publication, a 
separate team of experts checked all text, examples, 
and graphics for mathematical accuracy. A third 
team of experts was responsible for the accuracy of 
the Answer Key, dutifully re-working every solution 
to eradicate any lingering errors. Finally, the 
editorial team conducted a multi-round post- 
production review to ensure the integrity of the 
content in its final form. 


Pedagogical Foundation and Features 


Learning Objectives 


Each chapter is divided into multiple sections (or 
modules), each of which is organized around a set of 
learning objectives. The learning objectives are 
listed explicitly at the beginning of each section and 
are the focal point of every instructional element. 


Narrative text 


Narrative text is used to introduce key concepts, 
terms, and definitions, to provide real-world 
context, and to provide transitions between topics 
and examples. An informal voice was used to make 
the content accessible to students. 


Throughout this book, we rely on a few basic 
conventions to highlight the most important ideas: 


Key terms are boldfaced, typically when first 
introduced and/or when formally defined. 

Key concepts and definitions are called out in a 
blue box for easy reference. 


Examples 


Each learning objective is supported by one or more 
worked examples, which demonstrate the problem- 
solving approaches that students must master. 
Typically, we include multiple Examples for each 
learning objective in order to model different 
approaches to the same type of problem, or to 
introduce similar problems of increasing complexity. 


All Examples follow a simple two- or three-part 
format. First, we pose a problem or question. Next, 
we demonstrate the Solution, spelling out the steps 
along the way. Finally (for select Examples), we 
show students how to check the solution. Most 


examples are written in a two-column format, with 
explanation on the left and math on the right to 
mimic the way that instructors “talk through” 
examples as they write on the board in class. 


Figures 


Prealgebra contains many figures and illustrations. 
Art throughout the text adheres to a clear, 
understated style, drawing the eye to the most 
important information in each figure while 
minimizing visual distractions. 


Supporting Features 


Four small but important features serve to support 
Examples: 


Be Prepared! 

Each section, beginning with Section 1.2, starts with 
a few “Be Prepared!” exercises so that students can 
determine if they have mastered the prerequisite 
skills for the section. Reference is made to specific 
Examples from previous sections so students who 
need further review can easily find explanations. 


Answers to these exercises can be found in the 
supplemental resources that accompany this title. 


How To 


aL 


A “How To” is a list of steps necessary to solve a 
certain type of problem. A "How To" typically 
precedes an Example. 


Try It 


A “Try It” exercise immediately follows an Example, 
providing the student with an immediate 
opportunity to solve a similar problem. In the web 
view version of the text, students can click an 
Answer link directly below the question to check 
their understanding. In the PDF, answers to the Try 
It exercises are located in the Answer Key. 


Media 


I 


The “Media” icon appears at the conclusion of each 
section, just prior to the Section Exercises. This icon 
marks a list of links to online video tutorials that 


reinforce the concepts and skills introduced in the 
section. 


Disclaimer: While we have selected tutorials that 
closely align to our learning objectives, we did not 
produce these tutorials, nor were they specifically 
produced or tailored to accompany Prealgebra. 


Section Exercises 


Each section of every chapter concludes with a well- 
rounded set of exercises that can be assigned as 
homework or used selectively for guided practice. 
Exercise sets are named Practice Makes Perfect to 
encourage completion of homework assignments. 


Exercises correlate to the learning objectives. 
This facilitates assignment of personalized 
study plans based on individual student needs. 
Exercises are carefully sequenced to promote 
building of skills. 

Values for constants and coefficients were 
chosen to practice and reinforce arithmetic 
facts. 

Even and odd-numbered exercises are paired. 
Exercises parallel and extend the text examples 
and use the same instructions as the examples 
to help students easily recognize the 
connection. 

Applications are drawn from many everyday 
experiences, as well as those traditionally found 


in college math texts. 

Everyday Math highlights practical situations 
using the math concepts from that particular 
section. 

Writing Exercises are included in every 
Exercise Set to encourage conceptual 
understanding, critical thinking, and literacy. 


Chapter Review Features 


The end of each chapter includes a review of the 
most important takeaways, as well as additional 
practice problems that students can use to prepare 
for exams. 


Key Terms provides a formal definition for 
each bold-faced term in the chapter. 

Key Concepts summarizes the most important 
ideas introduced in each section, linking back 
to the relevant Example(s) in case students 
need to review. 

Chapter Review Exercises includes practice 
problems that recall the most important 
concepts from each section. 

Practice Test includes additional problems 
assessing the most important learning 
objectives from the chapter. 

Answer Key includes the answers to all Try It 
exercises and every other exercise from the 
Section Exercises, Chapter Review Exercises, 
and Practice Test. 


Additional Resources 


Student and Instructor Resources 


We’ve compiled additional resources for both 
students and instructors, including Getting Started 
Guides, manipulative mathematics worksheets, 
Links to Literacy assignments, and an answer key to 
Be Prepared Exercises. Instructor resources require a 
verified instructor account, which can be requested 
on your openstax.org log-in. Take advantage of 
these resources to supplement your OpenStax book. 


WebAssign 


WebAssign is a flexible and fully customizable 
online instructional system that puts powerful 
course management tools in the hands of teachers 
enabling them to deploy assignments, instantly 
assess individual student performance, and realize 
their teaching goals. Integrated with more than 900 
science and math textbooks and enhanced with a 
robust selection of independently developed original 
content, WebAssign is easily accessible and widely 
adopted by over 16,000 educators each year to 
enrich the teaching and learning experience. 


For twenty years, WebAssign’s combination of 


technology, educational expertise, and dedication to 
customer service is a distinctive competitive 
differentiator. Additionally, more than 35% of the 
company’s employees have teaching experience, a 
valued quality for our customers and unique among 
our competitors. 


Visit www.webassign.net/openstax to request your 
free faculty account today. 
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Introduction 

class = "introduction" Purchasing pounds of fruit at a 
fruit market requires a basic understanding of 
numbers. (credit: Dr. Karl-Heinz Hochhaus, 
Wikimedia Commons) 


Even though counting is first taught at a young age, 
mastering mathematics, which is the study of 
numbers, requires constant attention. If it has been a 
while since you have studied math, it can be helpful 
to review basic topics. In this chapter, we will focus 
on numbers used for counting as well as four 
arithmetic operations—addition, subtraction, 
multiplication, and division. We will also discuss 
some vocabulary that we will use throughout this 
book. 


Introduction to Whole Numbers 
By the end of this section, you will be able to: 


¢ Identify counting numbers and whole numbers 
* Model whole numbers 

* Identify the place value of a digit 

* Use place value to name whole numbers 

* Use place value to write whole numbers 

* Round whole numbers 


The numbers on the number line increase from left 
to right, and decrease from right to left. 


Identify Counting Numbers and Whole 
Numbers 


Learning algebra is similar to learning a language. 
You start with a basic vocabulary and then add to it 
as you go along. You need to practice often until the 
vocabulary becomes easy to you. The more you use 
the vocabulary, the more familiar it becomes. 


Algebra uses numbers and symbols to represent 
words and ideas. Let’s look at the numbers first. The 
most basic numbers used in algebra are those we 
use to count objects: 1,2,3,4,5,... and so on. These 
are called the counting numbers. The notation “...” 
is called an ellipsis, which is another way to show 
“and so on”, or that the pattern continues endlessly. 
Counting numbers are also called natural numbers. 


Doing the Manipulative Mathematics activity 

Number Line-Part 1 will help you develop a better 

understanding of the counting numbers and the 
hole numbers. 


Counting Numbers 
The counting numbers start with 1 and continue. 
12.3.4)... 


Counting numbers and whole numbers can be 
visualized on a number line as shown in [link]. 


The point labeled 0 is called the origin. The points 
are equally spaced to the right of 0 and labeled with 
the counting numbers. When a number is paired 
with a point, it is called the coordinate of the point. 


The discovery of the number zero was a big step in 
the history of mathematics. Including zero with the 
counting numbers gives a new set of numbers called 
the whole numbers. 


POT 


We stopped at 5 when listing the first few counting 
numbers and whole numbers. We could have 
written more numbers if they were needed to make 
the patterns clear. 


Which of the following are @ counting 
numbers? ©) whole numbers? 


0,14,3,5,2,15,105 
Solution 


* @ The counting numbers start at 1, so 0 
is not a counting number. The numbers 
3,15,and105 are all counting numbers. 

* ® Whole numbers are counting numbers 
and 0. The numbers 0,3,15,and105 are 
whole numbers. 


The numbers 14 and 5.2 are neither counting 
numbers nor whole numbers. We will discuss 


these numbers later. 


Which of the following are @ counting 
numbers © whole numbers? 


0,23,2,9,11.8,241,376 


- @ 2, 9, 241, 376 
* ®© 0, 2, 9, 241, 376 


d 


Which of the following are @ counting 
numbers ® whole numbers? 


0555;720:0, 05-201 


O77 135201 
CONOR ys dkey Anh 


We use place value notation to show the value of 
the number 138. 


Model Whole Numbers 


Our number system is called a place value system 
because the value of a digit depends on its position, 
or place, in a number. The number 537 has a 
different value than the number 735. Even though 
they use the same digits, their value is different 
because of the different placement of the 3 and the 
7 and the 5. 


Money gives us a familiar model of place value. 
Suppose a wallet contains three $100 bills, seven 
$10 bills, and four $1 bills. The amounts are 
summarized in [link]. How much money is in the 
wallet? 


Find the total value of each kind of bill, and then 
add to find the total. The wallet contains $374. 


Base-10 blocks provide another way to model place 
value, as shown in . The blocks can be used to 
represent hundreds, tens, and ones. Notice that the 
tens rod is made up of 10 ones, and the hundreds 
square is made of 10 tens, or 100 ones. 


shows the number 138 modeled with base-10 
blocks. 


Digit Place Numbe: Value Total 
Value Value 
a hundseda—. 100 1.00 
3 tens 3 +6. a0 
& Ones & } +8 
Sum = 
138 


Use place value notation to find the value of 
the number modeled by the base-10 blocks 
shown. 


Solution 
There are 2 hundreds squares, which is 200. 
There is 1 tens rod, which is 10. 


There are 5 ones blocks, which is 5. 


Digit Place Number Value Total 
Value Value 

2, hundreden 100 20D 

t tens 4. 4-6 40 

5 eres 5 t A5 


215 


The base-10 blocks model the number 215. 


Use place value notation to find the value of 
the number modeled by the base-10 blocks 
shown. 


Use place value notation to find the value of 
the number modeled by the base-10 blocks 
shown. 


Doing the Manipulative Mathematics activity 
“Model Whole Numbers” will help you develop a 
better understanding of place value of whole 
numbers. 


Identify the Place Value of a Digit 


By looking at money and base-10 blocks, we saw 
that each place in a number has a different value. A 
place value chart is a useful way to summarize this 
information. The place values are separated into 
groups of three, called periods. The periods are ones, 
thousands, millions, billions, trillions, and so on. In a 
written number, commas separate the periods. 


Just as with the base-10 blocks, where the value of 


the tens rod is ten times the value of the ones block 
and the value of the hundreds square is ten times 
the tens rod, the value of each place in the place- 
value chart is ten times the value of the place to the 
right of it. 


shows how the number 5,278,194 is written 
in a place value chart. 


¢ The digit 5 is in the millions place. Its value is 
5,000,000. 

¢ The digit 2 is in the hundred thousands place. 
Its value is 200,000. 

* The digit 7 is in the ten thousands place. Its 
value is 70,000. 

¢ The digit 8 is in the thousands place. Its value 
is 8,000. 

* The digit 1 is in the hundreds place. Its value is 


100. 
* The digit 9 is in the tens place. Its value is 90. 
* The digit 4 is in the ones place. Its value is 4. 


In the number 63,407,218; find the place 
value of each of the following digits: 


@ 7 
® 0 
©1 
@ 6 
© 3 


Solution 


Write the number in a place value chart, 
starting at the right. 


* @ The 7 is in the thousands place. 

* © The 0 is in the ten thousands place. 
* © The 1 is in the tens place. 

* @ The 6 is in the ten millions place. 

* © The 3 is in the millions place. 


For each number, find the place value of digits 
listed: 27,493,615 


@ ten millions 

© tens 

© hundred thousands 
@ millions 

© ones 


For each number, find the place value of digits 
listed: 519,711,641,328 


@ billions 

© ten thousands 

© tens 

@ hundred thousands 
© hundred millions 


Use Place Value to Name Whole Numbers 


When you write a check, you write out the number 
in words as well as in digits. To write a number in 
words, write the number in each period followed by 
the name of the period without the ‘s’ at the end. 
Start with the digit at the left, which has the largest 
place value. The commas separate the periods, so 
wherever there is a comma in the number, write a 
comma between the words. The ones period, which 
has the smallest place value, is not named. 


So the number 37,519,248 is written thirty-seven 
million, five hundred nineteen thousand, two 
hundred forty-eight. 


Notice that the word and is not used when naming a 
whole number. 


Name a whole number in words. 


Starting at the digit on the left, name the number 


in each period, followed by the period name. Do 
not include the period name for the ones. Use 


commas in the number to separate the periods. 


Name the number 8,165,432,098,710 in 


words. 


Solution 


Begin with the leftmost eight trillion 


digit, which is 8. It is 


in tha teillinna nlanan 
dan ULLY LULdtttULID P1Urcr. 


The next period to the 


viaht ia hillinna 
2aHttt ty wiriruiiy. 


The next period to the 


viaht ia millinna 
2aGttl to 1111111VY 110. 


The next period to the 


viaht ia thaiicanda 
2aHttt ty ULUYuUvULIUD. 


The rightmost period 
shows the ones. 


one hundred sixty-five 
hillinan 


Wlittwit 


four hundred thirty- 


“11; 
tratn miailliann 
Uvvy snssii1uis 


ninety-eight thousand 


seven hundred ten 


Putting all of the words together, we write 
8,165,432,098,710 as eight trillion, one 
hundred sixty-five billion, four hundred thirty- 
two million, ninety-eight thousand, seven 
hundred ten. 


Name each number in words: 
9,258,137,904,061 


nine trillion, two hundred fifty-eight billion, 
one hundred thirty-seven million, nine 
hundred four thousand, sixty-one 


Name each number in words: 
17,864,325,619,004 


seventeen trillion, eight hundred sixty-four 
billion, three hundred twenty-five million, six 
hundred nineteen thousand, four 


A student conducted research and found that 
the number of mobile phone users in the 
United States during one month in 2014 was 
327,577,529. Name that number in words. 


Solution 


Identify the periods associated with the 
number. 


Name the number in each period, followed by 
the period name. Put the commas in to 
separate the periods. 


Millions period: three hundred twenty-seven 
million 


Thousands period: five hundred seventy-seven 
thousand 


Ones period: five hundred twenty-nine 


So the number of mobile phone users in the 
Unites States during the month of April was 
three hundred twenty-seven million, five 
hundred seventy-seven thousand, five hundred 
twenty-nine. 


The population in a country is 316,128,839. 
Name that number. 


three hundred sixteen million, one hundred 
twenty-eight thousand, eight hundred thirty 
nine 


One year is 31,536,000 seconds. Name that 
number. 


thirty one million, five hundred thirty-six 
thousand 


Use Place Value to Write Whole Numbers 


We will now reverse the process and write a number 
given in words as digits. 


Use place value to write a whole number. 


Identify the words that indicate periods. 
(Remember the ones period is never named.) Draw 
three blanks to indicate the number of places 
needed in each period. Separate the periods by 
commas. Name the number in each period and 
place the digits in the correct place value position. 


Write the following numbers using digits. 


- @ fifty-three million, four hundred one 
thousand, seven hundred forty-two 

* ® nine billion, two hundred forty-six 
million, seventy-three thousand, one 
hundred eighty-nine 


Solution 


@ Identify the words that indicate periods. 


Except for the first period, all other periods 
must have three places. Draw three blanks to 
indicate the number of places needed in each 
period. Separate the periods by commas. 


Then write the digits in each period. 


Put the numbers together, including the 
commas. The number is 53,401,742. 


© Identify the words that indicate periods. 


Except for the first period, all other periods 
must have three places. Draw three blanks to 
indicate the number of places needed in each 
period. Separate the periods by commas. 


Then write the digits in each period. 


The number is 9,246,073,189. 


Notice that in part ©, a zero was needed as a 
place-holder in the hundred thousands place. 

Be sure to write zeros as needed to make sure 
that each period, except possibly the first, has 
three places. 


Write each number in standard form: 


fifty-three million, eight hundred nine 
thousand, fifty-one. 


23,009-0al 


Write each number in standard form: 


two billion, twenty-two million, seven hundred 
fourteen thousand, four hundred sixty-six. 


2,022,714,466 


A state budget was about $77 billion. Write 
the budget in standard form. 


Solution 


Identify the periods. In this case, only two 
digits are given and they are in the billions 
period. To write the entire number, write zeros 
for all of the other periods. 


So the budget was about $77,000,000,000. 


Write each number in standard form: 


The closest distance from Earth to Mars is 
about 34 million miles. 


34,000,000 miles 


Write each number in standard form: 


The total weight of an aircraft carrier is 204 


million pounds. 


204,000,000 pounds 


We can see that 76 is closer to 80 than to 70. So 76 
rounded to the nearest ten is 80. We can see that 72 
is closer to 70, so 72 rounded to the nearest ten is 
70. The number 75 is exactly midway between 70 
and 80. 


Round Whole Numbers 


In 2013, the U.S. Census Bureau reported the 
population of the state of New York as 19,651,127 
people. It might be enough to say that the 
population is approximately 20 million. The word 
approximately means that 20 million is not the exact 
population, but is close to the exact value. 


The process of approximating a number is called 
rounding. Numbers are rounded to a specific place 
value depending on how much accuracy is needed. 
20 million was achieved by rounding to the millions 


place. Had we rounded to the one hundred 
thousands place, we would have 19,700,000 as a 
result. Had we rounded to the ten thousands place, 
we would have 19,650,000 as a result, and so on. 
The place value to which we round to depends on 
how we need to use the number. 


Using the number line can help you visualize and 
understand the rounding process. Look at the 
number line in [link]. Suppose we want to round 
the number 76 to the nearest ten. Is 76 closer to 70 
or 80 on the number line? 


Now consider the number 72. Find 72 in [link]. 


How do we round 75 to the nearest ten. Find 75 in 
[link]. 


So that everyone rounds the same way in cases like 
this, mathematicians have agreed to round to the 
higher number, 80. So, 75 rounded to the nearest 
ten is 80. 


Now that we have looked at this process on the 
number line, we can introduce a more general 
procedure. To round a number to a specific place, 
look at the number to the right of that place. If the 
number is less than 5, round down. If it is greater 
than or equal to 5, round up. 


So, for example, to round 76 to the nearest ten, we 
look at the digit in the ones place. 


The digit in the ones place is a 6. Because 6 is 
greater than or equal to 5, we increase the digit in 
the tens place by one. So the 7 in the tens place 
becomes an 8. Now, replace any digits to the right 
of the 8 with zeros. So, 76 rounds to 80. 


Let’s look again at rounding 72 to the nearest 10. 
Again, we look to the ones place. 


The digit in the ones place is 2. Because 2 is less 


than 5, we keep the digit in the tens place the same 
and replace the digits to the right of it with zero. So 
72 rounded to the nearest ten is 70. 


Round a whole number to a specific place value. 


Locate the given place value. All digits to the left of 
that place value do not change. Underline the digit 
to the right of the given place value. Determine if 
this digit is greater than or equal to 5. 


* Yes—add 1 to the digit in the given place 
value. 

* No—do not change the digit in the given place 
value. 


Replace all digits to the right of the given place 
value with zeros. 


Round 843 to the nearest ten. 


Solution 


Locate the tens place. 


tens place 


OA 
or 


Underline the digit tc 
the right of the tens 
[EERE ie 

Since 3 is less than 5, 
do not change the disrit 
in tha e nlana 
Replace all digits to the 
right of the tens place 


varith 7 
v 


VELLL 4IVL WU 


Rounding 843 to the 
nearest ten gives 840. 


Round to the nearest ten: 157. 


Round to the nearest ten: 884. 


Round each number to the nearest hundred: 


@ 23,658 
® 3,978 


Solution 


GY 


Locate the hundreds 


place. 
hundreds place 


AQ 6ff£o 
“JI,UIJO0 


The digit of the right of 
the hundreds place is 


5. Undetfifte the digit 


to the right of the 


haanderoda nlara 
SLULIULEUMYD P1UTre 


Since 5 is greater than 
or equal to 5, round up 


by 23,658 
in add 1 / a 
Th replace with Os 
to 
hu 
Ze] 23,700 
So 23,658 rounded to 
the nearest hundred is 
23,700. 
() 
Locate the hundreds 
place. ae 
\undreds place 
30/8 
Underline the digit tc 
the right of the 
3,978 


41 
BLU n me ee pe 


The digit to the right of 
the hundreds place is 
7. Since 7 is greater 


. 3,978 
C AN 
add 1 (9+ 1= 10) e 
TOWMrite 0 in the hundreds place. e | 


th Add 1 to the thousands place. replace with 0s 

dis 4,000 

the hundreds place 

with zeros. So 3,978 rounded to 
the nearest hundred is 
4,000. 


Round to the nearest hundred: 17,852. 


Round to the nearest hundred: 4,951. 


Round each number to the nearest thousand: 


@ 147,032 
© 29,504 


Solution 


(ay 
Locate the thousands 


place. Underline the 
diy thousands place je 


the { 


1ATNIGA 
it/ VIL 


The digit to the right of 
the thousands place is 
0. Since 648-8 than 

5, we do not change 
the digit in the 


thaiuscanda nlana 
LLL UVULIUYG LULL ve 


We then replace all 
digits to the right of 


the thousdt/deBace 


with zeros. 
So 147,032 rounded to 
the nearest thousand is 


147,000. 


(AY 


Locate the thousands 
place. 


thousands place 


Underline the digit to 
the right of the 


thousands nlann 29,504 
Vr. 


£VUVULIUYS Jess 


The digit to the right of 


the thousands place i 75 x 


* add 1 (9+1=10) we 
th¢write 0 in the thousands place. 
Add 1 to the ten thousands place. | replace with Os 


to 30,000 


all digits to the right of 

the thousands place So 29,504 rounded to 

with zeros. the nearest thousand is 
30,000. 


Notice that in part ©, when we add 1 
thousand to the 9 thousands, the total is 10 
thousands. We regroup this as 1 ten thousand 
and 0 thousands. We add the 1 ten thousand to 
the 3 ten thousands and put a 0 in the 


thousands place. 


Round to the nearest thousand: 63,921. 


Round to the nearest thousand: 156,437. 


156,000 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Determine Place Value 
¢ Write a Whole Number in Digits from Words 


Key Concepts 


Hundred millions 
Hundred thousands 


Ten millions 


a 

= 

= 

x 

= 

—_ 

i 

— — 
a 

| 

EN 

eo 

= | Hundreds 


a) 
a 
2 
5 
a) 
7) 
= 
| 
S 
a 
a 


“ 
= 
S 
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— = 
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Ww 
Cc 
fe) 
=/c 
5/9 
cl= 
Oe ae 
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Ten thousands 
Thousands 


© | Tens 


¢ Name a whole number in words. 


Starting at the digit on the left, name the 
number in each period, followed by the period 
name. Do not include the period name for the 
ones. Use commas in the number to separate 
the periods. 


Use place value to write a whole number. 


Identify the words that indicate periods. 
(Remember the ones period is never named.) 
Draw three blanks to indicate the number of 
places needed in each period. Name the 
number in each period and place the digits in 


the correct place value position. 


* Round a whole number to a specific place 
value. 


Locate the given place value. All digits to the 
left of that place value do not change. 
Underline the digit to the right of the given 
place value. Determine if this digit is greater 
than or equal to 5. If yes—add 1 to the digit in 
the given place value. If no—do not change the 
digit in the given place value. Replace all digits 
to the right of the given place value with zeros. 


Practice Makes Perfect 
Identify Counting Numbers and Whole Numbers 
In the following exercises, determine which of the 


following numbers are @ counting numbers ® 
whole numbers. 


0529,50;0-1,125 


@ 5,125 
® 0,5, 125 


0,710,3,20.5,300 


0,49,3.9,50,221 


@ 50, 221 
® 0, 50, 221 


0,35,10,303,422.6 


Model Whole Numbers 


In the following exercises, use place value notation 
to find the value of the number modeled by the 
base-10 blocks. 


561 


Identify the Place Value of a Digit 


In the following exercises, find the place value of 
the given digits. 


579,601 


@9 
®© 6 


©0 
@ 7 
©5 


@ thousands 

© hundreds 

© tens 

@ ten thousands 

© hundred thousands 


398,127 


@9 
® 3 
©2 
@ 8 
© 7 


56,804,379 


@ 8 
® 6 
© 4 
@ 7 
©0 


@ hundred thousands 
© millions 

© thousands 

@ tens 

© ten thousands 


78,320,465 


Use Place Value to Name Whole Numbers 


In the following exercises, name each number in 
words. 


1,078 


One thousand, seventy-eight 


5,902 


364,510 


Three hundred sixty-four thousand, five 
hundred ten 


146,023 


5,846,103 


Five million, eight hundred forty-six thousand, 
one hundred three 


1,458,398 


37,889,005 


Thirty seven million, eight hundred eighty-nine 
thousand, five 


62,008,465 


The height of Mount Ranier is 14,410 feet. 


Fourteen thousand, four hundred ten 


The height of Mount Adams is 12,276 feet. 


Seventy years is 613,200 hours. 


Six hundred thirteen thousand, two hundred 


One year is 525,600 minutes. 


The U.S. Census estimate of the population of 
Miami-Dade county was 2,617,176. 


Two million, six hundred seventeen thousand, 
one hundred seventy-six 


The population of Chicago was 2,718,782. 


There are projected to be 23,867,000 college 
and university students in the US in five years. 


Twenty three million, eight hundred sixty-seven 
thousand 


About twelve years ago there were 20,665,415 
registered automobiles in California. 


The population of China is expected to reach 
1,377,583,156 in 2016. 


One billion, three hundred seventy-seven 
million, five hundred eighty-three thousand, 
one hundred fifty-six 


The population of India is estimated at 
1,267,401,849 as of July 1,2014. 


Use Place Value to Write Whole Numbers 


In the following exercises, write each number as a 
whole number using digits. 


four hundred twelve 


412 


two hundred fifty-three 


thirty-five thousand, nine hundred seventy-five 


30,979 


sixty-one thousand, four hundred fifteen 


eleven million, forty-four thousand, one 
hundred sixty-seven 


11,044,167 


eighteen million, one hundred two thousand, 
seven hundred eighty-three 


three billion, two hundred twenty-six million, 
five hundred twelve thousand, seventeen 


3;220,512,017 


eleven billion, four hundred seventy-one 
million, thirty-six thousand, one hundred six 


The population of the world was estimated to 
be seven billion, one hundred seventy-three 
million people. 


7,173,000,000 


The age of the solar system is estimated to be 
four billion, five hundred sixty-eight million 
years. 


Lake Tahoe has a capacity of thirty-nine trillion 
gallons of water. 


39,000,000,000,000 


The federal government budget was three 
trillion, five hundred billion dollars. 


Round Whole Numbers 


In the following exercises, round to the indicated 
place value. 


Round to the nearest ten: 
@ 386 
® 2,931 


@ 390 
©) 2,930 


Round to the nearest ten: 


@ 792 
® 5,647 


Round to the nearest hundred: 
@ 13,748 
® 391,794 


@ 13,700 
® 391,800 


Round to the nearest hundred: 


@ 28,166 
® 481,628 


Round to the nearest ten: 


@ 1,492 
© 1,497 


@ 1,490 
® 1,500 


Round to the nearest thousand: 


@ 2,391 
© 2,795 


Round to the nearest hundred: 
@ 63,994 
® 63,949 


@ 64,000 
® 63,900 


Round to the nearest thousand: 


@ 163,584 
® 163,246 


Everyday Math 


Writing a Check Jorge bought a car for 
$24,493. He paid for the car with a check. 
Write the purchase price in words. 


Twenty four thousand, four hundred ninety- 
three dollars 


Writing a Check Marissa’s kitchen remodeling 
cost $18,549. She wrote a check to the 
contractor. Write the amount paid in words. 


Buying a Car Jorge bought a car for $24,493. 
Round the price to the nearest: 


@ ten dollars 

© hundred dollars 

© thousand dollars 

@ ten-thousand dollars 


@ $24,490 
® $24,500 
© $24,000 
@ $20,000 


Remodeling a Kitchen Marissa’s kitchen 
remodeling cost $18,549. Round the cost to the 


nearest: 


@ ten dollars 

® hundred dollars 

© thousand dollars 

@ ten-thousand dollars 


Population The population of China was 
1,355,692,544 in 2014. Round the population 
to the nearest: 


@ billion people 
© hundred-million people 
© million people 


@ 1,000,000,000 
® 1,400,000,000 
© 1,356,000,000 


Astronomy The average distance between 
Earth and the sun is 149,597,888 kilometers. 
Round the distance to the nearest: 


@ hundred-million kilometers 
® ten-million kilometers 
© million kilometers 


Writing Exercises 


In your own words, explain the difference 
between the counting numbers and the whole 
numbers. 


Answers may vary. The whole numbers are the 
counting numbers with the inclusion of zero. 


Give an example from your everyday life where 
it helps to round numbers. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© If most of your checks were... 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 


skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 
in your road to success. In math, every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no—I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


coordinate 
A number paired with a point on a number 
line is called the coordinate of the point. 


counting numbers 
The counting numbers are the numbers 1, 2, 
Sere 


number line 
A number line is used to visualize numbers. 
The numbers on the number line get larger as 
they go from left to right, and smaller as they 
go from right to left. 


origin 
The origin is the point labeled 0 on a number 
line. 


place value system 
Our number system is called a place value 
system because the value of a digit depends 
on its position, or place, in a number. 


rounding 
The process of approximating a number is 
called rounding. 


whole numbers 
The whole numbers are the numbers 0, 1, 2, 
er: 


Add Whole Numbers 
By the end of this section, you will be able to: 


* Use addition notation 

* Model addition of whole numbers 

¢ Add whole numbers without models 

* Translate word phrases to math notation 
* Add whole numbers in applications 


Before you get started, take this readiness quiz. 


1. What is the number modeled by the base-10 
blocks? 


If you missed this problem, review [link]. 
2. Write the number three hundred forty-two 

thousand six using digits? 

If you missed this problem, review [link]. 


Use Addition Notation 


A college student has a part-time job. Last week he 
worked 3 hours on Monday and 4 hours on Friday. 
To find the total number of hours he worked last 
week, he added 3 and 4. 


The operation of addition combines numbers to get 
a sum. The notation we use to find the sum of 3 and 
4 is: 

3+4 


We read this as three plus four and the result is the 
sum of three and four. The numbers 3 and 4 are 
called the addends. A math statement that includes 
numbers and operations is called an expression. 


ddition Notation 
To describe addition, we can use symbols and 
words. 


Vase FSA ere SA ae Re es ee WM ~~--142 
Ves QU! VIEWVULGLULULL bApti Cor LUBAU GU di) ANUOULL | 


scaiton ap ooo three plus the sum 
I four of 3 and 4 


Translate from math notation to words: 


@®7+1 
® 124+14 


Solution 


* @ The expression consists of a plus 


symbol connecting the addends 7 and 1. 
We read this as seven plus one. The result 
is the sum of seven and one. 

© The expression consists of a plus 
symbol connecting the addends 12 and 
14. We read this as twelve plus fourteen. 
The result is the sum of twelve and 
fourteen. 


Translate from math notation to words: 


@ 8+4 
® 18+11 


* @ eight plus four; the sum of eight and 
four 

* © eighteen plus eleven; the sum of 
eighteen and eleven 


Translate from math notation to words: 


@ 21+16 
® 100+200 


@) twenty-one plus sixteen; the sum of 
twenty-one and sixteen 

® one hundred plus two hundred; the sum 
of one hundred and two hundred 


Model Addition of Whole Numbers 


Addition is really just counting. We will model 
addition with base-10 blocks. Remember, a block 
represents 1 and a rod represents 10. Let’s start by 
modeling the addition expression we just 
considered, 3+ 4. 


Each addend is less than 10, so we can use ones 
blocks. 


We start by modeling the 
first number with 3 
OO 

3 
Then we model the 
second number with 4 


ddOO OOOO 


xe + 

Count the total number of 

blocks. 
OOOOOOO 


7 


There are 7 blocks in all. We use an equal sign (=) 
to show the sum. A math sentence that shows that 
two expressions are equal is called an equation. We 
have shown that. 3+4=7. 


Doing the Manipulative Mathematics activity 
“Model Addition of Whole Numbers” will help you 
develop a better understanding of adding whole 
numbers. 


Model the addition 2+ 6. 


Solution 


2+6 means the sum of 2 and 6 


Each addend is less than 10, so we can use 
ones blocks. 


Model the first numb2r 
with 2 blocks. 
OO 


z 
Model the second 
number with 6 blocks. 


oO oooo0o0o0 


Count the total number 
of blocks 


OOOOOOOO 
8 


There are 8 blocks in 
all, so2+6=8. 


Model: 3+ 6. 


Model: 5+1. 


When the result is 10 or more ones blocks, we will 
exchange the 10 blocks for one rod. 


Model the addition 5+8. 


Solution 


5+8 means the sum of 5 and 8. 


Each addend is less 
than 10, se we can use 


anna Hlanrlea 
VAY YViVrLeiwWe 


Model the first numb2r 
with 5 blocks. 
OOOOO 


5 
Model the second 
number with 8 blocks. 


OOOOO OOOOOOOO 


Count the result. There 
are more than 10 


de oOooo0o ooooo) ooo 


Now we have 1 ten 5-8 = 13 
and 3 ones, which is 
13. 


Notice that we can describe the models as ones 
blocks and tens rods, or we can simply say 
ones and tens. From now on, we will use the 
shorter version but keep in mind that they 
mean the same thing. 


Model the addition: 5+ 7. 


Model the addition: 6+8. 


Next we will model adding two digit numbers. 


Model the addition: 17+ 26. 


Solution 


17 +26 means the sum of 17 and 26. 


Model the 17. 1 ten and 7 
ones 


Wii) 


Model the 26. 2 tens and 6 


oa Hou 
Exchange 10 4 tens and 3 


ones for 1 ter. ones 
EREEEEEEEE Ele 


BERETS 
EEERREREE 


BE SEE Sey ae 
We have shown 
that 
17+26=43 


Model each addition: 15+ 27. 


Model each addition: 16+ 29. 


Add Whole Numbers Without Models 


Now that we have used models to add numbers, we 


can move on to adding without models. Before we 
do that, make sure you know all the one digit 
addition facts. You will need to use these number 
facts when you add larger numbers. 


Imagine filling in [link] by adding each row number 
along the left side to each column number across 
the top. Make sure that you get each sum shown. If 
you have trouble, model it. It is important that you 
memorize any number facts you do not already 
know so that you can quickly and reliably use the 
number facts when you add larger numbers. 


1 n 41 n 9” A r e Lew A a n 
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Did you notice what happens when you add zero to 


a number? The sum of any number and zero is the 
number itself. We call this the Identity Property of 
Addition. Zero is called the additive identity. 


Identity Property of Addition 
The sum of any number a and 0 is the number. 
at+0O=a0+a=a 


Find each sum: 


@0+11 
® 42+0 


Solution 


@ The first addendis O0+11=11 
zero. The sum of any 
number and zero is the 


niaimhbhae 
SLUULLIIVLLe 


® The second addend 42+0=42 


is zero. The sum of any 
number and zero is the 
number. 


Find each sum: 


@0+19 
® 39+0 


@0+19=19 
® 39+0=39 


Find each sum: 


@ 0+24 
® 57+0 


@ 0+24=24 
® 57+0=57 


Po 


Look at the pairs of sums. 


24+23=5 Z+2=5 
AL7—44 7+A—11 
8+9=17 9+8=17 


Notice that when the order of the addends is 
reversed, the sum does not change. This property is 
called the Commutative Property of Addition, which 
states that changing the order of the addends does 
not change their sum. 


Commutative Property of Addition 
Changing the order of the addends a and b does 


not change their sum. 
a+b=b+a 


Add: 


@ 8+7 
®7+8 


Solution 


Did you notice that changing the order of the 
addends did not change their sum? We could 
have immediately known the sum from part © 
just by recognizing that the addends were the 
same as in part ©, but in the reverse order. As 
a result, both sums are the same. 


Add: 9+7 and 7+9. 


9+7=16;7+9=16 


Add: 8+6 and 6+8 


8+6=14,6+8=14 


Add: 28+ 61. 


Solution 


To add numbers with more than one digit, it is 
often easier to write the numbers vertically in 
columns. 


Write the numbers so 28 +61 __ 
the ones and tens digits 


lina an wartinrally 
LiL1Liwv a 4 VueL NSS )/ . 
Then add the digits in 28 +61__ 89 
each place value. 


Add the ones: 8+1=9 


Add the tens: 2+6=8 


Add: 32+ 54. 


32+54=86 


Add: 25+ 74 


25+74=99 


In the previous example, the sum of the ones and 
the sum of the tens were both less than 10. But what 


happens if the sum is 10 or more? Let’s use our 
base-10 model to find out. [link] shows the addition 
of 17 and 26 again. 


When we add the ones, 7 + 6, we get 13 ones. 
Because we have more than 10 ones, we can 
exchange 10 of the ones for 1 ten. Now we have 4 
tens and 3 ones. Without using the model, we show 
this as a small red 1 above the digits in the tens 
place. 


When the sum in a place value column is greater 
than 9, we carry over to the next column to the left. 
Carrying is the same as regrouping by exchanging. 
For example, 10 ones for 1 ten or 10 tens for 1 
hundred. 


Add whole numbers. 


Write the numbers so each place value lines up 
vertically. Add the digits in each place value. Work 
from right to left starting with the ones place. If a 


sum in a place value is more than 9, carry to the 
next place value. Continue adding each place value 
from right to left, adding each place value and 


Add: 43 + 69. 


Solution 


Write the numbers so 43 +69___ 


the digits line up 


trating lier 
vVuertircuiny. 


Add the digits in each 
place. 
Add the ones: 


S+O=42 

Write the 2 in the ones 413 +69__ 2 
place in the sum. 

Add the 1 ten to the 

tana nlann 

Now add the tens: 413 +69 112 
1+4+6=11 

Write the 11 in the 

sum. 


Add: 35+ 98. 


30-98 =—133 


Adda 724 3o 


72+89=161 


Add: 324 + 586. 


Solution 


Write the numbers so 
the digits line up 
vertically. 


324 

+ S864 
Add the digits in each 
place value. 
Add the*pmes: 
4 +46 5196 
Write the in the ones 
place in the sum and 
carry the 1 ten to the 


tana nlann 


tens-place: 
Add the tens: 
14+2+8=11 


Write the 4 in the ters 
place inglge sum and 


carry the @ hundred to 


tha hiaindAvnda 


ULde LLU UCUDYD 


Add the hundreds: 


eS +9 =9 

Write the) in the 

huandrédg place. 
910 


Add: 456 + 376. 


456 + 376 = 832 


Add: 269+578 


269 + 578 = 847 


Add: 1,683 + 479. 


Solution 


Write the numbers so 1,683 +479 
the digits line up 


trating ll<r 
vuertircuinry. 


Add the digits in each 


nlann tralian 

place-valuc; 

Add the ones: 1,6813 +479 2 
3+9=12. 

Write the 2 in the ones 


place of the sum and 


carry the 1 ten to the 


tone nlana 
terty piurcr. 


Add the tens: 1,61813 +479____—62 
1+7+8=16 

Write the 6 in the tens 

place and carry the 1 


hundred to the 
hi andvaoda nlana 


BLULIULEUMD P1UTr.e 


Add the nundrede 1,61813 +479__—-1162 
1+6+4=11 

Write the 1 in the 

hundreds place and 

carry the 1 thousand to 


tha thauwcanda nlanra 
Ute ULYUOULIMD pLUrce. 


Add the thousands 1,61813 

P= 2 +479 2.162 
Write the 2 in the 

thousands place of the 

sum. 


When the addends have different numbers of 
digits, be careful to line up the corresponding 
place values starting with the ones and moving 
toward the left. 


Add: 4,597 + 685. 


4,997 + 685 = 5,282 


Add: 5,837 + 695. 


9,837 + 695 = 6,532 


Add: 21,357 + 861 + 8,596. 


Solution 


Write the numbers so 21,357 861 
the place values line up + 8,596 


vrartinall sy 
vecucuisy. 


Add the digits in each 


nlara vralisa 
Jee OSS VULLELWGe 


Add the ones: 21,3517 861 
7+1+6=14 + 8,596 4 
Write the 4 in the ones 


place of the sum and 

carry the 1 to the tens 

Add the tens: 21,32517 861 
Laat 64 9 — 21 +8,596_—s«d14 
Write the 1 in the tens 

place and carry the 2 


tan tha hiundeoda 


nr 
eV CLL LLULLINVIIULUYD Jee 


Add the hundreds: 21,132517 861 
2+3+8+5=18 +8,596_ ss 814 
Write the 8 in the 

hundreds place and 

carry the 1 to the 


thaicanda nlana 
ty UU piUurce. 


Add the thousands 211,132517 861 
1+1+8=10. +8,596_—-: 0814 
Write the 0 in the 

thousands place and 

carry the 1 to the ten 


thaiicanda nlana 
ty Uv pAUurcer. 


Add the ten-thousancs 211,132517 861 
1+2=3. +8,596_ 30,814 
Write the 3 in the ten 

thousands place in the 

sum. 


This example had three addends. We can add 
any number of addends using the same process 
as long as we are careful to line up the place 
values correctly. 


Add: 46,195 + 397 + 6,281. 


46,195 + 397 + 6,281 =52,873 


Add: 53,762 + 196 + 7,458. 


93,762 + 196+ 7,458 = 61,416 


Translate Word Phrases to Math Notation 


Earlier in this section, we translated math notation 
into words. Now we'll reverse the process. We’ll 
translate word phrases into math notation. Some of 
the word phrases that indicate addition are listed in 
[link]. 


Operation Words Exampie Expression 
Addition plus 1 plus 2 djl 
sum the sum of 3 3+4 
increased by and 4 5+6 
more than 5 increased 7+8 
total of by 6 9+5 
added to 8 more than 4+6 
7 
the total of 9 
and 5 
6 added to 4 


Translate and simplify: the sum of 19 and 23. 


Solution 


The word sum tells us to add. The words of 19 
and 23 tell us the addends. 


Tha o11Mm™m™ anf 1 a anda 
ZAIN VLE Yi bY ULI GIV 
Tranclata 1AL99D 
BLULLVIULL. bs | atv 
AAA Ad 
LAU. c= 
The sum of 19 and 23 


is 42. 


Translate and simplify: the sum of 17 and 26. 


Translate: 17 + 26; Simplify: 43 


Translate and simplify: the sum of 28 and 14. 


Translate: 28 + 14; Simplify: 42 


Translate and simplify: 28 increased by 31. 


Solution 


The words increased by tell us to add. The 
numbers given are the addends. 


9Q inrprancad Are Q1 
wt_e 


Oi LEAVE Ay 


Translate, 28-134 

Add, 59 
So 28 increased by 31 
is 59. 


Translate and simplify: 29 increased by 76. 


Translate: 29 + 76; Simplify 105 


Translate and simplify: 37 increased by 69. 


Translate 37 + 69; Simplify 106 


Add Whole Numbers in Applications 


Now that we have practiced adding whole numbers, 
let’s use what we’ve learned to solve real-world 
problems. We’ll start by outlining a plan. First, we 
need to read the problem to determine what we are 
looking for. Then we write a word phrase that gives 
the information to find it. Next we translate the 
word phrase into math notation and then simplify. 
Finally, we write a sentence to answer the question. 


Hao earned grades of 87,93,68,95,and89 on 


the five tests of the semester. What is the total 
number of points he earned on the five tests? 


Solution 


We are asked to find the total number of 
points on the tests. 


Write a phrase. the sum of points on 


tha tacta 
une LwuLW 


Translate to math 874+ 934+684+95+89 


° 
natatian 
LLULULLULL. 


Then we simplify by 


We ESO 


Since there are several 837936895+89 _432 
numbers, we will write 

them-vertically. 

Write a sentence to Hao earned a total of 
answer the question. 432 points. 


Notice that we added points, so the sum is 432 
points. It is important to include the 
appropriate units in all answers to applications 
problems. 


Mark is training for a bicycle race. Last week 
he rode 18 miles on Monday, 15 miles on 
Wednesday, 26 miles on Friday, 49 miles on 
Saturday, and 32 miles on Sunday. What is the 
total number of miles he rode last week? 


He rode 140 miles. 


Lincoln Middle School has three grades. The 
number of students in each grade is 


230,165,and325. What is the total number of 
students? 


The total number is 720 students. 


Some application problems involve shapes. For 
example, a person might need to know the distance 
around a garden to put up a fence or around a 
picture to frame it. The perimeter is the distance 
around a geometric figure. The perimeter of a figure 
is the sum of the lengths of its sides. 


Find the perimeter of the patio shown. 


Solution 


We are asked to find 


tha nnvimoatar 
Utte Peirissiccei. 


VAleita a nh 
VViLLUw 


ranan 
au pttt UdIve 


Translate to math 
natatinn 


Cimnalifer hu adding 


A ee / ey CANINES: 


Write a sentence to 


. 
anatarar tha assanctiann 
OULLVVeL LLIW yuyu LLvVile 


We added feet, so the 
sum is 26 feet. 


than crim +h id 


af na na 
Labs JULI YI LLLY JIULYD 


44+642434+249 


The perimeter of the 
patio is 26 feet. 


Find the perimeter of each figure. All lengths 


are in inches. 


The perimeter is 30 inches. 


Find the perimeter of each figure. All lengths 
are in inches. 


The perimeter is 36 inches. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Adding Two-Digit Numbers with base-10 
blocks 

¢ Adding Three-Digit Numbers with base-10 
blocks 

* Adding Whole Numbers 


Key Concepts 


Addition Notation To describe addition, we 


le ee Ue ee ed ee ee eee ee ee ee eee eee 
vpet QAI LUENULAGLL JILLA pL COSLUAR GU CD IUOULL 


Additicn + 3+4 three the sum 
plus four of 3 and 
4 


Identity Property of Addition 


© The sum of any number a and 0 is the 
number.a+O=a0+a=a 


Commutative Property of Addition 


© Changing the order of the addends a and b 
does not change their sum. a+b=b-+a. 


¢ Add whole numbers. 


Write the numbers so each place value lines up 
vertically. Add the digits in each place value. 
Work from right to left starting with the ones 
place. If a sum in a place value is more than 9, 
carry to the next place value. Continue adding 
each place value from right to left, adding each 
place value and carrying if needed. 


Practice Makes Perfect 


Use Addition Notation 


In the following exercises, translate the following 
from math expressions to words. 


Oa a 


five plus two; the sum of 5 and 2. 


6+3 


13+18 


thirteen plus eighteen; the sum of 13 and 18. 


15-16 


214+ 642 


two hundred fourteen plus six hundred forty- 
two; the sum of 214 and 642 


438+ 113 


Model Addition of Whole Numbers 


In the following exercises, model the addition. 


244 


Sto 


8+4 


14+75 


144+ 75=89 


1I5:+63 


16+25 


16+ 25=41 


14+ 27 


Add Whole Numbers 


In the following exercises, fill in the missing values 
in each chart. 


In the following exercises, add. 


@0+13 
® 13+0 


@ 13 
® 13 


@ 0+5,280 
® 5,280+0 


78 


O/ ae 


Tit Zs 


99 


43+53 


26-59 


85 


38+ 17 


64+78 


142 


o2'39 


163-325 


493 


247 +149 


584 + 277 


861 


175+ 648 


832+ 199 


1,031 


775 + 369 


6,358 + 492 


6,850 


91844-5768 


3,740 + 18,593 


223539 


6,118 + 15,990 


485,012 + 619,848 


1,104,860 


368,911 + 857,289 


24,731 +592 +3,868 


29,191 


28,925 + 817 + 4,593 


8,015 + 76,946 + 16,570 


101,531 


6,291 + 54,107 + 28,635 


Translate Word Phrases to Math Notation 


In the following exercises, translate each phrase into 
math notation and then simplify. 


the sum of 13 and 18 


13+18=31 


the sum of 12 and 19 


the sum of 90 and 65 


90+65=155 


the sum of 70 and 38 


33 increased by 49 


33+ 49=82 


68 increased by 25 


250 more than 599 


250 + 599 = 849 


115 more than 286 


the total of 628 and 77 


628+ 77 =705 


the total of 593 and 79 


1,482 added to 915 


9154+ 1,482 = 2,397 


2,719 added to 682 


Add Whole Numbers in Applications 


In the following exercises, solve the problem. 


Home remodeling Sophia remodeled her 
kitchen and bought a new range, microwave, 
and dishwasher. The range cost $1,100, the 
microwave cost $250, and the dishwasher cost 
$525. What was the total cost of these three 
appliances? 


The total cost was $1,875. 


Sports equipment Aiden bought a baseball bat, 
helmet, and glove. The bat cost $299, the 
helmet cost $35, and the glove cost $68. What 
was the total cost of Aiden’s sports equipment? 


Bike riding Ethan rode his bike 14 miles on 
Monday, 19 miles on Tuesday, 12 miles on 
Wednesday, 25 miles on Friday, and 68 miles 
on Saturday. What was the total number of 
miles Ethan rode? 


Ethan rode 138 miles. 


Business Chloe has a flower shop. Last week 
she made 19 floral arrangements on Monday, 
12 on Tuesday, 23 on Wednesday, 29 on 
Thursday, and 44 on Friday. What was the total 
number of floral arrangements Chloe made? 


Apartment size Jackson lives in a 7 room 
apartment. The number of square feet in each 
room is 238,120,156,196,100,132, and 225. 
What is the total number of square feet in all 7 
rooms? 


The total square footage in the rooms is 1,167 
square feet. 


Weight Seven men rented a fishing boat. The 
weights of the men were 
175,192,148,169,205,181, and 225 pounds. 
What was the total weight of the seven men? 


Salary Last year Natalie’s salary was $82,572. 
Two years ago, her salary was $79,316, and 
three years ago it was $75,298. What is the 
total amount of Natalie’s salary for the past 
three years? 


Natalie’s total salary is $237,186. 


Home sales Emma is a realtor. Last month, she 
sold three houses. The selling prices of the 
houses were $292,540,$505,875, and 
$423,699. What was the total of the three 
selling prices? 


In the following exercises, find the perimeter of each 
figure. 


The perimeter of the figure is 44 inches. 


The perimeter of the figure is 56 meters. 


The perimeter of the figure is 71 yards. 


The perimeter of the figure is 62 feet. 


Everyday Math 


Calories Paulette had a grilled chicken salad, 

ranch dressing, and a 16-ounce drink for lunch. 
On the restaurant’s nutrition chart, she saw that 
each item had the following number of calories: 


Grilled chicken salad — 320 calories 
Ranch dressing — 170 calories 
16-ounce drink — 150 calories 


What was the total number of calories of 


Paulette’s lunch? 


The total number of calories was 640. 


Calories Fred had a grilled chicken sandwich, a 
small order of fries, and a 12-0z chocolate 
shake for dinner. The restaurant’s nutrition 
chart lists the following calories for each item: 


Grilled chicken sandwich — 420 calories 
Small fries — 230 calories 
12-0z chocolate shake — 580 calories 


What was the total number of calories of Fred’s 
dinner? 


Test scores A students needs a total of 400 
points on five tests to pass a course. The student 
scored 82,91,75,88,and70. Did the student pass 
the course? 


Yes, he scored 406 points. 


Elevators The maximum weight capacity of an 
elevator is 1150 pounds. Six men are in the 
elevator. Their weights are 
210,145,183,230,159,and164 pounds. Is the 


total weight below the elevators’ maximum 
capacity? 


Writing Exercises 


How confident do you feel about your 
knowledge of the addition facts? If you are not 
fully confident, what will you do to improve 
your skills? 


Answers will vary. 


How have you used models to help you learn 
the addition facts? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 


to become confident for all objectives? 


Glossary 


sum 
The sum is the result of adding two or more 
numbers. 


Subtract Whole Numbers 
By the end of this section, you will be able to: 


* Use subtraction notation 

* Model subtraction of whole numbers 

¢ Subtract whole numbers 

* Translate word phrases to math notation 
¢ Subtract whole numbers in applications 


Before you get started, take this readiness quiz. 


1. Model 3+4 using base-ten blocks. 


If you missed this problem, review [link]. 
2. Add: 324+ 586. 
If you missed this problem, review [link]. 


Use Subtraction Notation 


Suppose there are seven bananas in a bowl. Elana 
uses three of them to make a smoothie. How many 
bananas are left in the bowl? To answer the 
question, we subtract three from seven. When we 
subtract, we take one number away from another to 
find the difference. The notation we use to subtract 


3 from 7 is 
7-3 


We read 7 —3 as seven minus three and the result is 
the difference of seven and three. 


Subtraction Notation 
To describe subtraction, we can use symbols and 
words. 


maede [ 


Vy nee PS Gee PA ee Be ee ee Mn ~ 
wpe QU!) UVIEWNULGLULU IL bApt Cor LUEBAU GU di) AAW OULL 


i 7-3 seven the 
minus difference 
| three of 7 and 3 


Translate from math notation to words: @ 
8-1 © 26-14. 


Solution 


* @ We read this as eight minus one. The 


result is the difference of eight and one. 

* © We read this as twenty-six minus 
fourteen. The resuilt is the difference of 
twenty-six and fourteen. 


Translate from math notation to words: 


@ 12-4 
@ 29-11 


@ twelve minus four; the difference of 
twelve and four 

® twenty-nine minus eleven; the difference 
of twenty-nine and eleven 


Translate from math notation to words: 


@ 11-2 
® 29-12 


@ eleven minus two; the difference of 
eleven and two 


® twenty-nine minus twelve; the difference 
of twenty-nine and twelve 


Model Subtraction of Whole Numbers 


A model can help us visualize the process of 
subtraction much as it did with addition. Again, we 
will use base-10 blocks. Remember a block 
represents 1 and a rod represents 10. Let’s start by 
modeling the subtraction expression we just 
considered, 7 —3. 


We start by modeling the 
first number, 7. 


OOOOOOO 


Now take away the 
second number, 3. We'll 


in, OD oo000 


NTA 
au 


Count the number of 


blocks remaining. 
Cir ir irl 


There are 4 ones blocks — We have shown that 
left. 7-3=4. 


Doing the Manipulative Mathematics activity 
Model Subtraction of Whole Numbers will help you 
develop a better understanding of subtracting 

hole numbers. 


Model the subtraction: 8 — 2. 


Solution 


8 —2 means the 


MALLE LELLOEY VE YY ULI G1 


Model the first, 8. 


OOUO0000 


Take away the second 


number, 2. 
@Qoooo000 


=, 
Count the number of 


blocks remaining. 
a a | 


There are 6 ones blocksWe have shown that 
left. 8-—2=6. 


Model: 9—6. 


Model: 6—1. 


Model the subtraction: 13 —8. 


Solution 


Model the first 


number, 13. We use <. 


Take away the second 
number, 8. However, 
th OOOOOOOOOO OOO 


WE VV LLL VALUING LLL) 4 


tan far 11 anna 
Wilt ivi LAY VALLVe 


Now we can take away 
8 ones. 


OOOOOOOD)OO OOO 


Count the blocks 


remaining. 
mre 


CJ 


i ia 
| 


There are five ones We have shown that 
left. 13-—8=5. 


As we did with addition, we can describe the 
models as ones blocks and tens rods, or we can 
simply say ones and tens. 


Model the subtraction: 12—7. 


Model the subtraction: 14-8. 


Model the subtraction: 43 — 26. 


Solution 


Because 43 — 26 means 43 take away 26, we 
begin by modeling the 43. 


Now, we need to take away 26, which is 2 tens 
and 6 ones. We cannot take away 6 ones from 


3 ones. So, we exchange 1 ten for 10 ones. 


Now we can take away 2 tens and 6 ones. 


Count the number of blocks remaining. There 
is 1 ten and 7 ones, which is 17. 


43 —26=17 


Model the subtraction: 42 — 27. 


Model the subtraction: 45 — 29. 


Subtract Whole Numbers 


Addition and subtraction are inverse operations. 
Addition undoes subtraction, and subtraction 
undoes addition. 


We know 7 —3=4 because 4+ 3=7. Knowing all 

the addition number facts will help with 

subtraction. Then we can check subtraction by 

adding. In the examples above, our subtractions can 

be checked by addition. 

7 —3= 4because4 + 3 = 713 — 8 = 5because5 + 8 = 1343 — 26 


Subtract and then check by adding: 


@ 9-7 

® 8-3. 
Solution 
@) 


ne) 


ibtract 7 7 from 9, 


Subtrac 4iviil 


Check with addin 
2+7=9/ 


(A) 
(h) 


qn co 


athteant 2 fram Q 
Subtract 


Check with addition. 
5+3=8VY 


diviil Ue 


Subtract and then check by adding: 


ZO 


AW EN) 


Subtract and then check by adding: 


6-2=42+4=6 


To subtract numbers with more than one digit, it is 
usually easier to write the numbers vertically in 
columns just as we did for addition. Align the digits 
by place value, and then subtract each column 
starting with the ones and then working to the left. 


Subtract and then check by adding: 89-61. 


Solution 


Write the numbers so 89 —61__ 
the ones and tens digits 


linn an wartinalls, 
aaguve Up veLuLulsy. 


Subtract the digitsin 89 —61__ 28 
each place value. 


Subtract the ones: 


9-1=8 
Subtract the tens: 
$-6=2 


Check using addition. 
28 +61__ 89 


Our answer is correct. 


Subtract and then check by adding: 86 — 54. 


86 — 54 = 32 because 54 + 32 = 86 


Subtract and then check by adding: 99 — 74. 


9 — 74 = 25 because 74 + 25 = 99 


When we modeled subtracting 26 from 43, we 
exchanged 1 ten for 10 ones. When we do this 


without the model, we say we borrow 1 from the 
tens place and add 10 to the ones place. 


Find the difference of whole numbers. 


Write the numbers so each place value lines up 
vertically. Subtract the digits in each place value. 
Work from right to left starting with the ones 
place. If the digit on top is less than the digit 
below, borrow as needed. Continue subtracting 


each place value from right to left, borrowing if 
needed. Check by adding. 


Subtract: 43 — 26. 


Solution 


Write the numbers so 
each place value line; 


wey 


Subtract the ones. We 
cannot subtract 6 from 
3) > ‘row 1 ten. 
Th _56 3tens and 
13-cnes- we write 
these numbers above 
each place and cross 


aut tha ariainal digite 
WUE LLL VL Higa Sato 


Now we can subtract 
the ones. s. 13— b=, 

We A x e 7 in the 
on _ 76 nthe 
dif 

Now we subtract the 
tens. 3 aia 1. We 

wr ; in the tens 
ple _ 56 difference. 


[9 
Check by adding. 


17 
+26 
43V7 


Our answer is correct. 


Subtract and then check by adding: 93 — 58. 


93 — 58 = 35 because 58 + 35 = 93 


Subtract and then check by adding: 81 — 39. 


81 — 39 = 42 because 42 + 39 = 81 


Subtract and then check by adding: 207 — 64. 


Solution 


Write the numbers so 
each place value lines 
up vertically. 


207 
— fad 
Subtract the ones. 
7-4=3. 
Wi 297 n the ones 
ple — © 4 4ifference. 
Wi 3 nthe ones 


= . 
nlann in tha Aiffarnanoan 
PAGS £44 Ute UttteELeriLT 


Subtract the tens. We 
cannot subtract 6 froin 


Os wa ow 1 

hu _ ¢4 add10 
ter———_-_ tens we 
ha ~ kes a total 


of 10 tens. We write 1U 
above the tens place 
and cross out the 0. 
Then we cross out the 
2 in the hundreds place 


. ° 
and warvitan 1 ahaa it 
UL VV 2 UVUVLYE Lite 


Now we subtract the 

tens. 10— 6=4. We 

WI yg7 1 the tens 

ple _ 64 difference. 
43 

Finally, subtract the 

hundreds. There is no 

dis 797 i1undreds 

ple _ 64 2ottom 

nu-———- e can 


im | 143 in that 


place. Since 1-—O=1, 
we write 1 in the 
hundreds place in the 


£L1L0UL V11L ve 


Check by adding. 


1 

143 
+ 64 
207V 


Our answer is correct. 


Subtract and then check by adding: 439 — 52. 


439 — 52 = 387 because 387 + 52 = 439 


Subtract and then check by adding: 318—75. 


318 — 75 = 243 because 243 + 75 = 318 


Subtract and then check by adding: 910 — 586. 


Solution 


Write the numbers so 
each “<1 value lines 
me see 
Subtract the ones. We 
cannot subtract 6 from 
0, 9 1 g yw 1 ten 
an— 586 1estothe 
10 ones we nad. This 
makes 10 ones. We 
write a 0 above the 
tens place and cross 
out the 1. We write the 
10 above the ones 
place and cross out the 


0. Now we can subtract 
tha anna I1N_6—A, 


LLY YVLIVe LY 


Write the 4 in the ones 


pk goyg_ ifference. 
-~ 586 
ee 

Subtract the tens. We 


cannot subtract 8 froin 
8 10 10 


0, BAG wl 
hue 586 add10 


ter 4g ‘ens we 
hau, wane xives us 10 
tens. Write 8 above the 
hundreds place and 
cross out the 9. Write 
10 above the tens 
Now we can subtract 
the tens. 10—8=2. 

8 10 10 


~ 586 
24 
Subtract the hundreds 
place. ile 5=3 Write 
the g 1 g undreds 
pl 586 ifference. 
324 
Check by adding. 


324 
+ 586 
910V 


Our answer is correct. 


Subtract and then check by adding: 832 — 376. 


832 — 376 = 456 because 456 + 376 = 832 


Subtract and then check by adding: 847 — 578. 


847 — 578 = 269 because 269 + 578 = 847 


Subtract and then check by adding: 


2,162 —479. 


Solution 


Write the numbers so 
each place values line 


21:62 
up “ y. 
p 4790” 


Subtract the ones. 
Since we cannot 

sul 5 1 ¢ 5, rom 2, 

bo _ 479 mand adc 
10-cmes7cthe 2 ones 
to make 12 ones. Write 
5 above the tens place 
and cross out the 6. 
Write 12 above the 
ones place and cross 


aut tho 9 


VUE LILY Gle 


Now we can subtract 12—9=3 


tha nanaoca 
L1Le VUilLTDv. 


Write 3 in the ones 
place in the difference. 
vO 4 
-— 479 
3 


Subtract the tens. Since 
we cannot subtract 7 
fre, 7 » row 1 

hu 2.7 «yd add 10 
ter 479 5 tens to 
me ~—- 3, ns. Write 0) 
abuve wie stundreds 
place and cross out the 
1. Write 15 above the 


tana nlana 
teiiv paurce. 


Now we can subtract 15—7=8 


tha tana 
Lite LULLv. 


Write 8 in the tens 
place in the difference. 
2,4 6Y 
-— 479 
& 3 
Now we can subtract 
the hundreds. 


Write 6 in the 
hundreds place in the 
dif 7 7 #Y 
—- 479 
6R3 
Subtract the thousands. 
There is no digit in the 


the |. ° ¥ % >lace of the 


bo — nber, sO we 
im——___—), 1—0=11 
Wi !:683 te 


thousands place of the 


£L1L0UL VU 1L1LYe 


Check by adding. 


11,61813 +479 2,1627 


Our answer is correct. 


Subtract and then check by adding: 
4,585 — 697. 


4,585 — 697 = 3,888 because 3,888 + 697 
= 4,585 


Subtract and then check by adding: 
5,637 — 899. 


5,637 — 899 = 4,738 because 4,738 + 899 


= 5,637 


Translate Word Phrases to Math Notation 


As with addition, word phrases can tell 


us to operate 


on two numbers using subtraction. To translate from 
a word phrase to math notation, we look for key 
words that indicate subtraction. Some of the words 
that indicate subtraction are listed in [link]. 


Operation Word Example 
NL... 3A 
FLliLtadu 
Subtraction=siewe Bemin 
difference the 
difference of 


41 1 
it 


A and A 
J Li oT 


decreased by 7 decreased 
laxz >) 
vy vw 

laca th E laaa than QO 


an 
dec_vV CL1UtiL yviinevUyU ULLILULL YU 


subtracted 1 subtracted 
from from 6 


Expression 
B+ 
9—4 
7+ 3 
8-5 
6—1 


Translate and then simplify: 


@ the difference of 13 and 8 
® subtract 24 from 43 


Solution 
- ® 
The word difference tells us to subtract the 


two numbers. The numbers stay in the 
same order as in the phrase. 


the difference of 13 


and Q 

ua vu 
Tranclata sce Bare) 
2LULLLIULL. au VU 
Simplify. 5 


> © 


The words subtract from tells us to take 
the second number away from the first. 
We must be careful to get the order 
correct. 


onhteant OA Fram AQ 
cat VU 


vUuvVvIULUe ainvui1it 


Tranclata Ao A 
Vu a1 


LLULIIULe 


Simplify. 19 


Translate and simplify: 


@ the difference of 14 and 9 
® subtract 21 from 37 


Translate and simplify: 


@ 11 decreased by 6 
® 18 less than 67 


Po 


Subtract Whole Numbers in Applications 


To solve applications with subtraction, we will use 
the same plan that we used with addition. First, we 
need to determine what we are asked to find. Then 
we write a phrase that gives the information to find 
it. We translate the phrase into math notation and 
then simplify to get the answer. Finally, we write a 
sentence to answer the question, using the 
appropriate units. 


The temperature in Chicago one morning was 
73 degrees Fahrenheit. A cold front arrived 


and by noon the temperature was 27 degrees 
Fahrenheit. What was the difference between 
the temperature in the morning and the 
temperature at noon? 


Solution 


We are asked to find the difference between 
the morning temperature and the noon 


temperature. 


Write a phrase. the difference of 73 
and-27 

Translate to math Lie eb 

notation. Difference 

talle 110c ta anhteant 


11 
RLV Uv LY VUYVLULLUEULLe 


Then we do the 
subtraction. 
AB 
—- 27 
AG 


Write a sentence to The difference in 
answer the question. temperatures was 46 
degrees Fahrenheit. 


The high temperature on Junelst in Boston 
was 77 degrees Fahrenheit, and the low 
temperature was 58 degrees Fahrenheit. What 
was the difference between the high and low 
temperatures? 


The difference is 19 degrees Fahrenheit. 


The weather forecast for June 2 in St Louis 
predicts a high temperature of 90 degrees 
Fahrenheit and a low of 73 degrees 
Fahrenheit. What is the difference between the 
predicted high and low temperatures? 


The difference is 17 degrees Fahrenheit. 


A washing machine is on sale for $399. Its 
regular price is $588. What is the difference 
between the regular price and the sale price? 


Solution 


We are asked to find the difference between 
the regular price and the sale price. 


Write a phrase. the difference between 
EOO and 200 


Translate to math 588 — 399 
natatinn 


Subtract. 


4 17 18 


- 399 
129 


Write a sentence to The difference between 
answer the question. the regular price and 
the sale price is $189. 


A television set is on sale for $499. Its regular 
price is $648. What is the difference between 
the regular price and the sale price? 


The difference is $149. 


A patio set is on sale for $149. Its regular price 
is $285. What is the difference between the 


regular price and the sale price? 


The difference is $136. 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Model subtraction of two-digit whole numbers 

* Model subtraction of three-digit whole 
numbers 

¢ Subtract Whole Numbers 


Key Concepts 


MOY ce et he ee ee AT oe ee ee ee ee ED ed MN ~.~.-14 
vpert GQLIVILVNULALILULE LIA PL CHOocoLVUEAUGaU ac AWUOULL 
Subtraction— "ee seven the 

minus difference 


three of 7 and 3 


¢ Subtract whole numbers. 
Write the numbers so each place value lines up 
vertically. Subtract the digits in each place 
value. Work from right to left starting with the 
ones place. If the digit on top is less than the 
digit below, borrow as needed. Continue 


subtracting each place value from right to left, 
borrowing if needed. Check by adding. 


Practice Makes Perfect 
Use Subtraction Notation 


In the following exercises, translate from math 
notation to words. 


Is=9 


fifteen minus nine; the difference of fifteen and 
nine 


i3o= 16 


42-35 


forty-two minus thirty-five; the difference of 
forty-two and thirty-five 


83 — 64 


675 =350 


hundred seventy-five minus three hundred fifty; 
the difference of six hundred seventy-five and 
three hundred fifty 


790'= 525 


Model Subtraction of Whole Numbers 


In the following exercises, model the subtraction. 


g=2 


i3=5 


19=$ 


o2= 11 


61 — 47 


55 — 36 


Subtract Whole Numbers 


In the following exercises, subtract and then check 
by adding. 


9-4 


8 

20 

30 16 
22 
45-21 
oo= 52 
33 
99 — 47 
493 — 370 


123 


268 — 106 


5,946 — 4,625 


1,321 


Tf 10-3204 


75 — 47 


28 


63—59 


461 — 239 


222 


486 — 257 


520-2179 


346 


542 — 288 


6,318:— 2,799 


2019 


$,153=3,978 


2,150 — 964 


1,186 


4,245 — 899 


43,650 — 8,982 


34,668 


35,;162=7,885 


Translate Word Phrases to Algebraic Expressions 


In the following exercises, translate and simplify. 


The difference of 10 and 3 


LOS 37r 


The difference of 12 and 8 


The difference of 15 and 4 


15 -— 4511 


The difference of 18 and 7 


Subtract 6 from 9 


O63 


Subtract 8 from 9 


Subtract 28 from 75 


79 — 28; 47 


Subtract 59 from 81 


45 decreased by 20 


45 — 20; 25 


37 decreased by 24 


92 decreased by 67 


92. = 675.25 


75 decreased by 49 


12 less than 16 


16 — 12;4 


15 less than 19 


38 less than 61 


G1-=-36; 23 


47 less than 62 


Mixed Practice 


In the following exercises, simplify. 


76-47 
29 
91-53 
256 — 184 
72 

305 — 262 
719+ 341 


1,060 


647 + 528 


Z,015'= 1,993 


22 


2,020 — 1,984 
In the following exercises, translate and simplify. 


Seventy-five more than thirty-five 


7S. Pao, £10 


Sixty more than ninety-three 


13 less than 41 


41 — 13; 28 


28 less than 36 


The difference of 100 and 76 


100 — 76; 24 


The difference of 1,000 and 945 


Subtract Whole Numbers in Applications 


In the following exercises, solve. 


Temperature The high temperature on June 2 
in Las Vegas was 80 degrees and the low 
temperature was 63 degrees. What was the 
difference between the high and low 
temperatures? 


The difference between the high and low 
temperature was 17 degrees 


Temperature The high temperature on June 1 
in Phoenix was 97 degrees and the low was 73 
degrees. What was the difference between the 
high and low temperatures? 


Class size Olivia’s third grade class has 35 
children. Last year, her second grade class had 
22 children. What is the difference between the 
number of children in Olivia’s third grade class 
and her second grade class? 


The difference between the third grade and 
second grade was 13 children. 


Class size There are 82 students in the school 
band and 46 in the school orchestra. What is 
the difference between the number of students 
in the band and the orchestra? 


Shopping A mountain bike is on sale for $399. 
Its regular price is $650. What is the difference 
between the regular price and the sale price? 


The difference between the regular price and 
sale price is $251. 


Shopping A mattress set is on sale for $755. Its 
regular price is $1,600. What is the difference 
between the regular price and the sale price? 


Savings John wants to buy a laptop that costs 
$840. He has $685 in his savings account. How 
much more does he need to save in order to 
buy the laptop? 


John needs to save $155 more. 


Banking Mason had $1,125 in his checking 
account. He spent $892. How much money does 
he have left? 


Everyday Math 


Road trip Noah was driving from Philadelphia 
to Cincinnati, a distance of 502 miles. He drove 
115 miles, stopped for gas, and then drove 
another 230 miles before lunch. How many 
more miles did he have to travel? 


157 miles 


Test Scores Sara needs 350 points to pass her 
course. She scored 75,50,70,and80 on her first 
four tests. How many more points does Sara 
need to pass the course? 


Writing Exercises 


Explain how subtraction and addition are 
related. 


Answers may vary. 


How does knowing addition facts help you to 
subtract numbers? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Glossary 


difference 
The difference is the result of subtracting two 
or more numbers. 


Multiply Whole Numbers 
By the end of this section, you will be able to: 


* Use multiplication notation 

* Model multiplication of whole numbers 
¢ Multiply whole numbers 

* Translate word phrases to math notation 
¢ Multiply whole numbers in applications 


Before you get started, take this readiness quiz. 


1. Add: 1,683 + 479. 

If you missed this problem, review [link]. 
2. Subtract: 605 — 321. 

If you missed this problem, review [link]. 


Use Multiplication Notation 


Suppose you were asked to count all these pennies 
shown in [link]. 


Would you count the pennies individually? Or 
would you count the number of pennies in each row 
and add that number 3 times. 

8+8+8 


Multiplication is a way to represent repeated 
addition. So instead of adding 8 three times, we 
could write a multiplication expression. 

3x8 


We call each number being multiplied a factor and 
the result the product. We read 3 x 8 as three times 
eight, and the result as the product of three and eight. 


There are several symbols that represent 
multiplication. These include the symbol x as well 
as the dot, -, and parentheses (). 


Operation Symbols for Multiplication 
To describe multiplication, we can use symbols and 
words. 


4: 7 A ne ee ee ee NA. 
Oper ati OTN otatic Ab bApieor LUBAUV GU dai ANU OULLL 


aS BAY 3x8 three the 


38 times product 
| | _|_ 3) eight of 3 and 8 


Translate from math notation to words: 


7756 
® 12:14 
© 6(13) 


Solution 


* @ We read this as seven times six and the 
result is the product of seven and six. 

* © We read this as twelve times fourteen 
and the result is the product of twelve and 
fourteen. 

* © We read this as six times thirteen and 
the result is the product of six and thirteen. 


Translate from math notation to words: 


@ 8x7 
® 18:11 


@ eight times seven ; the product of eight 
and seven 

© eighteen times eleven ; the product of 
eighteen and eleven 


Translate from math notation to words: 


@ (13)(7) 
® 5(16) 


@) thirteen times seven ; the product of 
thirteen and seven 

® five times sixteen; the product of five and 
sixteen 


Model Multiplication of Whole Numbers 


There are many ways to model multiplication. 
Unlike in the previous sections where we used 
base-10 blocks, here we will use counters to help us 
understand the meaning of multiplication. A counter 
is any object that can be used for counting. We will 
use round blue counters. 


Model: 3 x 8. 


Solution 


To model the product 3 x 8, we'll start with a 
row of 8 counters. 


The other factor is 3, so we’ll make 3 rows of 8 
counters. 


Now we can count the result. There are 24 
counters in all. 


3x 8=24 


If you look at the counters sideways, you'll see 
that we could have also made 8 rows of 3 
counters. The product would have been the 
same. We'll get back to this idea later. 


Model each multiplication: 4 x 6. 


Model each multiplication: 5 x 7. 


Multiply Whole Numbers 


In order to multiply without using models, you need 
to know all the one digit multiplication facts. Make 
sure you know them fluently before proceeding in 
this section. 


[link] shows the multiplication facts. Each box 
shows the product of the number down the left 
column and the number across the top row. If you 
are unsure about a product, model it. It is important 
that you memorize any number facts you do not 
already know so you will be ready to multiply larger 
numbers. 


el 


cap) 


cap) 


cap) 


cap) 


cap) 


cap) 


cap) 


cap) 


cap) 


cap) 


cap) 


rd 


rd 


18—27-—-36—45 54-63-7281 


9 
@ 0-11 
® (42)0 


0 


zero? You can see that the product of any number 
Multiply: 


and zero is zero. This is called the Multiplication 


Property of Zero. 


S 
ae) 
S 
ou 
aa 
N x 
uy O 
eyes 
BE 
eS 
oe 
oF 
Ll Ge! 
a 
ao 
ep Fe 
UO 
| 
ore 
a2 
=D 
| 
== 


What happens when you multiply a number by 


Solution 


@) 
The product of any 
number and zero is 


TWATN 
avlve 


(h) 
Multiplying by zero 
results in zero. 


Find each product: 


@ 0-19 
® (39)0 


Find each product: 


@ 0:24 
® (57)0 


What happens when you multiply a number by one? 
Multiplying a number by one does not change its 
value. We call this fact the Identity Property of 
Multiplication, and 1 is called the multiplicative 
identity. 


Identity Property of Multiplication 
The product of any number and 1 is the number. 


la=aal=a 


Multiply: 


@ (11)1 
® 1-42 


Solution 


GY 


The product of any 
number and one is the 


LLULIIVLLe 


fr) 
Multiplying by one 
does not change the 
value. 


Find each product: 


@ (19)1 
® 1:39 


Find each product: 


@(24)(1) 
® 1x57 


Earlier in this chapter, we learned that the 
Commutative Property of Addition states that 
changing the order of addition does not change the 
sum. We saw that 8+9=17 is the same as 
9+8=17. 


Is this also true for multiplication? Let’s look at a 
few pairs of factors. 

4-7 = 287-4=28 

9-7 = 637:9=63 

8:9 =729:8=72 


When the order of the factors is reversed, the 
product does not change. This is called the 
Commutative Property of Multiplication. 


Commutative Property of Multiplication 
Changing the order of the factors does not change 


Multiply: 


@ 8:7 
® 7:8 


Solution 


Multiply. 56 


Changing the order of the factors does not 
change the product. 


Multiply: 


@ 96 
® 69 


54 and 54; both are the same. 


Multiply: 


@ 86 
® 68 


48 and 48; both are the same. 


To multiply numbers with more than one digit, it is 
usually easier to write the numbers vertically in 


columns just as we did for addition and subtraction. 
27 X23... 


We start by multiplying 3 by 7. 
3xX7=21 


We write the 1 in the ones place of the product. We 
carry the 2 tens by writing 2 above the tens place. 


Then we multiply the 3 by the 2, and add the 2 
above the tens place to the product. So 3 x 2=6, 
and 6+2=8. Write the 8 in the tens place of the 
product. 


The product is 81. 


When we multiply two numbers with a different 
number of digits, it’s usually easier to write the 


smaller number on the bottom. You could write it 
the other way, too, but this way is easier to work 
with. 


Multiply: 15-4. 


Solution 


Write the numbersso 15 X4___ 
the digits 5 and 4 line 


waMN wart allxr 
Up VueL Healy 


Multiply 4 by the digit 

in the ones place of 15. 

4-5=20. 

Write 0 in the ones 125 x4___ 0 
place of the product 


nd nares tha 9 tana 
ana Vuinty Uiwe & weil. 


Multiply 4 by the digit 
in the tens place of 15. 
41=4. 

Add the 2 tens we 


parrind A 19 =6, 


RULLIVUe 


Write the 6 in the ters 125 x4 __—‘60 


place of the product. 


Multiply: 64:8. 


Multiply: 57-6. 


Multiply: 286:5. 


Solution 


Write the numbers so 286 x5___ 
the digits 5 and 6 line 


un y rartinal lx 
Up ve. uCauy. 


Multiply 5 by the digit 

in the ones place of 

286--5:6=-20: 

Write the 0 in the ones 2836 x5___O 
place of the product 

and carry the 3 to the 

tens place.Multiply 5 

by the digit in the tens 

place cf 286,£:8=44, 

Add the 3 tens we 24836 x5____ 30 
carried to get 

40+3=43. 

Write the 3 in the tens 

place of the product 


and carry the 4 to the 
hi androda nlara 


BLULIUMLEUMYD P1UTr.e 


Multiply 5 be the digit 24836 x5 1,430 
in the hundreds place 

of 286. 5-2=10. 

Add the 4 hundreds we 

carried to get 

10+4=14. 

Write the 4 in the 

hundreds place of the 

product and the 1 to 

the thousands place. 


Multiply: 347-5. 


Multiply: 462-7. 


When we multiply by a number with two or more 
digits, we multiply by each of the digits separately, 
working from right to left. Each separate product of 
the digits is called a partial product. When we write 
partial products, we must make sure to line up the 
place values. 


Multiply two whole numbers to find the product. 


Write the numbers so each place value lines up 
vertically. Multiply the digits in each place value. 


* Work from right to left, starting with the ones 
place in the bottom number. 


© Multiply the bottom number by the ones 
digit in the top number, then by the tens 
digit, and so on. 

© Ifa product in a place value is more than 
9, carry to the next place value. 

© Write the partial products, lining up the 
digits in the place values with the 
numbers above. 


* Repeat for the tens place in the bottom 
number, the hundreds place, and so on. 

* Insert a zero as a placeholder with each 
additional partial product. 


dd the partial products. 


Multiply: 62(87). 


Solution 


Write the numbers so 
each place lines up 
vertically. 
x R7 
Start by multiplying °’ 
by 62. Multiply 7 by 
the digit in the ones 
place of 62. 7:2=14. 
Seats 4 in the ones 
place of the product 
and carry the 1 to the 


tana nlanra 
Weiiv puaurce. 


Multiply 7 by the digit 
in the tens place of 622. 
ies . Add the 1 ten 
we carried. 42+1=43. 
Write-the 3 in the ters 
placé-f the product 
and the 4 in the 


haanderodea nlara 
BLULIULEUMYD P1UTre 


The first partial 


nradiusnt ic AQA 
prtyveure to rut. 


Now, write a 0 under 
the 4 in the ones place 
of theynext partial 
product as a 
plagehplder since we 
nowgqyiltiply the dig t 
in the;tens place of 87 
by 62. Multiply 8 by 
the digit in the ones 


place of 62. 8-:2=16. 
Write the 6 in the next 
place of the product, 
which is the tens place. 
Carry the 1 to the tens 
Multiply 8 by 6, the 
digit in the tens place 
of 62ythen add the 1 
ten we?carried to get 
49. Write the 9 in the 
hundgeds place of the 
prodyet and the 4 in 


tha thaiucanda nlanra 
U1e ULVUOULID p1Urce. 


The second partial 
product is 4960. Add 
the partial products. 
62 
x 87 
434 
4960 
5394 


The product is 5,394. 


Multiply: 43(78). 


3,394 


Multiply: 64(59). 


Multiply: 


@ 47-10 
© 47-100. 


Solution 


When we multiplied 47 times 10, the product 
was 470. Notice that 10 has one zero, and we 
put one zero after 47 to get the product. When 
we multiplied 47 times 100, the product was 
4,700. Notice that 100 has two zeros and we 
put two zeros after 47 to get the product. 


Do you see the pattern? If we multiplied 47 
times 10,000, which has four zeros, we would 
put four zeros after 47 to get the product 
470,000. 


Multiply: 


@ 54-10 
© 54-100. 


Multiply: 


@ 75:10 
© 75-100. 


Multiply: (354)(438). 


Solution 


There are three digits in the factors so there 
will be 3 partial products. We do not have to 
write the 0 as a placeholder as long as we 
write each partial product in the correct place. 


Multiply: (265)(483). 


127,995 


Multiply: (823)(794). 


653,462 
Multiply: (896)201. 


Solution 


There should be 3 partial products. The second 
partial product will be the result of 
multiplying 896 by 0. 


Notice that the second partial product of all 
zeros doesn’t really affect the result. We can 
place a zero as a placeholder in the tens place 
and then proceed directly to multiplying by 
the 2 in the hundreds place, as shown. 


Multiply by 10, but insert only one zero as a 
placeholder in the tens place. Multiply by 200, 
putting the 2 from the 12. 26=12 in the 
hundreds place. 

896 x 201___ 89617920 180,096 


Multiply: (718)509. 


365,462 


Multiply: (627)804. 


504,108 


When there are three or more factors, we multiply 
the first two and then multiply their product by the 
next factor. For example: 


tran mailtinls: Q. 
ty pated eric cadet A ww 
9 
—T 


Ffixrot mubtioly: Q. 2 
us u 


Zhan Li1uUudL 


then ep 24-2. 48 


Translate Word Phrases to Math Notation 


Earlier in this section, we translated math notation 
into words. Now we’ll reverse the process and 
translate word phrases into math notation. Some of 
the words that indicate multiplication are given in 
[link]. 


Operation Word Example Expression 
rorase 


Multiplicatiotimes 3 times 8 3 X 8,3°8,(3) 


product the product (8), 
twice of 3and8 _ (3)8,or3(8) 
twice 4 2:4 


Translate and simplify: the product of 12 and 
wars 


Solution 


The word product tells us to multiply. The 
words of 12 and 27 tell us the two factors. 


the product of 12 and 


Tranclata 
bLULIVIULL. 


Multiply. 


Translate and simplify the product of 13 and 


28. 


13 - 28; 364 


Translate and simplify the product of 47 and 
14. 


47 - 14; 658 


Translate and simplify: twice two hundred 
eleven. 


Solution 


The word twice tells us to multiply by 2. 


twice two hundred 


al aAtTTAN 
V4N-V ULL 


Tranclata 97911) 
ey) 


BLULIVIULw. aueat 


Multiply. 422 


Translate and simplify: twice one hundred 
sixty-seven. 


2(167); 334 


Translate and simplify: twice two hundred 
fifty-eight. 


A(208), 516 


The area of a rectangle is the product of its length 
and its width, or 6 square feet. 


Multiply Whole Numbers in Applications 


We will use the same strategy we used previously to 
solve applications of multiplication. First, we need 
to determine what we are looking for. Then we 
write a phrase that gives the information to find it. 
We then translate the phrase into math notation and 
simplify to get the answer. Finally, we write a 
sentence to answer the question. 


Humberto bought 4 sheets of stamps. Each 


sheet had 20 stamps. How many stamps did 
Humberto buy? 


Solution 


We are asked to find the total number of 
stamps. 


Write a phrase for the the product of 4 and 


tantal 9Nn 


Translate to math 4-20 


. 
natatinn 
LLULULLULL 


Multiply. 


Write a sentence to Humberto bought 80 
answer the question. stamps. 


Valia donated water for the snack bar at her 
son’s baseball game. She brought 6 cases of 
water bottles. Each case had 24 water bottles. 
How many water bottles did Valia donate? 


Valia donated 144 water bottles. 


Vanessa brought 8 packs of hot dogs to a 
family reunion. Each pack has 10 hot dogs. 
How many hot dogs did Vanessa bring? 


Vanessa bought 80 hot dogs. 


When Rena cooks rice, she uses twice as much 
water as rice. How much water does she need 
to cook 4 cups of rice? 


Solution 


We are asked to find how much water Rena 
needs. 


Write as a phrase. twice as much as 4 


eimne 
Sole | ee} 


Translate to math 2:4 


. 
natatinan 
LLULULLULIL. 


Maultiol: tn ci nlifrr Q 


AveUiLtip w Silmpaly . VU 


Write a enna to Rena needs 8 cups of 
answer the question. water for cups of rice. 


Erin is planning her flower garden. She wants 
to plant twice as many dahlias as sunflowers. 
If she plants 14 sunflowers, how many dahlias 


does she need? 


Erin needs 28 dahlias. 


A college choir has twice as many women as 
men. There are 18 men in the choir. How 
many women are in the choir? 


There are 36 women in the choir. 


Van is planning to build a patio. He will have 
8 rows of tiles, with 14 tiles in each row. How 
many tiles does he need for the patio? 


Solution 


We are asked to find the total number of tiles. 


Write a phrase. 


Translate to math 
natatinn 


NAsaltinlss ta 


aimnlifir 
Ie eas) / tv wititpiity . 


Write a sentence to 


answer the question. 


the product of 8 and 


his patio. 


Jane is tiling her living room floor. She will 
need 16 rows of tile, with 20 tiles in each row. 
How many tiles does she need for the living 


room floor? 


Jane needs 320 tiles. 


Yousef is putting shingles on his garage roof. 
He will need 24 rows of shingles, with 45 
shingles in each row. How many shingles does 
he need for the garage roof? 


Yousef needs 1,080 tiles. 


If we want to know the size of a wall that needs to 
be painted or a floor that needs to be carpeted, we 
will need to find its area. The area is a measure of 
the amount of surface that is covered by the shape. 
Area is measured in square units. We often use 
square inches, square feet, square centimeters, or 
square miles to measure area. A square centimeter is 
a square that is one centimeter (cm.) on a side. A 
square inch is a square that is one inch on each side, 
and so on. 


For a rectangular figure, the area is the product of 
the length and the width. [link] shows a rectangular 
rug with a length of 2 feet and a width of 3 feet. 
Each square is 1 foot wide by 1 foot long, or 1 
square foot. The rug is made of 6 squares. The area 
of the rug is 6 square feet. 


Jen’s kitchen ceiling is a rectangle that 
measures 9 feet long by 12 feet wide. What is 
the area of Jen’s kitchen ceiling? 


Solution 


We are asked to find the area of the kitchen 
ceiling. 


Write a phrase for the the product of 9 and 


ULUUte ic 


Translate to math 9-12 


. 
natatian 
LLULULLULL. 


NAaal ti 119VQa 1NQ 
LVUYV 


nix 
AVELULLLLP Lye 4 


Answer with a The area of Jen's 
sentence. kitchen ceiling is 108 
square feet. 


Zoila bought a rectangular rug. The rug is 8 
feet long by 5 feet wide. What is the area of 


the rug? 


The area of the rug is 40 square feet. 


Rene’s driveway is a rectangle 45 feet long by 
20 feet wide. What is the area of the 
driveway? 


The area of the driveway is 900 square feet 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Multiplying Whole Numbers 
¢ Multiplication with Partial Products 
¢ Example of Multiplying by Whole Numbers 


Key Concepts 


Oe oe en UO ee en ee eee ee) ee a NM A2A4-.14 
vpet QGLIVIUNULGALILULE LA PL COO LUMA aU ac ANUOULL 


Multiplication 3x8 three the 
3:8 times product of 
O 3(8) eight 3 and 8 


* Multiplication Property of Zero 


© The product of any number and 0 is 0. 
a0=0 
0-a=0 


* Identity Property of Multiplication 


© The product of any number and 1 is the 
number. 
la=a 
al=a 


* Commutative Property of Multiplication 


© Changing the order of the factors does not 
change their product. 
ab=b-a 


¢ Multiply two whole numbers to find the 
product. 


Write the numbers so each place value lines up 
vertically. Multiply the digits in each place 
value. Work from right to left, starting with the 
ones place in the bottom number. Multiply the 


bottom number by the ones digit in the top 
number, then by the tens digit, and so on. If a 
product in a place value is more than 9, carry 
to the next place value. Write the partial 
products, lining up the digits in the place 
values with the numbers above. Repeat for the 
tens place in the bottom number, the hundreds 
place, and so on. Insert a zero as a placeholder 
with each additional partial product. Add the 
partial products. 


Practice Makes Perfect 
Use Multiplication Notation 


In the following exercises, translate from math 
notation to words. 


4x7 


four times seven; the product of four and seven 


8X6 


312 


five times twelve; the product of five and 
twelve 


fe 


(10)(25) 


ten times twenty-five; the product of ten and 
twenty-five 


(20)(15) 


42(33) 


forty-two times thirty-three; the product of 
forty-two and thirty-three 


39(64) 


Model Multiplication of Whole Numbers 


In the following exercises, model the multiplication. 


3x6 


5x9 


3x9 


Multiply Whole Numbers 


In the following exercises, fill in the missing values 
in each chart. 


In the following exercises, multiply. 


O15 


43 


1:34 


(28)1 


28 


(65)1 


1(240,055) 


240,055 


1(189,206) 


(79)(S) 


395 


(58)(4) 


2756 


1,650 


638:5 


3,421 x7 


23,947 


9,143 x3 


52(38) 


15976 


37(45) 


96:73 


7,008 


89:56 


27X85 


2,299 


53 x 98 


23°10 


230 


19-10 


(100)(36) 


360 


(100)(25) 


1,000(88) 


88,000 


1,000(46) 


50 x 1,000,000 


50,000,000 


30 x 1,000,000 


247 X 139 


34,333 


156 x 328 


586(721) 


422,506 


472(855) 


915'879 


804,285 


968-926 


(104)(256) 


26,624 


(103)(497) 


348(705) 


245,340 


485(602) 


2,719 x 543 


1,476,417 


3,581 X 724 


Translate Word Phrases to Math Notation 


In the following exercises, translate and simplify. 


the product of 18 and 33 


18 - 33; 594 


the product of 15 and 22 


fifty-one times sixty-seven 


51(67); 3,417 


forty-eight times seventy-one 


twice 249 


2(249); 498 


twice 589 


ten times three hundred seventy-five 


10(375); 3,750 


ten times two hundred fifty-five 


Mixed Practice 


In the following exercises, simplify. 


38 X 37 


1,406 


86 x 29 


415-267 


148 


341 — 285 


6,251 + 4,749 


11,000 


3,816 + 8,184 


(56)(204) 


11,424 


(77)(801) 


947-0 


947 +0 


1d;3021 


15,383 


15:;382-1 
In the following exercises, translate and simplify. 


the difference of 50 and 18 


50 — 18532 


the difference of 90 and 66 


twice 35 


2(35); 70 


twice 140 


20 more than 980 


20 + 980; 1,000 


65 more than 325 


the product of 12 and 875 


12(875); 10,500 


the product of 15 and 905 


subtract 74 from 89 


89°— 74:15 


subtract 45 from 99 


the sum of 3,075 and 950 


3,075 + 950; 4,025 


the sum of 6,308 and 724 


366 less than 814 


814 — 366; 448 


388 less than 925 


Multiply Whole Numbers in Applications 


In the following exercises, solve. 


Party supplies Tim brought 9 six-packs of soda 
to a club party. How many cans of soda did Tim 


bring? 


Tim brought 54 cans of soda to the party. 


Sewing Kanisha is making a quilt. She bought 6 
cards of buttons. Each card had four buttons on 
it. How many buttons did Kanisha buy? 


Field trip Seven school busses let off their 
students in front of a museum in Washington, 
DC. Each school bus had 44 students. How 
many students were there? 


There were 308 students. 


Gardening Kathryn bought 8 flats of impatiens 
for her flower bed. Each flat has 24 flowers. 
How many flowers did Kathryn buy? 


Charity Rey donated 15 twelve-packs of t-shirts 
to a homeless shelter. How many t-shirts did he 
donate? 


Rey donated 180 t-shirts. 


School There are 28 classrooms at Anna C. 
Scott elementary school. Each classroom has 26 
student desks. What is the total number of 
student desks? 


Recipe Stephanie is making punch for a party. 
The recipe calls for twice as much fruit juice as 
club soda. If she uses 10 cups of club soda, how 
much fruit juice should she use? 


Stephanie should use 20 cups of fruit juice. 


Gardening Hiroko is putting in a vegetable 
garden. He wants to have twice as many lettuce 
plants as tomato plants. If he buys 12 tomato 
plants, how many lettuce plants should he get? 


Government The United States Senate has 
twice as many senators as there are states in the 
United States. There are 50 states. How many 
senators are there in the United States Senate? 


There are 100 senators in the U.S. senate. 


Recipe Andrea is making potato salad for a 
buffet luncheon. The recipe says the number of 


servings of potato salad will be twice the 
number of pounds of potatoes. If she buys 30 
pounds of potatoes, how many servings of 
potato salad will there be? 


Painting Jane is painting one wall of her living 
room. The wall is rectangular, 13 feet wide by 9 
feet high. What is the area of the wall? 


The area of the wall is 117 square feet. 


Home décor Shawnte bought a rug for the hall 
of her apartment. The rug is 3 feet wide by 18 
feet long. What is the area of the rug? 


Room size The meeting room in a senior center 
is rectangular, with length 42 feet and width 34 
feet. What is the area of the meeting room? 


The area of the room is 1,428 square feet. 


Gardening June has a vegetable garden in her 
yard. The garden is rectangular, with length 23 
feet and width 28 feet. What is the area of the 
garden? 


NCAA basketball According to NCAA 
regulations, the dimensions of a rectangular 
basketball court must be 94 feet by 50 feet. 
What is the area of the basketball court? 


The area of the court is 4,700 square feet. 


NCAA football According to NCAA regulations, 
the dimensions of a rectangular football field 
must be 360 feet by 160 feet. What is the area 
of the football field? 


Everyday Math 


Stock market Javier owns 300 shares of stock 
in one company. On Tuesday, the stock price 
rose $12 per share. How much money did 
Javier’s portfolio gain? 


Javier’s portfolio gained $3,600. 


Salary Carlton got a $200 raise in each 
paycheck. He gets paid 24 times a year. How 
much higher is his new annual salary? 


Writing Exercises 


How confident do you feel about your 
knowledge of the multiplication facts? If you 
are not fully confident, what will you do to 
improve your skills? 


Answers will vary. 


How have you used models to help you learn 
the multiplication facts? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Glossary 


product 
The product is the result of multiplying two 
or more numbers. 


Divide Whole Numbers 
By the end of this section, you will be able to: 


* Use division notation 

* Model division of whole numbers 

* Divide whole numbers 

* Translate word phrases to math notation 
* Divide whole numbers in applications 


Before you get started, take this readiness quiz. 


1. Multiply: 27:3. 

If you missed this problem, review [link]. 
2. Subtract: 43 — 26. 

If you missed this problem, review [link] 
3. Multiply: 62(87). 

If you missed this problem, review [link]. 


Use Division Notation 


So far we have explored addition, subtraction, and 
multiplication. Now let’s consider division. Suppose 
you have the 12 cookies in [link] and want to 
package them in bags with 4 cookies in each bag. 


How many bags would we need? 


You might put 4 cookies in first bag, 4 in the second 
bag, and so on until you run out of cookies. Doing it 
this way, you would fill 3 bags. 


In other words, starting with the 12 cookies, you 
would take away, or subtract, 4 cookies at a time. 
Division is a way to represent repeated subtraction 
just as multiplication represents repeated addition. 


Instead of subtracting 4 repeatedly, we can write 
12+4 


We read this as twelve divided by four and the result 
is the quotient of 12 and 4. The quotient is 3 
because we can subtract 4 from 12 exactly 3 times. 
We call the number being divided the dividend and 
the number dividing it the divisor. In this case, the 
dividend is 12 and the divisor is 4. 


In the past you may have used the notation 412, but 
this division also can be written as 12+ 4,12/4,124. 
In each case the 12 is the dividend and the 4 is the 
divisor. 


Operation Symbols for Division 
To represent and describe division, we can use 
symbols and words. 


Operati GUNG AUCH LApresiiomeau aii NEsuit I 
aa + 12+4 Twelve the 
ab 124 divided quotient 
ba 412 by four of 12 and 
a/b 12/4 4 


Division is performed on two numbers at a time. 
When translating from math notation to English 
words, or English words to math notation, look for 
the words of and and to identify the numbers. 


Translate from math notation to words. 


@ 64+8 © 427 © 428 
Solution 


* @ We read this as sixty-four divided by 
eight and the result is the quotient of sixty- 
four and eight. 

* © We read this as forty-two divided by 
seven and the result is the quotient of forty- 
two and seven. 

* © We read this as twenty-eight divided by 
four and the result is the quotient of 
twenty-eight and four. 


Translate from math notation to words: 


@ 84+7 © 186 © 824 


¢ @ eighty-four divided by seven; the 
quotient of eighty-four and seven 

* ® eighteen divided by six; the quotient of 
eighteen and six. 

* © twenty-four divided by eight; the 
quotient of twenty-four and eight 


Translate from math notation to words: 


@ 72+9 © 213 © 654 


* @ seventy-two divided by nine; the 


quotient of seventy-two and nine 

* ® twenty-one divided by three; the 
quotient of twenty-one and three 

* © fifty-four divided by six; the quotient 
of fifty-four and six 


Model Division of Whole Numbers 


As we did with multiplication, we will model 
division using counters. The operation of division 
helps us organize items into equal groups as we start 
with the number of items in the dividend and 
subtract the number in the divisor repeatedly. 


Doing the Manipulative Mathematics activity 
Model Division of Whole Numbers will help you 


develop a better understanding of dividing whole 
numbers. 


Model the division: 24 ~ 8. 


Solution 


To find the quotient 24+ 8, we want to know 
how many groups of 8 are in 24. 


Model the dividend. Start with 24 counters. 


The divisor tell us the number of counters we 
want in each group. Form groups of 8 
counters. 


Count the number of groups. There are 3 
groups. 


24+8=3 


Model: 24+ 6. 


Model: 42+ 7. 


Divide Whole Numbers 


We said that addition and subtraction are inverse 
operations because one undoes the other. Similarly, 
division is the inverse operation of multiplication. 
We know 12+4=3 because 3:-4=12. Knowing all 
the multiplication number facts is very important 
when doing division. 


We check our answer to division by multiplying the 
quotient by the divisor to determine if it equals the 
dividend. In [link], we know 24+ 8=8 is correct 
because 3-8 = 24. 


Divide. Then check by multiplying. © 42+6 
© 729 © 763 


Solution 
-—) 
43--S 
Divide-42-by-&. 7 
Check by 
multiplying. 
7-& 
427 


ive 


Check by 
multiplying. 
Q.0 


SS aa 


Nivzida Ly i | Axe a Q 
Me / hel ef Je wv 


a (cr) 
oe 3 


Nitvzida 42 Axe 7 (e) 
vVivVivuiv VV La f fe 4 


Check by 
multiplying. 
a.7 


63¥ 


Divide. Then check by multiplying: 


@ 54+6 © 279 


Divide. Then check by multiplying: 


@ 369 ® 840 


What is the quotient when you divide a number by 
itself? 
1515 = 1because1:15=15 


Dividing any number (except 0) by itself produces a 
quotient of 1. Also, any number divided by 1 
produces a quotient of the number. These two ideas 
are stated in the Division Properties of One. 


Division Properties of One 


[any number (except 0) a+a=1 | 
Idi 


iwmidaod by. itaaolf ia Ana 


I. AV LULU Stueilst LV Vilwve | 


” mlmber divided by a+l=a 
ese | 


a 
.. is the same number. j 


Divide. Then check by multiplying: 


Qtieat1 
® 191 
Oy 


Solution 


- (a) 

WY 
mt Pace | 
et pees 


: 
A number divided by1 


itanlf ia 1 


Atuvil LV Le 


Check by 
multiplying. 


ahaa] 


eb beg 


1l1lV 


-—) 
+o 
A number divided by19 


1 aansale itaeolf 
2 eyo toi. 


Check by 
multiplying. 


10.1 


ayvu 


© 
LH, 
A number divided by7 


1 aansala itaolf 
2 ey ieowcis. 


multiplying. 
7.1 


77 


Divide. Then check by multiplying: 


@ 14+14 © 271 


Divide. Then check by multiplying: 


@ 161 © 14 


Suppose we have $0, and want to divide it among 3 
people. How much would each person get? Each 
person would get $0. Zero divided by any number is 
0. 


Now suppose that we want to divide $10 by 0. That 
means we would want to find a number that we 
multiply by 0 to get 10. This cannot happen because 
0 times any number is 0. Division by zero is said to 
be undefined. 


These two ideas make up the Division Properties of 


Zero. 


Division Properties of Zero 


Zero divided by any 0+a=0 | 


ambae ic 


tak 
PEULLEELEVU EL LU Veo | 


eae anumber by a+0O undefined 
[zero is undefined. \ 


Another way to explain why division by zero is 
undefined is to remember that division is really 
repeated subtraction. How many times can we take 
away 0 from 10? Because subtracting 0 will never 
change the total, we will never get an answer. So we 
cannot divide a number by 0. 


Divide. Check by multiplying: @ 0+3 © 
10/0. 


Solution 


(ey) 
Sy 
Q 
vw 


An 
Zero divided by any 0 


° 
niumhar waco WATKN 
ALULIIVOL LY OVlLve 


Check by 
multiplying. 
.2 


Vv 


OY 


(nr) 
mn 
TA/N 


busv 


Division by zero is undefined 
undefined. 


Divide. Then check by multiplying: 


0-2 ©1770 


@ 0 ® undefined 


Divide. Then check by multiplying: 


@ 0+6 © 13/0 


@ 0 ® undefined 


When the divisor or the dividend has more than one 
digit, it is usually easier to use the 412 notation. 
This process is called long division. Let’s work 
through the process by dividing 78 by 3. 


Divide the first digit of 
the dividend, 7, by the 


° 
dixrianr P 
Uivivui, vu. 


The divisor 3 can go into 
7 two times since 
2x3=6. Write the 2 
abavéthe 7 in the 


. 
atnaAtiant 
yuveurwiie. 


Multiply the 2 in the 
quotient by 2 and write 
th duct, 6, under the 
7 3/718 

"6 


Subtract that product 

from the first digit in the 

oa d. Subtract 7—6. 
rite the difference, 1, 

andthe first digit in the 

Bring down the next digit 

of the dividend. Bring 

do he 8. 

3)78 


6_ 
18 
Divide 18 by the divisor, 
3. The divisor 3 goes into 
18 s#x times. 
3)78 


6 


10 
iv 


Write 6 in the quotient 


ahaa tha 9 
uvuve 


Ltt We 


Multiply the 6 in the 
quotient by the divisor 
and write the product, 18, 


undéf the dividend. 
Su ct 18 from 18. 


— — 1 ON 


We would repeat the process until there are no more 
digits in the dividend to bring down. In this 
problem, there are no more digits to bring down, so 
the division is finished. 

S078 + 3= 26. 


Check by multiplying the quotient times the divisor 
to get the dividend. Multiply 26 x 3 to make sure 
that product equals the dividend, 78. 

216X3__78V 


It does, so our answer is correct. 


Divide whole numbers. 


Divide the first digit of the dividend by the divisor. 
If the divisor is larger than the first digit of the 
dividend, divide the first two digits of the dividend 
by the divisor, and so on. Write the quotient above 
the dividend. Multiply the quotient by the divisor 
and write the product under the dividend. Subtract 
that product from the dividend. Bring down the 
next digit of the dividend. Repeat from Step 1 until 


there are no more digits in the dividend to bring 
down. Check by multiplying the quotient times the 
divisor. 


Divide 2,596 + 4. Check by multiplying: 


Solution 


Let's rewrite the 


problem to set it up for 


LOEUL 


Pee the Aree digit of 
the dividend, 2, by tke 
dix gd 06 

Since 4 does not go 
into 2, we use the first 
two digits of the 
dividend and divide 25 
by 4. The divisor 4 


manna intn OL 


oh +1 ao 
eve HHO au on Hn Ori 


We write the 6 in the 
quotient above the 5. 


6 
4)2506 


4 
Multiply the 6 in the 
quotient by the divisor 
4 an ite the 
prod fn, under the 
first two-digits in the 
Subtract that product 
from the first two 
digits imthe dividend. 
Subtrac $f — 24. write 
the difference, 1, under 
the second digit in the 
Now bring down the 9 
and repeat these steps. 
Ther > 4 fours in 19. 
Writ@tre® over the 9. 
Multi he 4 by 4 
and subtract this 
product from 19. 


Bring down the 6 ancl 
repeat these steps. 
Ther fours in 56. 
Writ@/r2® over the 6. 
Multi he 9 by 4 
and subfgact this 
product from 36. 

36 


mn 


wv 


Cn 9 BQG + A—4GAQ 
wy agvvrv ba "MF Ee 


Check by multiplying. 


13 
649 
es 
2.596 ¥ 


It equals the dividend, so our answer is 
correct. 


Divide. Then check by multiplying: 2,636 +4 


Divide. Then check by multiplying: 2,716+4 


Divide 4,506 +6. Check by multiplying: 


Solution 


Let's rewrite the 
problem to set it up for 


longéi4 Sison. 


First we try to divide 6 
into 4. 

A)4506 
Since that won't work, 
we try 6 into 45. 


There-are_7 sixes in 45. 
We rite’ he 7 over 
than E& 


Multiply the 7 by 6 
and subtract this 


prod m 45. 
6)4506 


42 

3 
Now bring down the 0 
and repeat these steps. 
There are 5 sixes in 30. 
Write the 5 over the 0. 


Multipl4the 5 by 6 
and ous06. this 
produét from 30. 

30, 

0 

Now bring down the 6 
and repeat these steps. 
Ther ae in 6. 
Wri Q over the 6. 
Multiply,1 by 6 and 
subtractfhis product 


from 6. 96 
BE 
0 
Check by multiplying. 
3 
1 
x 6 
4,506 / 


It equals the dividend, so our answer is 
correct. 


Divide. Then check by multiplying: 4,305 +5. 


861 


Divide. Then check by multiplying: 3,906 +6. 


Divide 7,263 +9. Check by multiplying. 


Solution 


Let's rewrite the 
problem to set it up for 
longi Hon. 
First we try to divide 9 
into 7. 

a7 2463 
Since that won't work, 


we try Sinto 72. There 
are 9)nifes in 72. 


We write the 8 over 
tha 9 


Multiply the 8 by 9 
and subtract this 
prodycrtzom 72. 
9)7263 

72 

iV 

Now bring down the 6 
and repeat these steps. 
Ther nines in 6. 
Writ 8 over the 6. 
Multiply.the 0 by 9 
and subtgact this 
product from 6. 


Now bring down the 3 
and repeat these steps. 
Ther /7 nines in 
63. Wi#e*the 7 over 
the 36 
Multiply the 7 by 9 
and subfract this 
product dfom 63. 

0 


Check by multiplying. 


6 
807 
x 9 
7,263 


It equals the dividend, so our answer is 
correct. 


Divide. Then check by multiplying: 4,928 +7. 


Divide. Then check by multiplying: 5,663 +7. 


So far all the division problems have worked out 
evenly. For example, if we had 24 cookies and 
wanted to make bags of 8 cookies, we would have 3 


bags. But what if there were 28 cookies and we 
wanted to make bags of 8? Start with the 28 cookies 
as shown in [link]. 


Try to put the cookies in groups of eight as in [link]. 


There are 3 groups of eight cookies, and 4 cookies 
left over. We call the 4 cookies that are left over the 
remainder and show it by writing R4 next to the 3. 
(The R stands for remainder.) 


To check this division we multiply 3 times 8 to get 
24, and then add the remainder of 4. 
3xX8_24+4 28 


Divide 1,439 + 4. Check by multiplying. 


Solution 


Let's rewrite the 

problem to set it up for 
long) Hagition, 
First we try to divide 4 
into 1. Since that won't 
wor try 4 into 14. 
Thebd 432 3 fours in 14. 


We write the 3 over 
tha A 


LLiw ' 


Multiply the 3 by 4 
and subtract this 


Now bring down the 3 
and repeat these steps. 
There-ate_5 fours in 2'3. 
Wri a 5 over the 3. 
Multiply the 5 by 4 
and subtract this 
producfrom 23. 


Now bring down the 9 
and repeat these steps. 
There are 9 fours in 3:9. 


Write 3h@K8over the 9. 
the 9 by 4 
and subtract this 
produ¢t from 39. 
There are no more 
numbergto bring 


down, SBI we are done. 
Tha ramoai ndAaor i oa Q 


bic TCriaiaer LD Ve 


Check by multiplying. 


9 quotient 
x 4 _— divisor 
6 
3 


remainder 


So 1,439 +4 is 359 with a remainder of 3. Our 
answer is correct. 


Divide. Then check by multiplying: 3,812+8. 


476 with a remainder of 4 


Divide. Then check by multiplying: 4,319 +8. 


539 with a remainder of 7 


Divide and then check by multiplying: 
146L-13. 


Solution 


Let's rewrite the 131,461 
problem to set it up for 


1 dixriai 
ana qaw1ocinn 
LVLG® Utvivltviz. 


First we try to divide 
13 into 1. Since that 


won, , we try 13 
intbil46! 


There is 1 thirteen in 
14. We write the 1 


atrar tha A 
UVvVeL ULI fe 


Multiply the 1 by 13 


and subtract this 
prd leOfrom 14. 


1 


Now bring down the 6 
and repeat these steps. 


Thee aet thirteen in 
1613) 1461 

Write+the 1 over the 6. 
aa the 1 by 13 
and subfract this 


nrndiuint fram 14 
Ptveure styiss .ivu. 


Now bring down the 1 
and repeat these steps. 


Writ 2 over the lL. 
Multiply jthe 2 by 13 
and subfyact this 
productfrom 31. There 
are no mre numbers 
to bring down, so we 
are done. 

The remainder is 5. 


1,462 +13 is 112 with 


. 
a Kamoaindar anf E 
U LeU VI YV 


Check by multiplying. 


112 quotient 
x 13 divisor 

336 

1,120 

+ 5 remainder 
1461 Vv 


Our answer is correct. 


Divide. Then check by multiplying: 1,493 + 13. 


114 R11 


Divide. Then check by multiplying: 1,461 +12. 


Divide and check by multiplying: 
74,521 +241. 


Solution 


Let's rewrite the 24174,521 
problem to set it up for 
lana Aixtiaian 
leng-division: 

First we try to divide 
241 into 7. Since that 
won't work, we try 241 
into 74. That still won’t 
work, so we try 241 
into 745. Since 2 
divides into 7 three 
times, we try 3. 

Since 3 X 241 = 723, we 
write the 3 over the 5 
in 745. 

Note that 4 would be 
too large because 

4 x 241 = 964, which is 


araatar than TAE 
6tVaeest LLLUilt 7s TWe 


Multiply the 3 by 241 
and subtract this 
product from 745. 


3 
241)74521 
peel 
22 
Now bring down the 2 
and repeat these steps. 
241 does-= divide 
intoD24>2! 
We writes, 0 over the 2 
as a placeholder and 


than nantiniin 
Lbs Ld CULLLILLUL. 


Now bring down the 1 
and repeat these steps. 
Try 9.Si 
9 243.4 69, 

he ! 
we writ 9 over tie 
1. Multiplydhe 9 by 
241 and swbtract this 


nrandiuint fram 9991 


Pltveeaee tpyi1 a ,aiai1. 


There are no more 
numbers to bring 
down, so we are 
finished. The 
remainder is 52. So 
74,521 +241 

is 309 witha 


BULLI VL Vee 


Check by multiplying. 


3 
309 quotient 
x 241 divisor 
309 
12,360 
61,800 
72,469 
+ 52 remainder 
74,521 v 


Sometimes it might not be obvious how many 
times the divisor goes into digits of the 
dividend. We will have to guess and check 
numbers to find the greatest number that goes 
into the digits without exceeding them. 


Divide. Then check by multiplying: 
78,641 + 256. 


307 R49 


Divide. Then check by multiplying: 


76,461 = 248. 


308 R77 


Translate Word Phrases to Math Notation 


Earlier in this section, we translated math notation 
for division into words. Now we'll translate word 
phrases into math notation. Some of the words that 
indicate division are given in [link]. 


Operation Word Example = Expression 
Division divided by 12divided 12+4 
quotient of by 4 124 
divided into the quotient 12/4 
of 12 and4 412 
4 divided 
into 12 


Translate and simplify: the quotient of 51 and 
7 


Solution 


The word quotient tells us to divide. 


the quotient of 51 and 
17Translate.51 + 17Divide.3 


We could just as correctly have translated the 
quotient of 51 and 17 using the notation 


175lors117: 


Translate and simplify: the quotient of 91 and 
eee 


Translate and simplify: the quotient of 52 and 


TS: 


Divide Whole Numbers in Applications 


We will use the same strategy we used in previous 
sections to solve applications. First, we determine 
what we are looking for. Then we write a phrase 
that gives the information to find it. We then 
translate the phrase into math notation and simplify 
it to get the answer. Finally, we write a sentence to 
answer the question. 


Cecelia bought a 160-ounce box of oatmeal at 
the big box store. She wants to divide the 160 


ounces of oatmeal into 8-ounce servings. She 
will put each serving into a plastic bag so she 
can take one bag to work each day. How many 
servings will she get from the big box? 


Solution 


We are asked to find the how many servings 
she will get from the big box. 


Write a phrase. 160 ounces divided by 
(@) mnaimana 

Translate to math 160+8 

notation 

eye ee / vy MLV INELILH< aU 


Write a sentence to Cecelia will get 20 
answer the question. servings from the big 
box. 


Marcus is setting out animal crackers for 
snacks at the preschool. He wants to put 9 
crackers in each cup. One box of animal 


crackers contains 135 crackers. How many 
cups can he fill from one box of crackers? 


Marcus can fill 15 cups. 


Andrea is making bows for the girls in her 
dance class to wear at the recital. Each bow 
takes 4 feet of ribbon, and 36 feet of ribbon 
are on one spool. How many bows can Andrea 
make from one spool of ribbon? 


Andrea can make 9 bows. 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Dividing Whole Numbers 
* Dividing Whole Numbers No Remainder 
¢ Dividing Whole Numbers With Remainder 


Key Concepts 


Or 28 wae 4s WAT AWA Tee it mA Mm ~--.-14 
vpert QGLIVIUNULGALIULE LA Pt CO0O LUMA aU ac INU OULL 


Division + 12+4 Twelve 


ab 124 divided 
ba 412 by four 
a/b 12/4 


¢ Division Properties of One 


the 
quotient 
of 12 and 
4 


© Any number (except 0) divided by itself is 


one. a+a=1 


© Any number divided by one is the same 


number. a+l=a 


¢ Division Properties of Zero 


© Zero divided by any number is 0. 0+a=0 
© Dividing a number by zero is undefined. 


a+0O undefined 


¢ Divide whole numbers. 


Divide the first digit of the dividend by the 


divisor. 


If the divisor is larger than the first digit of the 
dividend, divide the first two digits of the 
dividend by the divisor, and so on. Write the 
quotient above the dividend. Multiply the 
quotient by the divisor and write the product 
under the dividend. Subtract that product from 
the dividend. Bring down the next digit of the 
dividend. Repeat from Step 1 until there are no 
more digits in the dividend to bring down. 


Check by multiplying the quotient times the 
divisor. 


Section Exercises 


Practice Makes Perfect 
Use Division Notation 


In the following exercises, translate from math 
notation to words. 


54+9 


fifty-four divided by nine; the quotient of fifty- 
four and nine 


567 


328 


thirty-two divided by eight; the quotient of 
thirty-two and eight 


642 


48+6 


forty-eight divided by six; the quotient of forty- 
eight and six 


639 


763 


sixty-three divided by seven; the quotient of 
sixty-three and seven 


7278 


Model Division of Whole Numbers 


In the following exercises, model the division. 


15='5 


16+4 


Divide Whole Numbers 


In the following exercises, divide. Then check by 
multiplying. 


1332 


455 


1 AL 


43 +43 


23 


291 


19+1 


19 


17+1 


50 


undefined 


90 


260 


undefined 


320 


120 


7273 


24 


57+3 


968 


12 


786 


5465 


93 


4528 


924 +7 


132 


861 +7 


59,2266 


871 


3,7768 


431,324 


7,831 


546,855 


75209 =3 


2,403 


4,806 +3 


5,406 + 6 


901 


3,208 -+4 


42,816 


704 


63,624 


91,8819 


10,209 


83,2568 


2,470 + 7 


352 R6 


S741 27 


855,305 


6,913 R1 


951,492 


431,1745 


86,234 R4 


297,2774 


130,016= 3 


43,338 R2 


105,609 + 2 


155,735 


382 R5 


4,93321 


56,883 + 67 


849 


43,725/75 


30,144314 


96 


26,145+415 


273542,195 


1,986 R17 


816,243 + 462 


Mixed Practice 


In the following exercises, simplify. 


15(204) 


3,060 


74391 


256 — 184 


72 


305=262 


719+ 341 


1,060 


647 + 528 


20675 


35 


110423 


Translate Word Phrases to Algebraic Expressions 


In the following exercises, translate and simplify. 


the quotient of 45 and 15 


45 + 15;3 


the quotient of 64 and 16 


the quotient of 288 and 24 


288 + 24; 12 


the quotient of 256 and 32 


Divide Whole Numbers in Applications 


In the following exercises, solve. 


Trail mix Ric bought 64 ounces of trail mix. He 
wants to divide it into small bags, with 2 
ounces of trail mix in each bag. How many bags 
can Ric fill? 


Ric can fill 32 bags. 


Crackers Evie bought a 42 ounce box of 
crackers. She wants to divide it into bags with 3 
ounces of crackers in each bag. How many bags 
can Evie fill? 


Astronomy class There are 125 students in an 
astronomy class. The professor assigns them 
into groups of 5. How many groups of students 
are there? 


There are 25 groups. 


Flower shop Melissa’s flower shop got a 
shipment of 152 roses. She wants to make 
bouquets of 8 roses each. How many bouquets 
can Melissa make? 


Baking One roll of plastic wrap is 48 feet long. 
Marta uses 3 feet of plastic wrap to wrap each 

cake she bakes. How many cakes can she wrap 
from one roll? 


Marta can wrap 16 cakes from 1 roll. 


Dental floss One package of dental floss is 54 
feet long. Brian uses 2 feet of dental floss every 


day. How many days will one package of dental 
floss last Brian? 


Mixed Practice 


In the following exercises, solve. 


Miles per gallon Susana’s hybrid car gets 45 
miles per gallon. Her son’s truck gets 17 miles 
per gallon. What is the difference in miles per 
gallon between Susana’s car and her son’s 
truck? 


The difference is 28 miles per gallon. 


Distance Mayra lives 53 miles from her 
mother’s house and 71 miles from her mother- 
in-law’s house. How much farther is Mayra 
from her mother-in-law’s house than from her 
mother’s house? 


Field trip The 45 students in a Geology class 
will go on a field trip, using the college’s vans. 
Each van can hold 9 students. How many vans 
will they need for the field trip? 


They will need 5 vans for the field trip 


Potting soil Aki bought a 128 ounce bag of 
potting soil. How many 4 ounce pots can he fill 
from the bag? 


Hiking Bill hiked 8 miles on the first day of his 
backpacking trip, 14 miles the second day, 11 
miles the third day, and 17 miles the fourth 
day. What is the total number of miles Bill 
hiked? 


Bill hiked 50 miles 


Reading Last night Emily read 6 pages in her 
Business textbook, 26 pages in her History text, 
15 pages in her Psychology text, and 9 pages in 
her math text. What is the total number of 
pages Emily read? 


Patients LaVonne treats 12 patients each day in 
her dental office. Last week she worked 4 days. 
How many patients did she treat last week? 


LaVonne treated 48 patients last week. 


Scouts There are 14 boys in Dave’s scout troop. 
At summer camp, each boy earned 5 merit 


badges. What was the total number of merit 
badges earned by Dave’s scout troop at summer 
camp? 


Writing Exercises 


Explain how you use the multiplication facts to 
help with division. 


Answers may vary. Using multiplication facts 
can help you check your answers once you’ve 
finished division. 


Oswaldo divided 300 by 8 and said his answer 
was 37 with a remainder of 4. How can you 
check to make sure he is correct? 


Everyday Math 


Contact lenses Jenna puts in a new pair of 
contact lenses every 14 days. How many pairs 
of contact lenses does she need for 365 days? 


Jenna uses 26 pairs of contact lenses, but there 


is 1 day left over, so she needs 27 pairs for 365 
days. 


Cat food One bag of cat food feeds Lara’s cat 
for 25 days. How many bags of cat food does 
Lara need for 365 days? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next Chapter? 
Why or why not? 


Chapter Review Exercises 


Introduction to Whole Numbers 


Identify Counting Numbers and Whole Numbers 


In the following exercises, determine which of the 
following are (a) counting numbers (b) whole 
numbers. 


02,99 
@ 2, 99 
® 0, 2, 99 
0,3,25 
0,4,90 
@ 4, 90 
® 0, 4, 90 
0.1575 


Model Whole Numbers 


In the following exercises, model each number using 
base-10 blocks and then show its value using place 
value notation. 


258 


104 


Identify the Place Value of a Digit 


In the following exercises, find the place value of 
the given digits. 


472,981 


@8 
®© 4 
©1 
@® 7 
© 2 


@ tens 

© hundred thousands 
© ones 

@ thousands 

© ten thousands 


12,403,295 


Use Place Value to Name Whole Numbers 


In the following exercises, name each number in 
words. 


5,280 


Five thousand two hundred eighty 


204,614 


5,012,582 


Five million twelve thousand five hundred 
eighty-two 


31,640,976 


Use Place Value to Write Whole Numbers 


In the following exercises, write as a whole number 
using digits. 


six hundred two 


fifteen thousand, two hundred fifty-three 


15,253 


three hundred forty million, nine hundred 
twelve thousand, sixty-one 


340,912,061 


two billion, four hundred ninety-two million, 
seven hundred eleven thousand, two 


Round Whole Numbers 


In the following exercises, round to the nearest ten. 


412 


410 


648 


33900 


3,560 


2,734 


In the following exercises, round to the nearest 
hundred. 


30,979 


39,000 


26,849 


81,486 


81,500 


Tas992 


Add Whole Numbers 
Use Addition Notation 


In the following exercises, translate the following 
from math notation to words. 


443 


four plus three; the sum of four and three 


207 18 


571+629 


five hundred seventy-one plus six hundred 


twenty-nine; the sum of five hundred seventy- 
one and six hundred twenty-nine 


10,085 + 3,492 


Model Addition of Whole Numbers 


In the following exercises, model the addition. 


6+7 


38+14 


Add Whole Numbers 


In the following exercises, fill in the missing values 
in each chart. 


In the following exercises, add. 


@0+19 ® 19+0 


@ 19 
® 19 


@ 0+480 © 480+0 


@7+6 © 6+7 


@ 13 
® 13 


@ 23+18 © 18+23 


44435 


82 


63 +29 


96+58 


154 


37a +991 


7,281 + 12,546 


19,827 


9,200 +.16,32449;731 


Translate Word Phrases to Math Notation 


In the following exercises, translate each phrase into 
math notation and then simplify. 


the sum of 30 and 12 


30 + 12; 42 


11 increased by 8 


25 more than 39 


39 + 25; 64 


total of 15 and 50 


Add Whole Numbers in Applications 


In the following exercises, solve. 


Shopping for an interview Nathan bought a 
new shirt, tie, and slacks to wear to a job 
interview. The shirt cost $24, the tie cost $14, 
and the slacks cost $38. What was Nathan’s 
total cost? 


$76 


Running Jackson ran 4 miles on Monday, 12 
miles on Tuesday, 1 mile on Wednesday, 8 
miles on Thursday, and 5 miles on Friday. What 


was the total number of miles Jackson ran? 


In the following exercises, find the perimeter of each 
figure. 


46 feet 


Subtract Whole Numbers 
Use Subtraction Notation 


In the following exercises, translate the following 
from math notation to words. 


14-5 


fourteen minus five; the difference of fourteen 
and five 


40-15 


351 — 249 


three hundred fifty-one minus two hundred 
forty-nine; the difference between three 
hundred fifty-one and two hundred forty-nine 


5,724 — 2,918 


Model Subtraction of Whole Numbers 


In the following exercises, model the subtraction. 


18-4 


41-29 


Subtract Whole Numbers 


In the following exercises, subtract and then check 
by adding. 


3=5 


14 


46-21 


8259 


23 


110+ 87 


539-217 


322 


415-296 


1,020 — 640 


380 


8,355 — 3,947 


10,000 —15 


9,985 


94,925 — 35,647 


Translate Word Phrases to Math Notation 


In the following exercises, translate and simplify. 


the difference of nineteen and thirteen 


19-= 13:6 


subtract sixty-five from one hundred 


seventy-four decreased by eight 


74 — 8; 66 


twenty-three less than forty-one 


Subtract Whole Numbers in Applications 


In the following exercises, solve. 


Temperature The high temperature in Peoria 
one day was 86 degrees Fahrenheit and the low 
temperature was 28 degrees Fahrenheit. What 
was the difference between the high and low 
temperatures? 


58 degrees Fahrenheit 


Savings Lynn wants to go on a cruise that costs 
$2,485. She has $948 in her vacation savings 
account. How much more does she need to save 
in order to pay for the cruise? 


Multiply Whole Numbers 
Use Multiplication Notation 


In the following exercises, translate from math 
notation to words. 


8X5 


eight times five the product of eight and five 


6-14 


(10)(95) 


ten times ninety-five; the product of ten and 
ninety-five 


54(72) 


Model Multiplication of Whole Numbers 


In the following exercises, model the multiplication. 


2x4 


3x8 


Multiply Whole Numbers 


In the following exercises, fill in the missing values 
in each chart. 


In the following exercises, multiply. 


0:14 


fo) 


(256)0 


1:99 


09 


(4,789)1 


@ 7-4 © 47 


@ 28 
® 28 


(25)(6) 


9,261 x3 


27,783 


48:76 


64-10 


640 


1,000(22) 


162 x 493 


79,866 


(601)(943) 


3,624 x 517 


1,873,608 


10,538-22 


Translate Word Phrases to Math Notation 


In the following exercises, translate and simplify. 


the product of 15 and 28 


15(28); 420 


ninety-four times thirty-three 


twice 575 


2(575); 1,150 


ten times two hundred sixty-four 


Multiply Whole Numbers in Applications 


In the following exercises, solve. 


Gardening Geniece bought 8 packs of 
marigolds to plant in her yard. Each pack has 6 
flowers. How many marigolds did Geniece buy? 


48 marigolds 


Cooking Ratika is making rice for a dinner 
party. The number of cups of water is twice the 
number of cups of rice. If Ratika plans to use 4 
cups of rice, how many cups of water does she 
need? 


Multiplex There are twelve theaters at the 
multiplex and each theater has 150 seats. What 


is the total number of seats at the multiplex? 


1,800 seats 


Roofing Lewis needs to put new shingles on his 
roof. The roof is a rectangle, 30 feet by 24 feet. 
What is the area of the roof? 


Divide Whole Numbers 
Use Division Notation 


Translate from math notation to words. 


94+9 


fifty-four divided by nine; the quotient of fifty- 
four and nine 


42/7 


728 


seventy-two divided by eight; the quotient of 
seventy-two and eight 


648 


Model Division of Whole Numbers 


In the following exercises, model. 


8+2 


312 


Divide Whole Numbers 


In the following exercises, divide. Then check by 
multiplying. 


14+2 


328 


52+4 


13 


2626 


971 


100+0 


undefined 


3000 


38286 


638 


3115519 


750525 


300 R5 


5,166 + 42 


Translate Word Phrases to Math Notation 


In the following exercises, translate and simplify. 


the quotient of 64 and 16 


64 + 16; 4 


the quotient of 572 and 52 


Divide Whole Numbers in Applications 


In the following exercises, solve. 


Ribbon One spool of ribbon is 27 feet. Lizbeth 


uses 3 feet of ribbon for each gift basket that 
she wraps. How many gift baskets can Lizbeth 
wrap from one spool of ribbon? 


9 baskets 


Juice One carton of fruit juice is 128 ounces. 
How many 4 ounce cups can Shayla fill from 
one carton of juice? 


Chapter Practice Test 


Determine which of the following numbers are 


@ counting numbers 
© whole numbers. 


0,4,87 


Find the place value of the given digits in the 
number 549,362. 


Write each number as a whole number using 
digits. 


@ six hundred thirteen 
© fifty-five thousand two hundred eight 


@ 613 
® 55,208 


Round 25,849 to the nearest hundred. 
Simplify. 


45+23 


68 


65 — 42 


85+5 


17 


1,000 x 8 


90-58 


a2 


73+ 89 


(0)(12,675) 


634+ 255 


09 


8128 


145-79 


66 


299 + 836 


7-475 


3,325 


8,528 + 704 


35(14) 


490 


260 


7337291 


442 


4,916 —1,538 


495 + 45 


11 


52 X 983 


Translate each phrase to math notation and then 
simplify. 


The sum of 16 and 58 


16 + 58; 74 


The product of 9 and 15 


The difference of 32 and 18 


32 — 18; 14 


The quotient of 63 and 21 


Twice 524 


2(524); 1,048 


29 more than 32 


50 less than 300 


300 — 50; 250 
In the following exercises, solve. 


LaVelle buys a jumbo bag of 84 candies to 
make favor bags for her son’s party. If she 
wants to make 12 bags, how many candies 
should she put in each bag? 


Last month, Stan’s take-home pay was $3,816 
and his expenses were $3,472. How much of his 
take-home pay did Stan have left after he paid 
his expenses? 


Stan had $344 left. 


Each class at Greenville School has 22 children 
enrolled. The school has 24 classes. How many 
children are enrolled at Greenville School? 


Clayton walked 12 blocks to his mother’s house, 
6 blocks to the gym, and 9 blocks to the grocery 
store before walking the last 3 blocks home. 
What was the total number of blocks that 
Clayton walked? 


Clayton walked 30 blocks. 


Glossary 


dividend 
When dividing two numbers, the dividend is 
the number being divided. 


divisor 
When dividing two numbers, the divisor is 
the number dividing the dividend. 


quotient 
The quotient is the result of dividing two 
numbers. 


Introduction to the Language of Algebra 

class = "introduction" 

Algebra has a language of its own. The picture 
shows just some of the words you may see and use 
in your study of Prealgebra. 


You may not realize it, but you already use algebra 
every day. Perhaps you figure out how much to tip a 
server in a restaurant. Maybe you calculate the 
amount of change you should get when you pay for 
something. It could even be when you compare 
batting averages of your favorite players. You can 
describe the algebra you use in specific words, and 
follow an orderly process. In this chapter, you will 
explore the words used to describe algebra and start 
on your path to solving algebraic problems easily, 
both in class and in your everyday life. 


Use the Language of Algebra 
By the end of this section, you will be able to: 


* Use variables and algebraic symbols 

¢ Identify expressions and equations 

¢ Simplify expressions with exponents 

¢ Simplify expressions using the order of 
operations 


Before you get started, take this readiness quiz. 


1. Add:43 +69. 

If you missed this problem, review [link]. 
2. Multiply:(896)201. 

If you missed this problem, review [link]. 
3. Divide:7,263 + 9. 

If you missed this problem, review [link]. 


Use Variables and Algebraic Symbols 


Greg and Alex have the same birthday, but they 
were born in different years. This year Greg is 20 
years old and Alex is 23, so Alex is 3 years older 
than Greg. When Greg was 12, Alex was 15. When 


Greg is 35, Alex will be 38. No matter what Greg’s 
age is, Alex’s age will always be 3 years more, right? 


In the language of algebra, we say that Greg’s age 
and Alex’s age are variable and the three is a 
constant. The ages change, or vary, so age is a 
variable. The 3 years between them always stays the 
same, so the age difference is the constant. 


In algebra, letters of the alphabet are used to 
represent variables. Suppose we call Greg’s age g. 
Then we could use g+3 to represent Alex’s age. See 
[link]. 


, oe, Pe Alz...9.. .. 
ULSSE Pe age LALTCA D age 
19 12 

So) hw 

teyay 992 

ent VV Soni WS 

9 2 

Vy vu 

g g+3 


Letters are used to represent variables. Letters often 
used for variables are x,y,a,b,andc. 


variable is a letter that represents a number or 
quantity whose value may change. 

constant is a number whose value always stays 
the same. 


To write algebraically, we need some symbols as 
well as numbers and variables. There are several 
types of symbols we will be using. In Whole 
Numbers, we introduced the symbols for the four 
basic arithmetic operations: addition, subtraction, 
multiplication, and division. We will summarize 
them here, along with words we use for the 
operations and the result. 


Operation Notation Say: The result 
Addition a+b aplusb the sum of a 
Subtraction a—b aminusb the 
difference of 
a-gnd—-b 
Multiplicatiom-b,(a)(b), | atimesb The product 
(ayb,ats> cfaandb 
Division a+b,a/ a divided by The quotient 


b,ab,ba b of aand b 


In algebra, the cross symbol, x, is not used to show 
multiplication because that symbol may cause 
confusion. Does 3xy mean 3 x y (three times y) or 
3-x-y (three times xtimesy)? To make it clear, use « 
or parentheses for multiplication. 


We perform these operations on two numbers. When 
translating from symbolic form to words, or from 
words to symbolic form, pay attention to the words 
of or and to help you find the numbers. 


* The sum of 5 and 3 means add 5 plus 3, which 
we write as 5+ 3. 

* The difference of 9 and 2 means subtract 9 
minus 2, which we write as 9 — 2. 

* The product of 4 and 8 means multiply 4 times 
8, which we can write as 4:8. 

* The quotient of 20 and 5 means divide 20 by 5, 
which we can write as 20 +5. 


Translate from algebra to words: 


@12+14 
®(30)(5) 
©64+8 
@x-y 


Solution 


(20\0E\ 
Xu J 


QN timnaea E 


VV ULLLIVD VY 


the product of thirty and five 


i: 
Y 

LA -Q 
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the difference of x and y 


Translate from algebra to words. 


@18+11 
®(27)(9) 
©84+7 
@p-q 


@ 18 plus 11; the sum of eighteen and 
eleven 

© 27 times 9; the product of twenty-seven 
and nine 

© 84 divided by 7; the quotient of eighty- 
four and seven 

@ p minus q; the difference of p and q 


Translate from algebra to words. 


@47-19 
®72+9 
©m+n 
@(13)(7) 


@ 47 minus 19; the difference of forty- 
seven and nineteen 

© 72 divided by 9; the quotient of seventy- 
two and nine 


© m plus n; the sum of m and n 
@ 13 times 7; the product of thirteen and 
seven 


When two quantities have the same value, we say 
they are equal and connect them with an equal sign. 


Equality Symbol 


a= bis readais equal tob 
The symbol = is called the equal sign. 


An inequality is used in algebra to compare two 


quantities that may have different values. The 
number line can help you understand inequalities. 
Remember that on the number line the numbers get 
larger as they go from left to right. So if we know 
that b is greater than a, it means that b is to the 
right of a on the number line. We use the symbols 
“<” and “>” for inequalities. 


Inequality 
a<b is read a is less than b 
a is to the left of b on the number line 


a>b is read a is greater than b 
a is to the right of b on the number line 


The expressions a< banda>b can be read from left- 
to-right or right-to-left, though in English we usually 

read from left-to-right. In general, 

a<bis equivalent tob>a.For example,7 < 11is equivalent t 


When we write an inequality symbol with a line 
under it, such as a<b, it means a< b or a=b. We 
read this a is less than or equal to b. Also, if we put 
a Slash through an equal sign, ~, it means not 
equal. 


We summarize the symbols of equality and 
inequality in [link]. 


A1W~~Lu.4f  ATA4 2 4E an. 

MALE CVI Q@LL INULALLUVII vay 

a h 9 ta aAniw4al tah 

un wv Udivp eyuus ww vy 

aah 9 ta nat naiial ta hh 
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a=b a is greater than or equal 


to b 


Symbols < and > 
The symbols < and > each have a smaller side 
and a larger side. 


smaller side < larger side 
larger side > smaller side 
The smaller side of the symbol faces the smaller 
number and the larger faces the larger number. 


Translate from algebra to words: 


@20<35 
®11415-3 
©9>10+2 
@x+2<10 


Solution 


GY 


Ww 
N9N-—OE 
av ve 


20 is less than or equal to 35 


S gr Se than 10 divided by 2 


ae 19 
plus 2 is less than 10 


Translate from algebra to words. 


@14<27 
®19-248 
©12>4+2 
@x-7<1 


@) fourteen is less than or equal to twenty- 
seven 


® nineteen minus two is not equal to eight 
© twelve is greater than four divided by 
two 

@ x minus seven is less than one 


Translate from algebra to words. 


@19>15 
®7=12-5 
©15+3<8 
@y-3>6 


@ nineteen is greater than or equal to 
fifteen 

® seven is equal to twelve minus five 

© fifteen divided by three is less than eight 
@ y minus three is greater than six 


The information in [link] compares the fuel 
economy in miles-per-gallon (mpg) of several 
cars. Write the appropriate symbol =,<,or> 
in each expression to compare the fuel 
economy of the cars. 

(credit: modification of work by Bernard 
Goldbach, Wikimedia Commons) 


@ MPG of Prius___ MPG of Mini Cooper 
© MPG of Versa___ MPG of Fit 

© MPG of Mini Cooper___ MPG of Fit 
@ MPG of Corolla___ MPG of Versa 

© MPG of Corolla___ MPG of Prius 


Solution 


a) 
MPG of Prius __ MPG 


Cannne 


Find the values in the 48 27 


aAmnaTnrn AQ ~ 97 
mw aif 


Cc 

SSSA EASES me _ 
MPG of Prius > MPG 
of Mini Cooper 


MW) 
wy 


Find the values in the 


rhart 
RLLUUL Le 


Camnara 
SSMS PASS Ne 


(oY 
YY 


Find the values in the 


rhart 
NRLLUUL Le 


Camnara 
SSSA EASES Ne 


‘a 
(a) 


Find the values in the 


MPG of Versa__MPG 


af Tit 


wi bit 


26___ 27 


96 — 97 
au ~ <7 


MPG of Versa < MPG 
of Fit 


MPG of Mini 


NADG af Lit 
wai nit 


ivan ws 


Cannar 
—) AeA 


2 ey 


27 = 27 
MPG of Mini Cooper = 
MPG of Fit 


MPG of Corolla__ MPG 


vw. VeLtuu 


28-26 


rhavt 
VLLUL Le. 


Camnara 
SSNS ee Nee 


(eo) 
YY 


Find the values in the 


rhart 
NRLLULL Le 


Camnara 
SSE ees Ne 


99 — 9B 
au — av 


MPG of Corolla > 
MPG of Versa 


MPG of Corolla__ MPG 


aft Drisi)| 
Ww 


we eau 


2848 


92 — AQ 
eet yw 


~ 


MPG of Corolla < 
MPG of Prius 


Use [link] to fill in the appropriate 


symbol, =,<,or>. 


@ MPG of Prius ___ MPG of Versa 
© MPG of Mini Cooper___ MPG of Corolla 


Use [link] to fill in the appropriate 
symbol, =,<,or>. 


@ MPG of Fit___ MPG of Prius 
® MPG of Corolla___ MPG of Fit 


Grouping symbols in algebra are much like the 
commas, colons, and other punctuation marks in 
written language. They indicate which expressions 
are to be kept together and separate from other 
expressions. [link] lists three of the most commonly 
used grouping symbols in algebra. 


Common Grouping 
Cxrmm™m hal a 


hey BERENS ERS 


naranthacaa C\ 
Pr Vittirevev UW 


hearlata mM 


VWLULIALLY LI 


braces {} 


Here are some examples of expressions that include 
grouping symbols. We will simplify expressions like 
these later in this section. 

8(14-—8)21 —3[2+4(9 —8)]24 + {13 —2[1(6—5)+4]} 


Identify Expressions and Equations 


What is the difference in English between a phrase 
and a sentence? A phrase expresses a single thought 
that is incomplete by itself, but a sentence makes a 
complete statement. “Running very fast” is a phrase, 
but “The football player was running very fast” is a 
sentence. A sentence has a subject and a verb. 


In algebra, we have expressions and equations. An 
expression is like a phrase. Here are some examples 
of expressions and how they relate to word phrases: 


Toeree neo oas oes. TATW..AW NL... ~~ 
LApLoooLvuil VV ULUD rlirasct 


34+5 3plus5 the sum of three 


anda Fixra 
ULiwm tive 


n-1 n minus one the difference of 

6:7 6times7 the product of six 
anda caAtTan 

xy x divided by y — the quotient of x 
and y 


Notice that the phrases do not form a complete 
sentence because the phrase does not have a verb. 
An equation is two expressions linked with an equal 
sign. When you read the words the symbols 
represent in an equation, you have a complete 
sentence in English. The equal sign gives the verb. 
Here are some examples of equations: 


Lquation Sentence 

3+5=8 The sum of three and five 
ia anni14l tn ninht 
iv ass Osco tv Vt Httt- 

n—-1=14 n minus one equals 
feurtees. 

6°7 = 42 The product of six and 


seven is equal to forty- 


trata 
uvvvue 


w—EO wie naiual ta ftir thyean 
a UNE A dO eYUUsA LY LEILy ULE. 


y+9=2y-3 y plus nine is equal to two 


y minus three. 


Expressions and Equations 

An expression is a number, a variable, or a 
combination of numbers and variables and 
operation symbols. 

An equation is made up of two expressions 
connected by an equal sign. 


Determine if each is an expression or an 
equation: 


@16—6=10 
®©42+4+1 
©x+25 
@y+8=40 


Solution 


@ 16—6=10 This is an equation— 


two expressions are 
connected with an 


onii al cian 
S| Se RSPR 


® 4241 This is an expression— 
nn ani14l1 cian 
110 5 [Ss PAY SIRO 

© x+25 This is an expression— 
rm ani14l1 cian 
s1U SAS [AS CY SIRES 

@ y+8=40 This is an equation— 


two expressions are 
connected with an 
equal sign. 


Determine if each is an expression or an 
equation: 


@23+6=29 
OMS 7, 


@ equation 
® expression 


Determine if each is an expression or an 
equation: 


y+14 
x—6=21 


@ expression 
® equation 


Simplify Expressions with Exponents 


To simplify a numerical expression means to do all 
the math possible. For example, to simplify 4-2+1 
we'd first multiply 4-2 to get 8 and then add the 1 to 
get 9. A good habit to develop is to work down the 
page, writing each step of the process below the 
previous step. The example just described would 
look like this: 

42+1 

8+1 

9 


Suppose we have the expression 2:2:2:2:2-2:2:2:2. We 
could write this more compactly using exponential 
notation. Exponential notation is used in algebra to 


represent a quantity multiplied by itself several 
times. We write 2:2:2 as 23 and 2:2:2:2:2-2:2-2-2 as 
29. In expressions such as 23, the 2 is called the 
base and the 3 is called the exponent. The exponent 
tells us how many factors of the base we have to 
multiply. 


means multiply three factors of 2 


We say 23 is in exponential notation and 2-2-2 is in 
expanded notation. 


Exponential Notation 

For any expression an,a is a factor multiplied by 
itself n times if n is a positive integer. 

anmeans multiplynfactors ofa 


The expression an is read a to the nth power. 


For powers of n=2 and n=3, we have special 


names. 
a2is read as"asquared"a3is read as"acubed" 


[link] lists some examples of expressions written in 
exponential notation. 


Teee-e i 1 ATA T.. TATW~..12— 

DApPvIeiitiaLr INWULALLUILI ALL VYVULUD 

72 7 to the second power, or 
7 eniwarnd 
f vwuuaiee 

53 5 to the third power, or 5 
cubed 

OA O ta tha faiwusth nararar 

27 I J IN thie LVL PY YL 

125 12 to the fifth power 


Write each expression in exponential form: 


@16:16:16:16:16:16:16 
®©9-9:9-9-9 

©xxx'x 
@aaa-aa-aaa 


Solution 


@ The base 16 isa 167 


fantar 7 ti 


ma 
ULV 7 Crrecos 


® The base 9 is a 95 


fantar FE ti 


ma 
LULRLVYL VY Creuse 


© The base x isa x4 
factor 4 times. 
@ The base aisa a8 


factor 8 times. 


Write each expression in exponential form: 


41-41-41-41-41 


Write each expression in exponential form: 


TTT Te 


Write each exponential expression in expanded 
form: 


@86 
®x5 
Solution 


@) The base is 8 and the exponent is 6, so 86 
means 8:8:8:8:8:8 


© The base is x and the exponent is 5, so x5 
means X°x°x'x"X 


Write each exponential expression in expanded 
form: 


@48 
®a7 


Write each exponential expression in expanded 
form: 


@88 
®b6 


To simplify an exponential expression without using 
a calculator, we write it in expanded form and then 
multiply the factors. 


Simplify: 34. 


Solution 


EPenand tha awnracainn 

TESS PAC ION SS t1iv Sees RevVULvV ile 

NAaaltinls: loft ta riaht 
Jee / ALLEL LV THEY GPROKS 


LVEULLUL 


Q 
Vv 
Q 
vw 
(e) 
7 
9 
_ 


Multiply. 81 


Simplify: 


@53 
®©17 


Simplify: 


@72 
®05 


Simplify Expressions Using the Order of 
Operations 


We’ve introduced most of the symbols and notation 
used in algebra, but now we need to clarify the 
order of operations. Otherwise, expressions may 
have different meanings, and they may result in 
different values. 


For example, consider the expression: 

4+3-7 

Some students say it simplifies to 49.Some students 
say it simplifies to 25.4 + 3-7Since4 + 3gives 
7.7-7And7-7is 49.494 + 3-7Since3-7is 
21.4+21And21 +4makes 25.25 


Imagine the confusion that could result if every 
problem had several different correct answers. The 
same expression should give the same result. So 
mathematicians established some guidelines called 
the order of operations, which outlines the order in 
which parts of an expression must be simplified. 


Order of Operations 

When simplifying mathematical expressions 
perform the operations in the following order: 
1. Parentheses and other Grouping Symbols 


¢ Simplify all expressions inside the parentheses 
or other grouping symbols, working on the 
innermost parentheses first. 


2. Exponents 


¢ Simplify all expressions with exponents. 


3. Multiplication and Division 


¢ Perform all multiplication and division in 
order from left to right. These operations have 
equal priority. 


4. Addition and Subtraction 
¢ Perform all addition and subtraction in order 


from left to right. These operations have equal 
priority. 


Students often ask, “How will I remember the 
order?” Here is a way to help you remember: Take 
the first letter of each key word and substitute the 
silly phrase. Please Excuse My Dear Aunt Sally. 


Ordar af Onanatin 


Aa 
wei Ws “VP}* CLEVE 


Dlanca Doranthacas 
& 1eUve ULLILULLEU 


EPeoiu0ca LPenananta 
AC UVLY mApyiieiity 


My Dear Multiplication and 


eo] «+ « 
MNitrician 
av7iviviwvil 


Aunt Sally Addition and Subtraction 


It’s good that ‘My Dear’ goes together, as this 
reminds us that multiplication and division have 
equal priority. We do not always do multiplication 
before division or always do division before 
multiplication. We do them in order from left to 
right. 


Similarly, ‘Aunt Sally’ goes together and so reminds 
us that addition and subtraction also have equal 
priority and we do them in order from left to right. 


Doing the Manipulative Mathematics activity Game 


of 24 will give you practice using the order of 
operations. 


Simplify the expressions: 


@44+3-7 
®©(4+4+3):7 


Solution 


© 


443-7 


Are there any 


maranthananad Na 
po RLLLLLOIL De LNUVe 


Are there any 
NI 


awnnanantad mn 
SBS ANSE LWNWU.e 
Is there any 
multiplication or 


ULVIvLULILS LUD. 


Multiply first. 


AA ‘Ee, 


Add. 


(A) 
(h) 


4+23)-7 
Are there any 
parentheses? Yes. 
(4+-3)-7 
Simplify inside the 
parentheses. 
cht 


Are there any 


awnannantad NIn 
\SEAS| EASA ASS SSS LWNWUe 


Is there any 


multiplication or 
Vana 


Qo 6 
dAixricinn? 
ULViIvLUIL, LUD. 


Multiply. 


49 


Simplify the expressions: 


Oy = 


OM2—5)2 


Simplify the expressions: 


@8+39 
®(8 + 3)-9 


Simplify: 


@18+9-2 
®18:9+2 


Solution 


© 


10-0 4 
LU. JF iy 


Are there any 


maranthaanad Na 
Pt Viturrevc vs ivu. 


Are there any 


avwnnnnantad AIA 
VApViiviito.s ivy. 


Is there any 


multiplication or 
divi o. inn?) Vana 


LULVilLe LUV 


Multiply and divide 
from left to right. 


Di 2-2 


Multiply. 
4 
® 


10 Ast 


4uWv ”~ Fs te 


Are there any 


maranthaacnad No 
por ReLLLLIWIL Vs NU. 


Are there any 


awnannantad NIn 
SEAS| CASAS SENG LWWU.e 


Is there any 


multiplication or 
division? Yes. 
Multiply and divide 


fram laft ta vriaht 
ALU4LIL LULL LY 11H110. 


Multiply. 


177A. A 
IVUL TT & 


Divide. 


81 


Simplify: 


42+7°:3 


Simplify: 


12:3+4 


Simplify: 18 + 6+ 4(5 — 2). 


Solution 


12+6+4 4(5 — 2) 
Parentheses? Yes, 


subtract first. 
19f@ «27 » Afr 


ave Vwi yy 


wannantad AIn 
HApPV1ieiityos Lv. 


Multiplication or 
division? Yes. 

Divide first because we 
multiply and divide left 
to 34 4(3) 

Any other 
multiplication or 


. ee 
Aixrniacitnn) Vac 
ULVEVILVIlte LUVe 


Multiply. 


Qs 44 
= a ee 


Any other 


multiplication or 
1” at nn 9 No, 


Gi V LULVI1s 


Any addition or 


subtraction? Yes. 
15 


Simplify: 


BU ot LOG) 


Simplify: 


70-10-46 2) 


When there are multiple grouping symbols, we 
simplify the innermost parentheses first and work 
outward. 


Simplity:54. 25-90 — 3(4— 2) |; 


Solution 


&.,.93.,. fe LA AI 
_~ T “LY ~\T Ce | 


Are there any 
parentheses (or other 


wrawinina armhbanal) Vac 
61V4pr44® Vy tttyviss rr-ve 


Focus on the 
parentheses that are 
i 5+ 29 + 316 — 3(4 — 2) 


Subtract. 


& 19341 24 2/91 
— 1iLv ~\eJ) 


Continue inside the 
brackets and multiply. 
§ +234 316 —6] 


Continue inside the 


hee & 1 93 : 2101 


The expression inside 
the brackets requires 
no further 


imnlifinatian 
SiltipaiiCaucl Le 


Are there any 
2-Yes: 


awnananta 
Leapuiieritos 
Simplify exponents. 


€ 112m 


~~ | as na | 


Is there any 


multiplication or 
divisi on? Vos, 


Multiply. 
s 1 2 ! 316) 


Is there any SaCOnS or 


euhtenntinn? Vac 


VULYVLLULLIVILe LWWVe 
Add. 

ee ee a 

~ 1 T wv 
Add. 

izaei ft 

| 


Simplify: 


OF Oo Aone) 


Simplify: 


72—2[4(5+1) ] 


Simplify: 23 + 34+3-—52. 


Solution 


a3 .o4.9 «2? 
zrvsrw-w 


If an expression has 
several exponents, they 
may be simplified in 
than aama atan 

LLL VULLINO vutepe 

Simplify exponents. 


3 .1.24.9 «2 
mH TCT4 «- 


~ ~~ 


Divide. 
Oo .«. O81 e 4 on 
UT UL TS JY” fed 
Add. 
QO ;. 97 aL 
UT ae i ett 
Subtract. 
24 ol 
10 


Simplify: 


32+24+2+43 


Simplify: 


62—53+5+82 


ACCESS ADDITIONAL ONLINE RESOURCES 


Order of Operations 

Order of Operations — The Basics 

Ex: Evaluate an Expression Using the Order of 
Operations 

Example 3: Evaluate an Expression Using The 
Order of Operations 


Key Concepts 


Operation Notation Say: 
Addition a+b aplusb 


Multiplicatioa-b,(a)(b), | atimesb 
fa\h afb} 


La) ,ayyu 


Subtraction a—b aminusb 


Division a+b,a/ a divided by 
b,ab,ba b 
* Equality Symbol 


© a=b is read as a is equal to b 


The result 


the sum of a 
anda kh 


ULiuu vv 


The product 


nf an anda h 


n 
wi UU Ulu 


the 
difference of 
e-and-5 

The quotient 
of a and b 


© The symbol = is called the equal sign. 


* Inequality 


© a<bis read a is less than b 


© ais to the left of b on the number line 


© a>bis read a is greater than b 
© ais to the right of b on the number line 


A1~~L..4.5 2 ATA4245 72-2 a.-- 

MAULBCVLIale INULALILVII vay 

a 9 ta aAnwal tan hh 

un wy au iv eyues w wv 

ash 9 ta nat annisal tah 

uvy wv aiiv 11Vt eyuar Ww wv 

ah a ta lance than h 

u™~ wv Ua iv ivtvY LULU YY 

a~x~h 9 ta aweraatar than h 

u- v QGQdo Braces cra vy 

a—h 9 ta lance than ar aniui9al tah 
u—_wWv Uaiiv AvtvyY UIULL YL wyuer w wv 
a=b a is greater than or equal 


to b 


¢ Exponential Notation 


© For any expression an is a factor 
multiplied by itself n times, if n is a 
positive integer. 

© an means multiply n factors of a 


© The expression of an is read a to the nth 
power. 


Order of Operations When simplifying 
mathematical expressions perform the operations in 
the following order: 


* Parentheses and other Grouping Symbols: 
Simplify all expressions inside the parentheses 


or other grouping symbols, working on the 
innermost parentheses first. 

* Exponents: Simplify all expressions with 
exponents. 

¢ Multiplication and Division: Perform all 
multiplication and division in order from left to 
right. These operations have equal priority. 

¢ Addition and Subtraction: Perform all addition 
and subtraction in order from left to right. 
These operations have equal priority. 


Practice Makes Perfect 
Use Variables and Algebraic Symbols 


In the following exercises, translate from algebraic 
notation to words. 


16=92 


16 minus 9, the difference of sixteen and nine 


Zor: 


5°6 


5 times 6, the product of five and six 


fe 


28+4 


28 divided by 4, the quotient of twenty-eight 
and four 


45+5 


x+8 


x plus 8, the sum of x and eight 


x+11 


(2)(7) 


2 times 7, the product of two and seven 


(4)(8) 


14<21 


fourteen is less than twenty-one 


L735 


36219 


thirty-six is greater than or equal to nineteen 


42> 27 


3n=24 


3 times n equals 24, the product of three and n 
equals twenty-four 


6n= 36 


y—-1>6 


y minus 1 is greater than 6, the difference of y 
and one is greater than six 


2 is less than or equal to 18 divided by 6; 2 is 
less than or equal to the quotient of eighteen 
and six 


a is not equal to 7 times 4, a is not equal to the 
product of seven and four 


a#1-12 


Identify Expressions and Equations 


In the following exercises, determine if each is an 
expression or an equation. 


96=54 


equation 


7:9=63 


5443 


expression 


G35 


X+7 


expression 


x+9 


y-5=25 


equation 


y—-8=32 


Simplify Expressions with Exponents 


In the following exercises, write in exponential 
form. 


S ie is ke whe io 


37 


4:4-4-4-4-4 


XS 


h Ab Be ie ae 


In the following exercises, write in expanded form. 


oo 


125 


83 


28 


256 


105 


Simplify Expressions Using the Order of 
Operations 


In the following exercises, simplify. 


@34+85 
®(3+4+8):5 


@ 43 
® 55 


@2+63 
®(2+4+ 6):3 


23=12>(=5) 


o2= 18> (11 =5) 


38+ 5°2 


34 


47435 


2+8(6+1) 


58 


4+6(3+6) 


4-12/8 


2:36/6 


6+10/2+2 


13 


9+12/3+4 


(6+10)+(2+ 2) 


(9+12)+(3+4) 


20+4+65 


35 


oo OtO? 


20+(4+6)5 


10 


O34 (3+8)2 


424+ 52 


41 


o2 4 72 


(44+ 5)2 


81 


(347)2 


3(1 + 9:6) — 42 


149 


5(2 + 8-4) —72 


21-300 2)] 


50 


5[2+4(3—2)] 


Everyday Math 


Basketball In the 2014 NBA playoffs, the San 
Antonio Spurs beat the Miami Heat. The table 
below shows the heights of the starters on each 
team. Use this table to fill in the appropriate 
symbol (=,<,>). 


Spurs-Heiche Heat Height 
Tim 83” Rashard 82” 
Duncar Lows 

Boris 80” LeBron 80” 


. 
autar Tamaa 
wiuve VvULtinnv 


Kawhi 79” Chris 83” 


Leonard Resh 

Tony 74” Dwyane 76” 
Parker Modo 

Danny 78” Ray FAY 
Green Allen 


@ Height of Tim Duncan__ Height of 
Rashard Lewis 

© Height of Boris Diaw___Height of LeBron 
James 

© Height of Kawhi Leonard__ Height of 


Chris Bosh 

@ Height of Tony Parker__ Height of 
Dwyane Wade 

© Height of Danny Green__Height of Ray 
Allen 


Elevation In Colorado there are more than 50 
mountains with an elevation of over 14,000feet. 
The table shows the ten tallest. Use this table to 
fill in the appropriate inequality symbol. 


WAM 1 te W1.a--4t 
IVLUULLILGIEL LLOCVaAtLyull 
NAt Dlhaet TA AQDQ 
1VELs LULWULE hip tuyv 
NAt NAaaairra TA ADOT 
1VEle 1YRUIVL VY boty toon 
NAt Llawsrard TA ADLTY’ 
2VELo RAUL VOL bing tay 
Dlanna Daal 1A DAL’ 
1U110uU 2 CULL higuviiv 
Ta Dlata Daal, 1A 294/ 
mu 2b ute 2 CULL higyvyvyv 
TInnamanranahara Daal TA BNA’ 
Var viipari61s 2 eu higuve 
Cractann Daals TA NOAA’ 
Nbevrvile 2 CULL higaivt 
NAt Tinanln TA 904!’ 
2VELs LILLIV ULL hb 1tauvy 
Crarra Daals TA OTD 
NMynUuyo teu higaryu 
J 
Mt. Antero 14,269 


@ Elevation of La Plata Peak__ Elevation of 
Mt. Antero 


® Elevation of Blanca Peak__ Elevation of 
Mt. Elbert 

© Elevation of Gray’s Peak__ Elevation of 
Mt. Lincoln 

@ Elevation of Mt. Massive__ Elevation of 
Crestone Peak 

© Elevation of Mt. Harvard__ Elevation of 
Uncompahgre Peak 


Writing Exercises 


Explain the difference between an expression 
and an equation. 


Why is it important to use the order of 
operations to simplify an expression? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 
in your road to success. In math, every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no—I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


expressions 
An expression is a number, a variable, or a 
combination of numbers and variables and 
operation symbols. 


equation 
An equation is made up of two expressions 
connected by an equal sign. 


Evaluate, Simplify, and Translate Expressions 
By the end of this section, you will be able to: 


* Evaluate algebraic expressions 

* Identify terms, coefficients, and like terms 

¢ Simplify expressions by combining like terms 

* Translate word phrases to algebraic expressions 


Before you get started, take this readiness quiz. 


1. Isn+5 an expression or an equation? 
If you missed this problem, review [link]. 


2. Simplify 45. 

If you missed this problem, review [link]. 
3. Simplify 1+ 8-9. 

If you missed this problem, review [link]. 


Evaluate Algebraic Expressions 


In the last section, we simplified expressions using 
the order of operations. In this section, we’ll 
evaluate expressions—again following the order of 
operations. 


To evaluate an algebraic expression means to find 
the value of the expression when the variable is 
replaced by a given number. To evaluate an 
expression, we substitute the given number for the 
variable in the expression and then simplify the 
expression using the order of operations. 


Evaluate x +7 when 


@ix—3 
® x=—12 


Solution 


@ To evaluate, substitute 3 for x in the 
expression, and then simplify. 


Ce mr 
Substitute. 


24.7 


Add. 


10 


When x=3, the expression x+ 7 has a value of 
10. 


© To evaluate, substitute 12 for x in the 
expression, and then simplify. 


PR Ws 
“a | 7! 


Substitute. 


19 


When x= 12, the expression x + 7 has a value 
of 19. 


Notice that we got different results for parts @ 
and © even though we started with the same 
expression. This is because the values used for 
x were different. When we evaluate an 


expression, the value varies depending on the 
value used for the variable. 


Evaluate: 
y + 4when 


@ y=6 
Gry —15 


Evaluate: 


a—5when 


@a=9 
Ora 17 


Evaluate 9x — 2,when 


@x=5 
® x=1 


Solution 


Remember ab means a times b, so 9x means 9 
times x. 


@ To evaluate the expression when x=5, we 
substitute 5 for x, and then simplify. 


Multiply. 
A$—2 


Subtract. 


43 


® To evaluate the expression when x=1, we 
substitute 1 for x, and then simplify. 


Ofi\ Mta 1 fare 
4Y\A3 ae oe ee : 


Multiply. 


Subtract. 


Notice that in part ® that we wrote 9-5 and in 
part © we wrote 9(1). Both the dot and the 
parentheses tell us to multiply. 


Evaluate: 
8x — 3,when 


@x—2 
OR eal 


Evaluate: 


4y —4,when 


ys 
®y=5 


Evaluate x2 when x=10. 


Solution 


We substitute 10 for x, and then simplify the 
expression. 


1m? tn 10 fav wu 
1U 4Atw ivivi nm 


Use the definition of 
exponent. 


Multiply. 


100 


When x= 10, the expression x2 has a value of 
100. 


Evaluate: 


x2whenx = 8. 


Evaluate: 


x3whenx= 6. 


Evaluate2xwhenx=5. 


Solution 


In this expression, the variable is an exponent. 


As ew 
Use the definition of 
exponent. 

2-2-2-2--2 


Multiply. 


32 


When x=5, the expression 2x has a value of 
eZ 


Evaluate: 


2xwhenx = 6. 


Evaluate: 


3xwhenx = 4. 


Evaluate3x + 4y — 6whenx = 10andy = 2. 


Solution 


This expression contains two variables, so we 
must make two substitutions. 


3010) + 4) — &¥ and > for. 


Multiply. 


Add and subtract left 
to right. 


32 


When x= 10 and y=2, the expression 3x + 4y 
— 6 has a value of 32. 


Evaluate: 


2x + 5y — 4whenx = 1landy =3 


Evaluate: 


5x — 2y — 9whenx = 7andy =8 


Evaluate2x2 + 3x + 8whenx = 4. 
Solution 


We need to be careful when an expression has 
a variable with an exponent. In this 
expression, 2x2 means 2-x-x and is different 
from the expression (2x)2, which means 2x:-2x. 


PLAN2 1 2A 
‘a Mid 


aT 


Simplify 42. 


Evaluate: 


3x2 + 4x + lwhenx=3. 


Evaluate: 


6x2 — 4x — 7whenx = 2. 


Identify Terms, Coefficients, and Like 
Terms 


Algebraic expressions are made up of terms. A term 
is a constant or the product of a constant and one or 
more variables. Some examples of terms are 
7,Y,0X2,9a,and1 3xy. 


The constant that multiplies the variable(s) in a 
term is called the coefficient. We can think of the 
coefficient as the number in front of the variable. 
The coefficient of the term 3x is 3. When we write x, 
the coefficient is 1, since x =1-x. [link] gives the 
coefficients for each of the terms in the left column. 


Ls Pen Mn LC WS ae te 
ACLIIIL WUCILILILCITCIIL 
Law 7 
ft ft 
Aa a 
Zu 7 
7 1 
J pe 
77,0 5 


An algebraic expression may consist of one or more 
terms added or subtracted. In this chapter, we will 
only work with terms that are added together. [link] 
gives some examples of algebraic expressions with 
various numbers of terms. Notice that we include 
the operation before a term with it. 


Tncenadaaoescn m2. = 
LApLoooilull BCLIUID 
7 7 

f 


f 


3x 


y 
Reba. Moe 
L'7xr_La 9 
J air yo! 
2+4x2+5y+3 3x2,4x2,5y,3 


Identify each term in the expression 9b 
+15x2+a+6. Then identify the coefficient of 
each term. 


Solution 


The expression has four terms. They are 
9b,15x2,a, and 6. 


The coefficient of 9b is 9. 
The coefficient of 15x2 is 15. 
Remember that if no number is written before 


a variable, the coefficient is 1. So the 
coefficient of a is 1. 


The coefficient of a constant is the constant, so 
the coefficient of 6 is 6. 


Identify all terms in the given expression, and 
their coefficients: 


4x+3b+2 


The terms are 4x, 3b, and 2. The coefficients 
are 4, 3, and 2. 


Identify all terms in the given expression, and 
their coefficients: 


9a+13a2+a3 


The terms are 9a, 13a2, and a3, The 
coefficients are 9, 13, and 1. 


Some terms share common traits. Look at the 
following terms. Which ones seem to have traits in 
common? 

5x,7,n2,4,3x,9n2 


Which of these terms are like terms? 


* The terms 7 and 4 are both constant terms. 
¢ The terms 5x and 3x are both terms with x. 
¢ The terms n2 and 9n2 both have n2. 


Terms are called like terms if they have the same 
variables and exponents. All constant terms are also 
like terms. So among the terms 5x,7,n2,4,3x,9n2, 
7and4are like terms. 

5xand3xare like terms. 

n2and9n2are like terms. 


Like Terms 
Terms that are either constants or have the same 
variables with the same exponents are like terms. 


Identify the like terms: 


@y3,7x2,14,23,4y3,9x,5x2 
@©4x2+ 2x+ 5x2 +6x + 40x + 8xy 


Solution 
@ y3,7x2,14,23,4y3,9x,5x2 


Look at the variables and exponents. The 


expression contains y3,x2,x, and constants. 


The terms y3 and 4y3 are like terms because 
they both have y3. 


The terms 7x2 and 5x2 are like terms because 
they both have x2. 


The terms 14 and 23 are like terms because 
they are both constants. 


The term 9x does not have any like terms in 
this list since no other terms have the variable 
x raised to the power of 1. 


©4x2+2x+5x2+6x+ 40x + 8xy 
Look at the variables and exponents. The 
expression contains the terms 


4x2,2x,5x2,6x,40x,and8xy 


The terms 4x2 and 5x2 are like terms because 
they both have x2. 


The terms 2x,6x,and40x are like terms because 
they all have x. 


The term 8xy has no like terms in the given 
expression because no other terms contain the 
two variables xy. 


Identify the like terms in the list or the 
expression: 


9,2x3,y2,8x3,15,9y,11ly2 


9, 15; 2x3 and 8x3, y2, and 11y2 


Identify the like terms in the list or the 
expression: 


4x3 + 8x2 +19+3x2+ 24+ 6x3 


4x3 and 6x3; 8x2 and 3x2; 19 and 24 


Simplify Expressions by Combining Like 
Terms 


We can simplify an expression by combining the like 
terms. What do you think 3x +6x would simplify to? 


If you thought 9x, you would be right! 


We can see why this works by writing both terms as 
addition problems. 


Add the coefficients and keep the same variable. It 
doesn’t matter what x is. If you have 3 of something 
and add 6 more of the same thing, the result is 9 of 
them. For example, 3 oranges plus 6 oranges is 9 
oranges. We will discuss the mathematical 
properties behind this later. 


The expression 3x + 6x has only two terms. When an 
expression contains more terms, it may be helpful to 
rearrange the terms so that like terms are together. 
The Commutative Property of Addition says that we 
can change the order of addends without changing 
the sum. So we could rearrange the following 
expression before combining like terms. 


Now it is easier to see the like terms to be 
combined. 


Combine like terms. 


Identify like terms. Rearrange the expression so 
like terms are together. Add the coefficients of the 
like terms. 


Simplify the expression: 3x + 7+4x+5. 


Solution 


Qe 1 Tt Avni & 
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Identify the like terms. 


; — = 
2 p er _ 


3x-4+—]+1-4g-+4-S 
Rearrange the 


expression, so the like 
torix + dr oo Z + oor, 


Add the Be SHe of 


the like terms. 
3x + 4x +745 


The original expression 
is simplified to... 
7x + 12 


Simplify: 


7X+9+9x+8 


TGxs 7 


Simplify: 


syt2t+8yt+4y+5 


Simplify the expression: 7x2 + 8x+x2+ 4x. 


Solution 


7] 
z 


Te2 1 Qv tw 
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Identify the like terms. 


1 Av 
' ae 


Fg Bg tage thy 
Rearrange the 
expression so like 
toy Tx? + x? 4+ Ry + de 
Add the coefficients of 


the like terms. 
8x2 + 12x 


These are not like terms and cannot be 
combined. So 8x2 + 12x is in simplest form. 


Simplify: 


3x2 + 9x+x2+ 5x 


Simplify: 


My 2c Oy aay 27 y 


12y2 + 15y 


Translate Words to Algebraic Expressions 


In the previous section, we listed many operation 
symbols that are used in algebra, and then we 
translated expressions and equations into word 
phrases and sentences. Now we'll reverse the 
process and translate word phrases into algebraic 
expressions. The symbols and variables we’ve talked 
about will help us do that. They are summarized in 
[link]. 


Operation Pnrase Expression 
Addition a plus b a+b 

the sum of a and 

b 

a increased by b 

b more than a 

the total of a and 

b 


h addodA to 2. 


YY au ctu 


Subtraction a minus b a—b 
the difference Gf 
a and b 
b subtracted 
from a 
a decreased by b 


hb lace than a 


Multiplication a times b a:b, ab, a(b), (a) 
the product of a (b) 


and h 


Division a divided by b a+b, a/b, ab, ba 
the quotient of a 
and b 
the ratio of a and 
b 
b divided into a 


Look closely at these phrases using the four 
operations: 


* the sum of a and b 
¢ the difference of a and b 


* the product of a and b 
* the quotient of a and b 


Each phrase tells you to operate on two numbers. 
Look for the words of and and to find the numbers. 


Translate each word phrase into an algebraic 
expression: 


@ the difference of 20 and 4 
® the quotient of 10x and 3 


Solution 


@ The key word is difference, which tells us 
the operation is subtraction. Look for the 
words of and and to find the numbers to 
subtract. 


the differenceof20and420minus420 — 4 


© The key word is quotient, which tells us the 
operation is division. 


the quotient of 1 Oxand3dividel Oxby310x +3 


This can also be written as 10x/3o0r10x3 


Translate the given word phrase into an 
algebraic expression: 


@ the difference of 47 and 41 
® the quotient of 5x and 2 


Translate the given word phrase into an 
algebraic expression: 


@ the sum of 17 and 19 
® the product of 7 and x 


@17+ 19 
® 7x 


How old will you be in eight years? What age is 
eight more years than your age now? Did you add 8 


to your present age? Eight more than means eight 
added to your present age. 


How old were you seven years ago? This is seven 
years less than your age now. You subtract 7 from 
your present age. Seven less than means seven 
subtracted from your present age. 


Translate each word phrase into an algebraic 
expression: 


@ Eight more than y 

® Seven less than 9z 
Solution 
@ The key words are more than. They tell us 
the operation is addition. More than means 


“added to”. 


Eight more thanyEight added toyy+ 8 


© The key words are less than. They tell us the 
operation is subtraction. Less than means 
“subtracted from”. 


Seven less than9zSeven subtracted from9z9z 


Translate each word phrase into an algebraic 
expression: 


@ Eleven more than x 


® Fourteen less than 11a 


@®x+4+11 
® lla — 14 


Translate each word phrase into an algebraic 
expression: 


@19 more than j 
® 21 less than 2x 


Translate each word phrase into an algebraic 
expression: 


@ five times the sum of m and n 
® the sum of five times m and n 


Solution 


@) There are two operation words: times tells 
us to multiply and sum tells us to add. Because 
we are multiplying 5 times the sum, we need 
parentheses around the sum of m and n. 


five times the sum of m and n 
5(m+n) 


© To take a sum, we look for the words of and 
and to see what is being added. Here we are 
taking the sum of five times m and n. 


the sum of five times m and n 
5m+n 


Notice how the use of parentheses changes the 
result. In part @, we add first and in part ©, 
we multiply first. 


Translate the word phrase into an algebraic 
expression: 


@) four times the sum of p and q 
© the sum of four times p and q 


@ 4(p + q) 
@4p+q 


Translate the word phrase into an algebraic 
expression: 


@ the difference of two times xand 8 
©) two times the difference of xand8 


Later in this course, we’ll apply our skills in algebra 
to solving equations. We’ll usually start by 


translating a word phrase to an algebraic 

expression. We’ll need to be clear about what the 
expression will represent. We’ll see how to do this in 
the next two examples. 


The height of a rectangular window is 6 inches 
less than the width. Let w represent the width 
of the window. Write an expression for the 
height of the window. 


Solution 


Write a phrase about 6 less than the width 


tha haiaht 


tLiilw TESA G EES 

Substitute w for the 6 less than w 

xaTa At 

Rewrite ‘less than'as 6 subtracted from w 


laarsthteantnd Fram! 
VUVLLULCLOEU 11 ULL. 


Translate the phrase w-—6 
into algebra. 


The length of a rectangle is 5 inches less than 
the width. Let w represent the width of the 
rectangle. Write an expression for the length of 
the rectangle. 


The width of a rectangle is 2 meters greater 
than the length. Let 1 represent the length of 
the rectangle. Write an expression for the 
width of the rectangle. 


Blanca has dimes and quarters in her purse. 
The number of dimes is 2 less than 5 times the 
number of quarters. Let q represent the 
number of quarters. Write an expression for 
the number of dimes. 


Solution 


Write a phrase about two less than five times 


tha nirmbharwr af dim tha nirmbhaw af assartara 
ULL LLU VL Girco. ante 22UttiveL Ui YUULLiv 


Substitute q for the 2 less than five times q 


mhawe af ausartara 
TlUuLILD CL Vi YUULeriv. 


Tranclata EF tmaec an 9 lace than En 
2ALULLIIUMCLW YY LCLIILUYD 4° a JIeUVU LILIUM yy 


Translate the phrase 5q-—2 
into algebra. 


Geoffrey has dimes and quarters in his pocket. 
The number of dimes is seven less than six 
times the number of quarters. Let q represent 
the number of quarters. Write an expression 
for the number of dimes. 


Lauren has dimes and nickels in her purse. The 
number of dimes is eight more than four times 
the number of nickels. Let n represent the 
number of nickels. Write an expression for the 
number of dimes. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Algebraic Expression Vocabulary 


Key Concepts 
* Combine like terms. 
Identify like terms. Rearrange the expression so 


like terms are together. Add the coefficients of 
the like terms 


Practice Makes Perfect 


Evaluate Algebraic Expressions 


In the following exercises, evaluate the expression 
for the given value. 


7x + 8whenx = 2 


ae 


9x + 7whenx = 3 


5x — 4whenx = 6 


26 


8x — 6whenx = 7 


x2whenx = 12 


144 


x3whenx =5 


x5whenx = 2 


32 


x4whenx = 3 


3xwhenx = 3 


27 


4xwhenx = 2 


x2 + 3x — 7whenx = 4 


21 


x2 + 5x — 8whenx = 6 


2x + 4y — 5whenx=7,y =8 


41 


6x + 3y — 9whenx =6,y =9 


(x— y)2whenx = 10,y =7 


(x+y)2whenx=6,y =9 


229 


a2 + b2whena=3,b=8 


ree 


r2—s2whenr=12,s=5 


21+ 2wwhenl=15,w=12 


34 


21+ 2wwhenl = 18,w=14 


Identify Terms, Coefficients, and Like Terms 


In the following exercises, list the terms in the given 
expression. 


15x2+6x+2 


1X2 OX 2 


11x2+8x+5 


10y3+y+2 


10y3, y, 2 


Sy3+y+'5 


In the following exercises, identify the coefficient of 
the given term. 


8a 


5r2 


6x3 


In the following exercises, identify all sets of like 
terms. 


X3,8x,14,8y,5,8x3 


x3, 8x3 and 14,5 


6z,3w2,1,6z2,4z,w2 


9a,a2,16ab,16b2,4ab,9b2 


16ab and 4ab; 16b2 and 9b2 


3,25r2,10s,10r,4r2,3s 


Simplify Expressions by Combining Like Terms 


In the following exercises, simplify the given 
expression by combining like terms. 


10x + 3x 


13x 


15x+ 4x 


17a+9a 


26a 


18z + 9z 


4c+2c+c 


Ze 


6by+4yt+y 


9x+3x+8 


12x + 8 


8a+5a+9 


70+2-430-+ 1 


10u + 3 


8d+6+2d+5 


7p+6+5p+4 


12p + 10 


8x+7+4x—-—5 


10a+7+5a—2+7a—4 


220 +: I 


7¢+4+6c—34+9c-1 


3x2 + 12x+11+14x2+8x+5 


17x2 + 20x + 16 


5b2+ 9b+10+2b2+ 3b—4 


Translate English Phrases into Algebraic 
Expressions 


In the following exercises, translate the given word 
phrase into an algebraic expression. 


The sum of 8 and 12 


SP 12 


The sum of 9 and 1 


The difference of 14 and 9 


14 = 9 


8 less than 19 


The product of 9 and 7 


The product of 8 and 7 


The quotient of 36 and 9 


36-=29 


The quotient of 42 and 7 


The difference of x and 4 


x= 4 


3 less than x 


The product of 6 and y 


6y 


The product of 9 and y 


The sum of 8x and 3x 


8x + 3x 


The sum of 13x and 3x 


The quotient of y and 3 


y3 


The quotient of y and 8 


Eight times the difference of y and nine 


8 (y — 9) 


Seven times the difference of y and one 


Five times the sum of x and y 


5 (x + y) 


Nine times five less than twice x 


In the following exercises, write an algebraic 
expression. 


Adele bought a skirt and a blouse. The skirt cost 
$15 more than the blouse. Let b represent the 
cost of the blouse. Write an expression for the 
cost of the skirt. 


b-F1S 


Eric has rock and classical CDs in his car. The 
number of rock CDs is 3 more than the number 
of classical CDs. Let c represent the number of 
classical CDs. Write an expression for the 
number of rock CDs. 


The number of girls in a second-grade class is 4 
less than the number of boys. Let b represent 
the number of boys. Write an expression for the 
number of girls. 


b—4 


Marcella has 6 fewer male cousins than female 


cousins. Let f represent the number of female 
cousins. Write an expression for the number of 
boy cousins. 


Greg has nickels and pennies in his pocket. The 
number of pennies is seven less than twice the 
number of nickels. Let n represent the number 
of nickels. Write an expression for the number 
of pennies. 


2n — 7 


Jeannette has $5 and $10 bills in her wallet. 
The number of fives is three more than six 
times the number of tens. Let t represent the 
number of tens. Write an expression for the 
number of fives. 


Everyday Math 


In the following exercises, use algebraic expressions 
to solve the problem. 


Car insurance Justin’s car insurance has a 
$750 deductible per incident. This means that 
he pays $750 and his insurance company will 
pay all costs beyond $750. If Justin files a claim 
for $2,100, how much will he pay, and how 


much will his insurance company pay? 


He will pay $750. His insurance company will 
pay $1350. 


Home insurance Pam and Armando’s home 
insurance has a $2,500 deductible per incident. 
This means that they pay $2,500 and their 
insurance company will pay all costs beyond 
$2,500. If Pam and Armando file a claim for 
$19,400, how much will they pay, and how 
much will their insurance company pay? 


Writing Exercises 


Explain why “the sum of x and y” is the same as 
“the sum of y and x,” but “the difference of x 
and y” is not the same as “the difference of y 
and x.” Try substituting two random numbers 
for x and y to help you explain. 


Explain the difference between “4 times the 
sum of x and y” and “the sum of 4 times x and 


Ve" 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Glossary 


term 
A term is a constant or the product of a 
constant and one or more variables. 


coefficient 
The constant that multiplies the variable(s) in 
a term is called the coefficient. 


like terms 
Terms that are either constants or have the 
same variables with the same exponents are 
like terms. 


evaluate 
To evaluate an algebraic expression means to 
find the value of the expression when the 
variable is replaced by a given number. 


Solving Equations Using the Subtraction and 
Addition Properties of Equality 
By the end of this section, you will be able to: 


* Determine whether a number is a solution of an 
equation 

* Model the Subtraction Property of Equality 

* Solve equations using the Subtraction Property 
of Equality 

* Solve equations using the Addition Property of 
Equality 

¢ Translate word phrases to algebraic equations 

* Translate to an equation and solve 


Before you get started, take this readiness quiz. 


1. Evaluatex + 8whenx=11. 
If you missed this problem, review [link]. 
2. Evaluate5x — 3whenx = 9. 
If you missed this problem, review [link]. 
3. Translate into algebra: the difference of x and 
8. 
If you missed this problem, review [link]. 


When some people hear the word algebra, they think 
of solving equations. The applications of solving 


equations are limitless and extend to all careers and 
fields. In this section, we will begin solving 
equations. We will start by solving basic equations, 
and then as we proceed through the course we will 
build up our skills to cover many different forms of 
equations. 


Determine Whether a Number is a 
Solution of an Equation 


Solving an equation is like discovering the answer to 
a puzzle. An algebraic equation states that two 
algebraic expressions are equal. To solve an 
equation is to determine the values of the variable 
that make the equation a true statement. Any 
number that makes the equation true is called a 
solution of the equation. It is the answer to the 
puzzle! 


Solution of an Equation 
A solution to an equation is a value of a variable 
that makes a true statement when substituted into 


the equation. 
The process of finding the solution to an equation 
is called solving the equation. 


To find the solution to an equation means to find 
the value of the variable that makes the equation 
true. Can you recognize the solution of x+2=7? If 
you said 5, you’re right! We say 5 is a solution to 
the equation x +2=7 because when we substitute 5 
for x the resulting statement is true. 
X+2=75+2=?77=7/ 


Since 5+ 2=7 is a true statement, we know that 5 is 
indeed a solution to the equation. 


The symbol =? asks whether the left side of the 
equation is equal to the right side. Once we know, 
we can change to an equal sign (=) or not-equal 
sign (+). 


Determine whether a number is a solution to an 
equation. 


Substitute the number for the variable in the 
equation. Simplify the expressions on both sides of 


the equation. Determine whether the resulting 
equation is true. 


¢ If it is true, the number is a solution. 
¢ If it is not true, the number is not a solution. 


Determine whetherx= 5is a solution of6x 
—17=16. 


Solution 


ff £ 1 
vurwvni 


Multiply. 


13416 


So x=5 is not a solution to the equation 6x 
—17=16. 


Isx = 3a solution of4x —7 =16? 


Isx = 2a solution of6x —2=10? 


Determine whethery = 2is a solution of6y 
—4=5y—2. 


Solution 


Here, the variable appears on both sides of the 
equation. We must substitute 2 for each y. 


6y—A=5 


Multiply. 


i) 


inv A 
lin” “* 


Subtract. 


8=8vV 


Since y= 2 results in a true equation, we know 
that 2 is a solution to the equation 6y —4=5y 
= Ls, 


Isy = 3a solution of9y —-2=8y+1? 


Isy = 4a solution of5y —-3=3y+5? 


Model the Subtraction Property of 
Equality 


We will use a model to help you understand how 
the process of solving an equation is like solving a 
puzzle. An envelope represents the variable — since 
its contents are unknown -— and each counter 
represents one. 


Suppose a desk has an imaginary line dividing it in 
half. We place three counters and an envelope on 
the left side of desk, and eight counters on the right 
side of the desk as in [link]. Both sides of the desk 
have the same number of counters, but some 
counters are hidden in the envelope. Can you tell 
how many counters are in the envelope? 


What steps are you taking in your mind to figure out 
how many counters are in the envelope? Perhaps 
you are thinking “I need to remove the 3 counters 
from the left side to get the envelope by itself. Those 
3 counters on the left match with 3 on the right, so I 
can take them away from both sides. That leaves 


five counters on the right, so there must be 5 
counters in the envelope.” [link] shows this process. 


What algebraic equation is modeled by this 
situation? Each side of the desk represents an 
expression and the center line takes the place of the 
equal sign. We will call the contents of the envelope 
x, so the number of counters on the left side of the 
desk is x +3. On the right side of the desk are 8 
counters. We are told that x +3 is equal to 8 so our 
equation isx+ 3=8. 


x+3=8 


Let’s write algebraically the steps we took to 
discover how many counters were in the envelope. 


x-1-3-=-8 


First, we took away three 
from each side. 
4-4-3—3-= 3-3 
Then we were left with 
five. 
t=5 


Now let’s check our solution. We substitute 5 for x 
in the original equation and see if we get a true 
statement. 


Our solution is correct. Five counters in the 
envelope plus three more equals eight. 


Doing the Manipulative Mathematics activity, 
“Subtraction Property of Equality” will help you 
develop a better understanding of how to solve 


equations by using the Subtraction Property of 
Equality. 


Write an equation modeled by the envelopes 
and counters, and then solve the equation: 


Solution 


On the left, write x for x +4 
the contents of the 
envelope, add the 4 
counters, so we have x 

+4, 


On the right, there are 5 


BE aniwuntara 
Vy VevULILtLD. 


The two sides are x+4=5 


ani1al 
NaS [Seto 


Solve the equation by 
subtracting 4 counters 
from each side. 


We can see that there is one counter in the 
envelope. This can be shown algebraically as: 


Substitute 1 for x in the equation to check. 


Since x= 1 makes the statement true, we know 
that 1 is indeed a solution. 


Write the equation modeled by the envelopes 
and counters, and then solve the equation: 


Write the equation modeled by the envelopes 
and counters, and then solve the equation: 


Solve Equations Using the Subtraction 
Property of Equality 


Our puzzle has given us an idea of what we need to 
do to solve an equation. The goal is to isolate the 
variable by itself on one side of the equations. In the 
previous examples, we used the Subtraction 
Property of Equality, which states that when we 
subtract the same quantity from both sides of an 
equation, we still have equality. 


Subtraction Property of Equality 
For any numbers a,b, and c, if 


Think about twin brothers Andy and Bobby. They 
are 17 years old. How old was Andy 3 years ago? He 
was 3 years less than 17, so his age was 17 — 3, or 
14. What about Bobby’s age 3 years ago? Of course, 
he was 14 also. Their ages are equal now, and 
subtracting the same quantity from both of them 
resulted in equal ages 3 years ago. 


a=ba-—3=b-3 


Solve an equation using the Subtraction Property o 
Equality. 


Use the Subtraction Property of Equality to isolate 
the variable. Simplify the expressions on both sides 
of the equation. Check the solution. 


Solve: x +8=17. 


Solution 


We will use the Subtraction Property of 
Equality to isolate x. 


a a: a he: 
~ rv. 


Subtract 8 from both 
sides. 


17 Q 
Lt 


Simplify. 
s-=D 
Ho BV 
ho. Oo Is 
y7rTrTvVvoO a. 
v= 17 ¥ 


Since x =9 makes x + 8=17 a true statement, 
we know 9 is the solution to the equation. 


Solve: 100=y +74. 


Solution 


To solve an equation, we must always isolate 
the variable—it doesn’t matter which side it is 
on. To isolate y, we will subtract 74 from both 
sides. 


100-=-» FA 
Subtract 74 from both 
sides. 
1nhn "TA oa. t IA "TA 
savwv _— BD I os f 


Simplify. 


VA —a 


Substitute 26 for y to 
check. 


Since y= 26 makes 100=y+ 74 a true 
statement, we have found the solution to this 
equation. 


Solve: 


Solve Equations Using the Addition 
Property of Equality 


In all the equations we have solved so far, a number 
was added to the variable on one side of the 
equation. We used subtraction to “undo” the 
addition in order to isolate the variable. 


But suppose we have an equation with a number 
subtracted from the variable, such as x—5=8. We 
want to isolate the variable, so to “undo” the 
subtraction we will add the number to both sides. 


We use the Addition Property of Equality, which 
says we can add the same number to both sides of 
the equation without changing the equality. Notice 
how it mirrors the Subtraction Property of Equality. 


ddition Property of Equality 


Remember the 17-year-old twins, Andy and Bobby? 
In ten years, Andy’s age will still equal Bobby’s age. 
They will both be 27. 

a=ba+10=b+10 


We can add the same number to both sides and still 
keep the equality. 


Solve an equation using the Addition Property of 
Equality. 


Use the Addition Property of Equality to isolate the 
variable. Simplify the expressions on both sides of 
the equation. Check the solution. 


Solve: x-—5=8. 


Solution 


We will use the Addition Property of Equality 
to isolate the variable. 


~ £ a © 3 §& 
a Tw™ vU T «= 
Simplify. 
x=? 


Solve: 27 =a—16. 


Solution 


We will add 16 to each side to isolate the 
variable. 


J. 14 


ati —— we - AV 


Add 16 to each side. 


2?-+16-=-2—16-+16 
Simplify. 
AQ «» 
TT 
2i=a—16 g-=-A2 
aT ? A“? 14 
faim tI 1U 
27 =27V 


The solution to 27 =a—16 is a= 43. 


Translate Word Phrases to Algebraic 
Equations 


Remember, an equation has an equal sign between 
two algebraic expressions. So if we have a sentence 
that tells us that two phrases are equal, we can 
translate it into an equation. We look for clue words 
that mean equals. Some words that translate to the 
equal sign are: 


* is equal to 

¢ is the same as 
* is 

* gives 

* was 

¢ will be 


It may be helpful to put a box around the equals 


word(s) in the sentence to help you focus separately 
on each phrase. Then translate each phrase into an 
expression, and write them on each side of the equal 
sign. 


We will practice translating word sentences into 
algebraic equations. Some of the sentences will be 
basic number facts with no variables to solve for. 
Some sentences will translate into equations with 
variables. The focus right now is just to translate the 
words into algebra. 


Translate the sentence into an algebraic 
equation: The sum of 6 and 9 is 15. 


Solution 


The word is tells us the equal sign goes 
between 9 and 15. 


Locate the “equals” 
word(s). 


The sum of 6 and 9lis}15. 


Th —sT 
ti 


~ £e 
ric u I 


" CA 
q) 


Vv 
Wirita tha — aian 
YLIUe UlIe ~~ v1611. 


Translate the words to 
the left of the equals 
WC 6 +9= = 


awnracann 
Vay RKevVvuUiIVile 


Translate the words to 


the right of the equal: 
tae 6+9=15 


expression. 


Translate the sentence into an algebraic 
equation: 


The sum of 7 and 6 gives 13. 


Translate the sentence into an algebraic 
equation: 


The sum of 8 and 6 is 14. 


Translate the sentence into an algebraic 
equation: The product of 8 and 7 is 56. 


Solution 


The location of the word is tells us that the 
equal sign goes between 7 and 56. 


Locate the “equals” 
word(s). 
The product of 8 and 7/|is]56. 


VWleita tha — cian 
VVEEUW LLIWN uLBite 


Translate the words to 
the left of the equals 
wc oo Fo 


. 
aAvnrnaann 
Veapt RKvVuivVitle 


Translate the words to 
the right of the equal. 
a eee! = 56 


expression. 


Translate the sentence into an algebraic 
equation: 


The product of 6 and 9 is 54. 


Translate the sentence into an algebraic 
equation: 


The product of 21 and 3 gives 63. 


Translate the sentence into an algebraic 
equation: Twice the difference of x and 3 gives 
18. 


Solution 


Locate the “equals” 
word(s). 


Tiuvica tha diffaranca af v and AlaivacliQ 
eee eee OTM SNe a Ges =. 


Recognize the key Twice means two times. 
words: twice; difference 


Translate. 


Twice the difference of x and 3/gives/18. 
Twice the difference of x and 3igives}18 
2 (x - 3) = 18 


Translate the given sentence into an algebraic 
equation: 


Twice the difference of x and 5 gives 30. 


Translate the given sentence into an algebraic 
equation: 


Twice the difference of y and 4 gives 16. 


Translate to an Equation and Solve 


Now let’s practice translating sentences into 
algebraic equations and then solving them. We will 
solve the equations by using the Subtraction and 
Addition Properties of Equality. 


Translate and solve: Three more than x is 
equal to 47. 


Solution 


Three more 


than x is equal 
tn AT 


Translate. 
5-3 -ae SF} 

Subtract 3 from 

both sides of 


ther +3—3=47 


Simplify. 


So x= 44 is the solution. 


Translate and solve: 


Seven more than x is equal to 37. 


x + 7 = 37;x = 30 


Translate and solve: 


Eleven more than y is equal to 28. 


y+ 11 = 28;y = 17 


Translate and solve: The difference of y and 14 
is 18. 


Solution 


The difference 
of y and 14 is 


190 
Lu. 


Translate. 


ww 1A — 
¥ ———— 


Add 14 to both 


I = 1 


We can check. 


A 


18 v 


So y=32 is the solution. 


Translate and solve: 


The difference of z and 17 is equal to 37. 


z—17 = 37;z2 = 54 


Translate and solve: 


The difference of x and 19 is equal to 45. 


x — 19 = 45;x = 64 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Solving One Step Equations By Addition and 
Subtraction 


Key Concepts 


¢ Determine whether a number is a solution 
to an equation. 


Substitute the number for the variable in the 


equation. Simplify the expressions on both 
sides of the equation. Determine whether the 
resulting equation is true. If it is true, the 
number is a solution. 


If it is not true, the number is not a solution. 
Subtraction Property of Equality 


OQ Taw ant niumhared a bh 
7 BUL Urry LLL Uy 5 


£2 
- 


1 
an 


then a- 


Solve an equation using the Subtraction 
Property of Equality. 


Use the Subtraction Property of Equality to 
isolate the variable. Simplify the expressions on 
both sides of the equation. Check the solution. 


Addition Property of Equality 


mhara a hh and a 


ie T ant 41 
7 PUL ULLy LLU LY Uy by UNE 5 


if a—h 


an un” wy 


then at+c=b+c 


Solve an equation using the Addition 
Property of Equality. 


Use the Addition Property of Equality to isolate 
the variable. Simplify the expressions on both 
sides of the equation. Check the solution. 


Practice Makes Perfect 


Determine Whether a Number is a Solution of an 
Equation 


In the following exercises, determine whether each 
given value is a solution to the equation. 


x+13=21 
@x=8 
® x=34 


@ yes 
® no 


3p+6=15 
@p=3 
©p=7 


@ yes 
® no 


8q+4=20 


@q=2 
®q=3 


18d—9=27 
@d=1 
®d=2 


@ no 
® yes 


24f—12=60 


@f=2 
®f=3 


8u—4=4u+ 40 
@u=3 
®u=11 


@ no 
® yes 


7vV—3=4v4+ 36 


@v=3 


®©v=11 


20h —5=15h+ 35 
@h=6 
®h=8 


@ no 
® yes 


18k —3=12k+33 


@k=1 
® k=6 


Model the Subtraction Property of Equality 


In the following exercises, write the equation 
modeled by the envelopes and counters and then 
solve using the subtraction property of equality. 


x+2=5;x=3 


x+3=6;x =3 


Solve Equations using the Subtraction Property 
of Equality 


In the following exercises, solve each equation using 
the subtraction property of equality. 


a+2=18 


a= 16 


b+5=13 


p+18=23 


p=9 


q+14=31 


r+76=100 


r= 24 


S+62=95 


16=x+9 


= 7, 


17=y+6 


93=p+24 


p = 69 


116=q+79 


465 =d+ 398 


d = 67 


932=c+641 


Solve Equations using the Addition Property of 
Equality 


In the following exercises, solve each equation using 
the addition property of equality. 


y-3=19 


“= 30 


v—-7=35 


f—55=123 


f = 178 


g—39=117 


19=n-13 


n= 32 


18=m-15 


18=q-72 


268 =y—199 


y = 467 


204=z-—149 


Translate Word Phrase to Algebraic Equations 


In the following exercises, translate the given 
sentence into an algebraic equation. 


The sum of 8 and 9 is equal to 17. 


Sy 9:= 17 


The sum of 7 and 9 is equal to 16. 


The difference of 23 and 19 is equal to 4. 


23 —19=4 


The difference of 29 and 12 is equal to 17. 


The product of 3 and 9 is equal to 27. 


The product of 6 and 8 is equal to 48. 


The quotient of 54 and 6 is equal to 9. 


54+6=9 

The quotient of 42 and 7 is equal to 6. 
Twice the difference of n and 10 gives 52. 
2(n — 10) = 52 

Twice the difference of m and 14 gives 64. 
The sum of three times y and 10 is 100. 
3y + 10 = 100 


The sum of eight times x and 4 is 68. 


Translate to an Equation and Solve 
In the following exercises, translate the given 


sentence into an algebraic equation and then solve 
it. 


Five more than p is equal to 21. 


pt+5= 21;p = 16 


Nine more than q is equal to 40. 


The sum of r and 18 is 73. 


r+18 = 73;r= 55 


The sum of s and 13 is 68. 


The difference of d and 30 is equal to 52. 


d — 30 = 52;d = 82 


The difference of c and 25 is equal to 75. 


12 less than u is 89. 


u — 12 = 89;u = 101 


19 less than w is 56. 


325 less than c gives 799. 


c — 325 = 799; c = 1124 


299 less than d gives 850. 


Everyday Math 


Insurance Vince’s car insurance has a $500 
deductible. Find the amount the insurance 
company will pay, p, for an $1800 claim by 
solving the equation 500 + p=1800. 


$1300 


Insurance Marta’s homeowner’s insurance 
policy has a $750 deductible. The insurance 
company paid $5800 to repair damages caused 
by a storm. Find the total cost of the storm 
damage, d, by solving the equation d 

— 750 =5800. 


Sale purchase Arthur bought a suit that was on 
sale for $120 off. He paid $340 for the suit. 
Find the original price, p, of the suit by solving 


the equation p—120= 340. 


$460 


Sale purchase Rita bought a sofa that was on 
sale for $1299. She paid a total of $1409, 
including sales tax. Find the amount of the sales 
tax, t, by solving the equation 1299+ t=1409. 


Writing Exercises 


Is x=1 a solution to the equation 8x 
—2=16-—6x? How do you know? 


Write the equation y—5=21 in words. Then 
make up a word problem for this equation. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Glossary 


solution of an equation 
A solution to an equation is a value of a 
variable that makes a true statement when 
substituted into the equation. The process of 
finding the solution to an equation is called 
solving the equation. 


Find Multiples and Factors 
By the end of this section, you will be able to: 


* Identify multiples of numbers 

* Use common divisibility tests 

¢ Find all the factors of a number 

* Identify prime and composite numbers 


Before you get started, take this readiness quiz. 


1. Which of the following numbers are counting 
numbers (natural numbers)? 
0,4,215 
If you missed this problem, review [link]. 
2. Find the sum of 3,5, and 7. 
If you missed the problem, review [link]. 


Multiples of 2 between 1 and 50 Multiples of 5 
between 1 and 50 Multiples of 10 between 1 and 50 
Multiples of 3 between 1 and 50 


Identify Multiples of Numbers 


Annie is counting the shoes in her closet. The shoes 
are matched in pairs, so she doesn’t have to count 
each one. She counts by twos: 2,4,6,8,10,12. She has 


12 shoes in her closet. 


The numbers 2,4,6,8,10,12 are called multiples of 2. 
Multiples of 2 can be written as the product of a 
counting number and 2. The first six multiples of 2 
are given below. 
1:2=22:2=43:2=64:2=85:2=1062=12 


A multiple of a number is the product of the 
number and a counting number. So a multiple of 3 
would be the product of a counting number and 3. 
Below are the first six multiples of 3. 
1:3=32-3=63:3=94-3=125-:3=156:3=18 


We can find the multiples of any number by 
continuing this process. [link] shows the multiples 
of 2 through 9 for the first twelve counting 
numbers. 


Couhting 3 4 5 6 7 8 9 1) 11 12 


aaeeel anaes 


DW eeesntrwen 


Mulfplee 6 8 10 12 14 16 18 20 22 24 


Mulf@plee 9 12 15 18 21 24 2'7 30 33 36 


Mulfple8 12 16 20 24 28 32 36 40 44 48 


Mulfiple6O 15 20 25 30 35 40 45 50 55 60 
Mul6ples2 18 24 30 36 42 48 54 60 66 72 
Mulfple$4 21 28 35 42 49 56 63 70 77 84 


Mulfpless 24 32 40 48 56 64 72 80 88 96 


Mulfplef3 27 36 45 54 63 72 81 90 99 108 


Multiple of a Number 


A number is a multiple of n if it is the product of a 
counting number and n. 


Recognizing the patterns for multiples of 
2,5,10,and3 will be helpful to you as you continue 
in this course. 


Doing the Manipulative Mathematics activity 


“Multiples” will help you develop a better 
understanding of multiples. 


[link] shows the counting numbers from 1 to 50. 
Multiples of 2 are highlighted. Do you notice a 
pattern? 


The last digit of each highlighted number in [link] is 
either 0,2,4,6,or8. This is true for the product of 2 
and any counting number. So, to tell if any number 
is a multiple of 2 look at the last digit. If it is 
0,2,4,6,or8, then the number is a multiple of 2. 


Determine whether each of the following is a 
multiple of 2: 


@489 
® 3,714 


Solution 


© 


Ic AQA a ainla nf 99 


miailt 
Vv mwyu Ce SS EAS wil Bae 


Is the last digit 0, 2, I, No. 


A arQd 


489 is not a multiple of 
2: 


AY 


Is 3,714 a multiple of 


99 
as 


Is the last digit 0, 2, I, Yes. 


A arQd 


V5 wi Ve 


3,714 is a multiple of 
2. 


Determine whether each number is a multiple 
of 2: 


@ 678 
© 21,493 


@ yes 


Determine whether each number is a multiple 
On: 


@ 979 


© 17,780 


Now let’s look at multiples of 5. [link] highlights all 
of the multiples of 5 between 1 and 50. What do 
you notice about the multiples of 5? 


All multiples of 5 end with either 5 or 0. Just like 
we identify multiples of 2 by looking at the last 
digit, we can identify multiples of 5 by looking at 
the last digit. 


Determine whether each of the following is a 
multiple of 5: 


@ 579 
® 880 


Solution 


ETO a mualtinIn af ae) 


vVvrIvwu ae ee eV Wil Ue 


tha laact Aiait FE ar 0? NIa 


4A LEVEE Seo vw Vv. LWT e 


579 is not a multiple of 
a 


QON a multinIln af ec. 


wuUuYV UU eee | ES Wil Ue 


tha lact diait FE av 0? Vaca 


4d LULL Sey vw Vv. LU&eVe 


880 is a multiple of 5. 


Determine whether each number is a multiple 
of 5. 


@ 675 
® 1,578 


Determine whether each number is a multiple 
of 5. 


@ 421 
® 2,690 


[link] highlights the multiples of 10 between 1 and 
50. All multiples of 10 all end with a zero. 


Determine whether each of the following is a 
multiple of 10: 


@ 425 
® 350 


Solution 


® 
Is 425 a multiple of 
19? 


Ta tha lact diait varnd Nia 


dv LLY LEME Ste Syets eguaweiwve  iLNXle 
425 is not a multiple of 
10. 


AY 


Is 350 a multiple of 


199 


Ta tha lact diait zero? Vac 


avU LLLY LULL SS aviv LUV. 


350 is a multiple of 10. 


Determine whether each number is a multiple 
Gaal. 


@ 179 
® 3,540 


Determine whether each number is a multiple 
of 10: 


@ 110 
® 7,595 


@ yes 
® no 


[link] highlights multiples of 3. The pattern for 
multiples of 3 is not as obvious as the patterns for 
multiples of 2,5,and10. 


Unlike the other patterns we’ve examined so far, 
this pattern does not involve the last digit. The 
pattern for multiples of 3 is based on the sum of the 
digits. If the sum of the digits of a number is a 
multiple of 3, then the number itself is a multiple of 
3. See [link]. 


Suni 3 6 9 1+ 231 +561 + 892+ 132+ 46 


Consider the number 42. The digits are 4 and 2, and 
their sum is 4+ 2=6. Since 6 is a multiple of 3, we 
know that 42 is also a multiple of 3. 


Determine whether each of the given numbers 
is a multiple of 3: 


@ 645 
® 10,519 


Solution 


@ Is 645 a multiple of 3? 


Find the sum of the 6+44+5=15 
digits: 

Ta TE a mas alti nla of 2? Vac 

ZU 12 U PEELS BEE Se ES MSA Le&Ve 

If we're not sure, we 645+3 
could add its digits to 

find out. We can check 


at Aer dixvridina GALE hi 9 
We 


iu Cy, GiViaing Viv vy 


The quotient is 215. 3-215=645 


® Is 10,519 a multiple of 3? 


Find the sum of the 1+0+5+1+9=16 
dAiaita 
Se Gye eo 


Ta 1h a multinia anf 29 Nia 


dv 2awyv uu pet ee EAN Wl Yo j4tLNN7e 


So 10,519 is not a 645+3 


altinlo af 2 aithar 


mi 
BALULEL Le YL YY CLULLLEL oe 


We can check this by 3,506R1310,519 
dividing by 10,519 by 
3: 


When we divide 10,519 by 3, we do not get a 
counting number, so 10,519 is not the product 
of a counting number and 3. It is not a 
multiple of 3. 


Determine whether each number is a multiple 
of 3: 


@ 954 
® 3,742 


@ yes 
® no 


Determine whether each number is a multiple 
of 3: 


@ 643 
® 8,379 


Look back at the charts where you highlighted the 
multiples of 2, of 5, and of 10. Notice that the 
multiples of 10 are the numbers that are multiples 
of both 2 and 5. That is because 10 = 2:5. Likewise, 
since 6=2:°3, the multiples of 6 are the numbers that 
are multiples of both 2 and 3. 


Use Common Divisibility Tests 


Another way to say that 375 is a multiple of 5 is to 
say that 375 is divisible by 5. In fact, 375 +5 is 75, 
so 375 is 5:75. Notice in [link] that 10,519 is nota 
multiple 3. When we divided 10,519 by 3 we did 
not get a counting number, so 10,519 is not 
divisible by 3. 


Divisibility 


If a number m is a multiple of n, then we say that 
m is divisible by n. 


Since multiplication and division are inverse 
operations, the patterns of multiples that we found 
can be used as divisibility tests. [link] summarizes 
divisibility tests for some of the counting numbers 
between one and ten. 


Mees ASL Ella M.A nae 

a ee ey AQevueYW 

A masmhaun qa Aaxrasthila i apa 

f£BR BEULEEBEIVWYE AU CQVEE VY EVEL iw Li 

2 if the last digit is 


3 if the sum of the digits is 


mn 


OV 


10 


dAixriathla hxz 2 
Vv 


Mb sy tviVvit vy 


if tha lact diait ica Barn 


AL -LLY LEME Mr6it du vv vi WV 


if divisible by both 2 and 
we 


if the last digit is 0 


Determine whether 1,290 is divisible by 
2,3,5,and10. 


Solution 


[link] applies the divisibility tests to 1,290. In 
the far right column, we check the results of 
the divisibility tests by seeing if the quotient is 
a whole number. 


Divisible Test Divisible? Check 

hw 9 

by ret 

2 Is last digit yes 1290 +2=64 
0,2,4,6,018? 
¥25; 

3 Issumof yes 1290 +3=43 


digits 


divisible 
by3? 
14+24+9+0=12 


Vac 


LvVe 


5 Is last digit yes 1290+5=25 
S-~or-02 Ves: 

10 Is last digit yes 1290+10=1]29 
0? Yes. 


Thus, 1,290 is divisible by 2,3,5,and10. 


Determine whether the given number is 
divisible by 2,3,5,and10. 


6240 


Divisible by 2, 3, 5, and 10 


Determine whether the given number is 
divisible by 2,3,5,and10. 


7248 


Divisible by 2 and 3, not 5 or 10. 


Determine whether 5,625 is divisible by 
2,3,5,and10. 


Solution 


[link] applies the divisibility tests to 5,625 and 
tests the results by finding the quotients. 


Divisible Test Divisible? Check 

hw 9 

Ley / eoee 

2 Is last digit no 5625 +2=281/2.5 
0,2,4,6,018? 
No. 

3 Issumof yes 5625 +3=1875 
digits 
divisible 
by3? 
59+6+2+5=118 


Vane 


L&Ve 


5 Is last digit yes 5625+5=1125 


is 5 or 0? 
Vane 


LvVe 


10 Is last digit no 5625 + 10 =542.5 
0? No. 


Thus, 5,625 is divisible by 3 and 5, but not 2, 
or 10. 


Determine whether the given number is 
divisible by2,3,5,and10. 


4962 


Divisible by 2, 3, not 5 or 10. 


Determine whether the given number is 
divisible by2,3,5,and10. 


3765 


Divisible by 3 and 5. 


Find All the Factors of a Number 


There are often several ways to talk about the same 
idea. So far, we’ve seen that if m is a multiple of n, 
we can say that m is divisible by n. We know that 
72 is the product of 8 and 9, so we can say 72 isa 
multiple of 8 and 72 is a multiple of 9. We can also 
say 72 is divisible by 8 and by 9. Another way to 
talk about this is to say that 8 and 9 are factors of 
72. When we write 72 = 8-9 we can say that we have 
factored 72. 


Factors 


If a-b=m, then aandb are factors of m, and m is the 
product of aandb. 


In algebra, it can be useful to determine all of the 
factors of a number. This is called factoring a 
number, and it can help us solve many kinds of 
problems. 


Doing the Manipulative Mathematics activity 
“Model Multiplication and Factoring” will help you 


develop a better understanding of multiplication 
and factoring. 


For example, suppose a choreographer is planning a 
dance for a ballet recital. There are 24 dancers, and 
for a certain scene, the choreographer wants to 
arrange the dancers in groups of equal sizes on 
stage. 


In how many ways can the dancers be put into 
groups of equal size? Answering this question is the 
same as identifying the factors of 24. [link] 
summarizes the different ways that the 
choreographer can arrange the dancers. 


Number of Dancers per Total Dancers 


Cunin.]8 - 
WSJILWY “py 


- > @O bO FA 
=> CW CO FA LO ¢ 
ho -S Fe 
? 
3 
-> (ID Fo 
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CN 

op 
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‘| 


Q Q Q.2—9A 
Vv wv a 

2) 2 1 = D4 
24 1 24:1 =24 


What patterns do you see in [link]? Did you notice 
that the number of groups times the number of 
dancers per group is always 24? This makes sense, 
since there are always 24 dancers. 


You may notice another pattern if you look carefully 
at the first two columns. These two columns contain 
the exact same set of numbers—but in reverse order. 
They are mirrors of one another, and in fact, both 
columns list all of the factors of 24, which are: 
1,2,3,4,6,8,12,24 


We can find all the factors of any counting number 
by systematically dividing the number by each 
counting number, starting with 1. If the quotient is 
also a counting number, then the divisor and the 
quotient are factors of the number. We can stop 
when the quotient becomes smaller than the divisor. 


Find all the factors of a counting number. 


Divide the number by each of the counting 
numbers, in order, until the quotient is smaller 
than the divisor. 


¢ If the quotient is a counting number, the 
divisor and quotient are a pair of factors. 

¢ If the quotient is not a counting number, the 
divisor is not a factor. 


List all the factor pairs. Write all the factors in 
order from smallest to largest. 


Find all the factors of 72. 


Solution 


Divide 72 by each of the counting numbers 
starting with 1. If the quotient is a whole 
number, the divisor and quotient are a pair of 
factors. 


The next line would have a divisor of 9 anda 


quotient of 8. The quotient would be smaller 
than the divisor, so we stop. If we continued, 
we would end up only listing the same factors 
again in reverse order. Listing all the factors 
from smallest to greatest, we have 


1,2,3,4,6,8,9,12,18,24,36,and72 


Find all the factors of the given number: 


96 


23, 4,0, 6; 12) 16524, 32.43.96 


Find all the factors of the given number: 


80 


1; 2,.4,-5,.3, 10; 16;:20,-40, 80 


Factors of the counting numbers from 2 through 20, 
with prime numbers highlighted 


Identify Prime and Composite Numbers 


Some numbers, like 72, have many factors. Other 
numbers, such as 7, have only two factors: 1 and the 
number. A number with only two factors is called a 
prime number. A number with more than two 
factors is called a composite number. The number 
1 is neither prime nor composite. It has only one 
factor, itself. 


Prime Numbers and Composite Numbers 
prime number is a counting number greater than 


1 whose only factors are 1 and itself. 
A composite number is a counting number that is 
not prime. 


[link] lists the counting numbers from 2 through 20 
along with their factors. The highlighted numbers 
are prime, since each has only two factors. 


Prime or 
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The prime numbers less than 20 are 
2,3,5,7,11,13,17,and19. There are many larger 
prime numbers too. In order to determine whether a 
number is prime or composite, we need to see if the 
number has any factors other than 1 and itself. To 
do this, we can test each of the smaller prime 
numbers in order to see if it is a factor of the 
number. If none of the prime numbers are factors, 
then that number is also prime. 


Determine if a number is prime. 


Test each of the primes, in order, to see if it is a 
factor of the number. Start with 2 and stop when 


the quotient is smaller than the divisor or when a 
prime factor is found. If the number has a prime 
factor, then it is a composite number. If it has no 
prime factors, then the number is prime. 


Identify each number as prime or composite: 


@ 83 
® 77 


Solution 


@ Test each prime, in order, to see if it is a 
factor of 83, starting with 2, as shown. We will 
stop when the quotient is smaller than the 
divisor. 
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2 Last digit of &3 No. 
is not 
0.2;4,6;er8: 
3 8+3=11, and No. 
11 is not 
divisible -by-2., 
5 The last digit No. 
of 83 is not 5 
or,0: 
7 82-1 SNe 
11 83+11=7.5415.No 


We can stop when we get to 11 because the 


quotient (7.545...) is less than the divisor. 


We did not find any prime numbers that are 
factors of 83, so we know 83 is prime. 


© Test each prime, in order, to see if it isa 
factor of 77. 


° 
Dama Taaot Dantan anf 779 
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) Last digit is not No. 
OD -A.6-or8. 

3 7+7=14, and No. 
14 is not 
disisible-by-2,. 

5 the last digit is No. 
not-5-or-0. 

YE FAS? Yes. 


Since 77 is divisible by 7, we know it is not a 
prime number. It is composite. 


Identify the number as prime or composite: 


ell 


composite 


Identify the number as prime or composite: 


7, 


The Links to Literacy activities One Hundred Hungry 
Ants, Spunky Monkeys on Parade and A Remainder o 
One will provide you with another view of the 
topics covered in this section. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Divisibility Rules 

¢ Factors 

¢ Ex 1: Determine Factors of a Number 
¢ Ex 2: Determine Factors of a Number 


¢ Ex 3: Determine Factors of a Number 


Key Concepts 
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¢ Factors If a_b=m, then a and b are factors of 
m, and m is the product of a and b. 
* Find all the factors of a counting number. 


Divide the number by each of the counting 
numbers, in order, until the quotient is smaller 
than the divisor. 


1. If the quotient is a counting number, the 
divisor and quotient are a pair of factors. 

2. If the quotient is not a counting number, 
the divisor is not a factor. 


List all the factor pairs. Write all the factors in 
order from smallest to largest. 


Determine if a number is prime. 


Test each of the primes, in order, to see if it is a 
factor of the number. Start with 2 and stop 
when the quotient is smaller than the divisor or 
when a prime factor is found. If the number has 
a prime factor, then it is a composite number. If 
it has no prime factors, then the number is 
prime. 


Practice Makes Perfect 
Identify Multiples of Numbers 


In the following exercises, list all the multiples less 
than 50 for the given number. 


2, 4, 6, 8, 10 12, 14, 16, 18, 20, 22, 24, 26, 28, 


30, 32, 34, 36, 38, 40, 42, 44, 46, 48 


4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44, 48 


6, 12, 18, 24, 30, 36, 42, 48 


8, 16, 24, 32, 40, 48 


10 


10, 20, 30, 40 


IZ 


Use Common Divisibility Tests 


In the following exercises, use the divisibility tests 
to determine whether each number is divisible by 
2,3,4,5,6,and10. 


84 


Divisible by 2, 3, 4, 6 


96 


73 


Divisible by 3, 5 


78 


168 


Divisible by 2, 3, 4, 6 


264 


900 


Divisible by 2, 3, 4, 5, 6, 10 


800 


896 


Divisible by 2, 4 


942 


379 


Divisible by 3, 5 


750 


350 


Divisible by 2, 5, 10 


5950 


1430 


Divisible by 2, 5, 10 


1080 


22,300 


Divisible by 3, 5 


39,075 


Find All the Factors of a Number 


In the following exercises, find all the factors of the 
given number. 


36 


1 253;:4,.0;°9; 12, 16,36 


42 


60 


1; 2,3;4,-9; 0210, 12:15; 20,.30;'60 


48 


144 


1, 2, 3, 4, 6, 8, 12, 18, 24, 36, 48, 72,144 


200 

588 

1, 2, 3, 4, 6, 7, 12, 14, 21, 28, 42, 49, 84, 98, 
147, 196, 294, 588 


976 


Identify Prime and Composite Numbers 


In the following exercises, determine if the given 
number is prime or composite. 


43 


prime 


67 


39 


composite 


53 


7X 


prime 


119 


481 


composite 


221 


209 


composite 


359 


667 


composite 


1771 


Everyday Math 


Banking Frank’s grandmother gave him $100 
at his high school graduation. Instead of 
spending it, Frank opened a bank account. 


Every week, he added $15 to the account. The 
table shows how much money Frank had put in 
the account by the end of each week. Complete 
the table by filling in the blanks. 


Weeks after Total number Simplified 
graduation of dollars Total 
Frank put in 
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Banking In March, Gina opened a Christmas 
club savings account at her bank. She deposited 
$75 to open the account. Every week, she 
added $20 to the account. The table shows how 
much money Gina had put in the account by 
the end of each week. Complete the table by 
filling in the blanks. 


Weeks after Total number Simplified 
opening the of dollars Gi1a Total 
account put in the 
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Writing Exercises 


If a number is divisible by 2 and by 3, why is it 
also divisible by 6? 


What is the difference between prime numbers 
and composite numbers? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On ascale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Glossary 


multiple of a number 
A number is a multiple of n if it is the product 
of a counting number and n. 


divisibility 
If a number m is a multiple of n, then we say 
that m is divisible by n. 


prime number 
A prime number is a counting number greater 
than 1 whose only factors are 1 and itself. 


composite number 
A composite number is a counting number 
that is not prime. 


Prime Factorization and the Least Common Multiple 
By the end of this section, you will be able to: 


¢ Find the prime factorization of a composite 
number 

¢ Find the least common multiple (LCM) of two 
numbers 


Before you get started, take this readiness quiz. 


. Is 810 divisible by 2,3,5,6,or10? 

If you missed this problem, review [link]. 
. Is 127 prime or composite? 

If you missed this problem, review [link]. 
. Write 2°2:2-2 in exponential notation. 

If you missed this problem, review [link]. 


Find the Prime Factorization of a 
Composite Number 


In the previous section, we found the factors of a 
number. Prime numbers have only two factors, the 
number 1 and the prime number itself. Composite 
numbers have more than two factors, and every 


composite number can be written as a unique 
product of primes. This is called the prime 
factorization of a number. When we write the 
prime factorization of a number, we are rewriting 
the number as a product of primes. Finding the 
prime factorization of a composite number will help 
you later in this course. 


Prime Factorization 
The prime factorization of a number is the product 
of prime numbers that equals the number. 


Doing the Manipulative Mathematics activity 
“Prime Numbers” will help you develop a better 
sense of prime numbers. 


You may want to refer to the following list of prime 
numbers less than 50 as you work through this 
section. 

2,3,5,7,11,13,17,19,23,29,31,37,41,43,47 


Prime Factorization Using the Factor Tree 
Method 


One way to find the prime factorization of a number 


is to make a factor tree. We start by writing the 
number, and then writing it as the product of two 
factors. We write the factors below the number and 
connect them to the number with a small line 
segment—a “branch” of the factor tree. 


If a factor is prime, we circle it (like a bud ona 
tree), and do not factor that “branch” any further. If 
a factor is not prime, we repeat this process, writing 
it as the product of two factors and adding new 
branches to the tree. 


We continue until all the branches end with a 
prime. When the factor tree is complete, the circled 
primes give us the prime factorization. 


For example, let’s find the prime factorization of 36. 
We can start with any factor pair such as 3 and 12. 
We write 3 and 12 below 36 with branches 
connecting them. 


The factor 3 is prime, so we circle it. The factor 12 
is composite, so we need to find its factors. Let’s use 
3 and 4. We write these factors on the tree under 
the 12. 


The factor 3 is prime, so we circle it. The factor 4 is 
composite, and it factors into 2:2. We write these 
factors under the 4. Since 2 is prime, we circle both 
2s. 


The prime factorization is the product of the circled 
primes. We generally write the prime factorization 
in order from least to greatest. 

22°33 


In cases like this, where some of the prime factors 
are repeated, we can write prime factorization in 
exponential form. 

22532252 


Note that we could have started our factor tree with 
any factor pair of 36. We chose 12 and 3, but the 
same result would have been the same if we had 
started with 2 and 18,4 and 9,or6and6. 


Find the prime factorization of a composite number 
using the tree method. 


Find any factor pair of the given number, and use 
these numbers to create two branches. If a factor is 
prime, that branch is complete. Circle the prime. If 
a factor is not prime, write it as the product of a 
factor pair and continue the process. Write the 
composite number as the product of all the circled 
primes. 


Find the prime factorization of 48 using the 
factor tree method. 


Solution 


We can start our tree using any factor 
pair of 48. Lets use 2 and 24. 


oN 5 prime and so 
(2) 24 


Now we will factor 2:4. 
Let's use 4 aut 6. 


an 


Neither ete is ake so we do not 
circle either. 
48 
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Write in exponential 24:3 
form. 


Check this on your own by multiplying all the 
factors together. The result should be 48. 


Find the prime factorization using the factor 
tree method: 80 
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Find the prime factorization using the factor 
tree method: 60 
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Find the prime factorization of 84 using the 
factor tree method. 


Solution 


We start with the factor pair 4 and 21. 
Neither factor is prime so we factor them 
84 


A 74 
—— 


Now the factors are all 
prime, so we circle 
the 84 


4 21 
Wp ) (2) i 
Then we write 84 as  2:2:3-7 


the product of all 223°7 
circled primes. 


Draw a factor tree of 84. 


Find the prime factorization using the factor 
tree method: 126 
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Find the prime factorization using the factor 
tree method: 294 


DO OW 22 oho 


Prime Factorization Using the Ladder Method 


The ladder method is another way to find the prime 
factors of a composite number. It leads to the same 
result as the factor tree method. Some people prefer 
the ladder method to the factor tree method, and 
vice versa. 


To begin building the “ladder,” divide the given 
number by its smallest prime factor. For example, to 
start the ladder for 36, we divide 36 by 2, the 
smallest prime factor of 36. 


To add a “step” to the ladder, we continue dividing 
by the same prime until it no longer divides evenly. 


Then we divide by the next prime; so we divide 9 by 
3: 


We continue dividing up the ladder in this way until 
the quotient is prime. Since the quotient, 3, is 
prime, we stop here. 


Do you see why the ladder method is sometimes 
called stacked division? 


The prime factorization is the product of all the 
primes on the sides and top of the ladder. 
2235'S 22°32 


Notice that the result is the same as we obtained 
with the factor tree method. 


Find the prime factorization of a composite number 
using the ladder method. 


Divide the number by the smallest prime. Continue 
dividing by that prime until it no longer divides 
evenly. Divide by the next prime until it no longer 
divides evenly. Continue until the quotient is a 


prime. Write the composite number as the product 
of all the primes on the sides and top of the ladder. 


Find the prime factorization of 120 using the 
ladder method. 


Solution 


Divide the number by 
the smallest prime, 
60 
2) 120 
Continue dividing by 2 
until it no longer 


. 15 
diy F30 
2) 60 


2) 190 


Divide by the next 
prime, 3. 


The quotient, 5, is i napa ee Be 
prime, so the ladder is 23-3-5 
complete. Write the 

prime factorization of 

120. 


Check this yourself by multiplying the factors. 
The result should be 120. 


Find the prime factorization using the ladder 
method: 80 
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Find the prime factorization using the ladder 
method: 60 
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Find the prime factorization of 48 using the 
ladder method. 


Solution 


Divide the number by 
the smallest prime, 2. 
y/ 


DAR 
Continue dividing by 2 
until it no longer 
div 3 


7) AR 
The quotient, 3, is ray oy ray 
prime, so the ladder is 24-3 
complete. Write the 
prime factorization of 


48. 


Find the prime factorization using the ladder 
method. 126 
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Find the prime factorization using the ladder 
method. 294 
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Find the Least Common Multiple (LCM) of 
Two Numbers 


One of the reasons we look at multiples and primes 
is to use these techniques to find the least common 
multiple of two numbers. This will be useful when 
we add and subtract fractions with different 
denominators. 


Listing Multiples Method 


A common multiple of two numbers is a number 
that is a multiple of both numbers. Suppose we want 
to find common multiples of 10 and 25. We can list 
the first several multiples of each number. Then we 
look for multiples that are common to both lists— 
these are the common multiples. 
10:10,20,30,40,50,60,70,80,90,100,110.,... 
25:25,50,75,100,125.,... 


We see that 50 and 100 appear in both lists. They 
are common multiples of 10 and 25. We would find 
more common multiples if we continued the list of 
multiples for each. 


The smallest number that is a multiple of two 
numbers is called the least common multiple 
(LCM). So the least LCM of 10 and 25 is 50. 


Find the least common multiple (LCM) of two 
numbers by listing multiples. 


List the first several multiples of each number. 
Look for multiples common to both lists. If there 
are no common multiples in the lists, write out 
additional multiples for each number. Look for the 
smallest number that is common to both lists. This 


number is the LCM. 


Find the LCM of 15 and 20 by listing 
multiples. 


Solution 


List the first several multiples of 15 and of 20. 
Identify the first common multiple. 


15:15,30,45,60,75,90,105,12020:20,40,60,80,10@,120, 1] 


The smallest number to appear on both lists is 
60, so 60 is the least common multiple of 15 
and 20. 


Notice that 120 is on both lists, too. It is a 
common multiple, but it is not the least 
common multiple. 


Find the least common multiple (LCM) of the 
given numbers: 9and12 


Find the least common multiple (LCM) of the 
given numbers: 18and24 


Prime Factors Method 


Another way to find the least common multiple of 
two numbers is to use their prime factors. We’ll use 
this method to find the LCM of 12 and 18. 


We start by finding the prime factorization of each 
number. 
12=2:2:318=2:3:3 


Then we write each number as a product of primes, 
matching primes vertically when possible. 
12=2:2:3 18=2:3:'3 


Now we bring down the primes in each column. The 
LCM is the product of these factors. 


Notice that the prime factors of 12 and the prime 
factors of 18 are included in the LCM. By matching 
up the common primes, each common prime factor 
is used only once. This ensures that 36 is the least 
common multiple. 


Find the LCM using the prime factors method. 


Find the prime factorization of each number. Write 
each number as a product of primes, matching 
primes vertically when possible. Bring down the 
primes in each column. Multiply the factors to get 
the LCM. 


Find the LCM of 15 and 18 using the prime 
factors method. 


Solution 


Write each number a3 


a product of primes. 
158.=— 2.8 12 — 2 


Write each number a3 
a product of primes, 
5 
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Bring down the primes 
in each column. 


nlenden the GeO to LCM=2-3-3-5 
get the LCM. The LCM of 15 and 18 
is 90. 


Find the LCM using the prime factors method. 
15and20 


Find the LCM using the prime factors method. 
15and35 


Find the LCM of 50 and 100 using the prime 
factors method. 


Solution 


Write the prime 
factorization of each 

ny50= 2-5-5 100=2-2-5-5 
Write each number a3 

a product of primes, 


¢ = 2-5-5 

00 =2-2-5-5 
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Bring down the primes 
in each” er ee 


~ 5 5 


Multiply "ie Eons to LCM=2:-2-5-5 
get the LCM. The LCM of 50 and 
100 is 100. 


Find the LCM using the prime factors method: 
55,88 


Find the LCM using the prime factors method: 
60,72 


ACCESS ADDITIONAL ONLINE RESOURCES 


Ex 1: Prime Factorization 

Ex 2: Prime Factorization 

Ex 3: Prime Factorization 

Ex 1: Prime Factorization Using Stacked 
Division 

Ex 2: Prime Factorization Using Stacked 
Division 

The Least Common Multiple 

Example: Determining the Least Common 
Multiple Using a List of Multiples 
Example: Determining the Least Common 
Multiple Using Prime Factorization 


Key Concepts 


¢ Find the prime factorization of a composite 
number using the tree method. 


Find any factor pair of the given number, and 
use these numbers to create two branches. If a 
factor is prime, that branch is complete. Circle 
the prime. If a factor is not prime, write it as 


the product of a factor pair and continue the 
process. Write the composite number as the 
product of all the circled primes. 


Find the prime factorization of a composite 
number using the ladder method. 


Divide the number by the smallest prime. 
Continue dividing by that prime until it no 
longer divides evenly. Divide by the next prime 
until it no longer divides evenly. Continue until 
the quotient is a prime. Write the composite 
number as the product of all the primes on the 
sides and top of the ladder. 


Find the LCM by listing multiples. 


List the first several multiples of each number. 
Look for multiples common to both lists. If 
there are no common multiples in the lists, 
write out additional multiples for each number. 
Look for the smallest number that is common 
to both lists. This number is the LCM. 


Find the LCM using the prime factors 
method. 


Find the prime factorization of each number. 
Write each number as a product of primes, 
matching primes vertically when possible. 
Bring down the primes in each column. 
Multiply the factors to get the LCM. 


Section Exercises 


Practice Makes Perfect 


Find the Prime Factorization of a Composite 
Number 


In the following exercises, find the prime 
factorization of each number using the factor tree 
method. 
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In the following exercises, find the prime 
factorization of each number using the ladder 
method. 
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In the following exercises, find the prime 
factorization of each number using any method. 
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Find the Least Common Multiple (LCM) of Two 
Numbers 


In the following exercises, find the least common 
multiple (LCM) by listing multiples. 


8,12 


24 


4,3 


6,15 


30 


12,16 


30,40 


120 


20,30 


60,75 


300 


44,55 


In the following exercises, find the least common 
multiple (LCM) by using the prime factors method. 


8,12 


24 


12,16 


24,30 


120 


28,40 


70,84 


420 


84,90 


In the following exercises, find the least common 
multiple (LCM) using any method. 


6,21 


42 


9,15 


24,30 


120 


32,40 


Everyday Math 


Grocery shopping Hot dogs are sold in 
packages of ten, but hot dog buns come in 
packs of eight. What is the smallest number of 
hot dogs and buns that can be purchased if you 
want to have the same number of hot dogs and 
buns? (Hint: it is the LCM!) 


40 


Grocery shopping Paper plates are sold in 
packages of 12 and party cups come in packs of 
8. What is the smallest number of plates and 
cups you can purchase if you want to have the 
same number of each? (Hint: it is the LCM!) 


Writing Exercises 


Do you prefer to find the prime factorization of 
a composite number by using the factor tree 
method or the ladder method? Why? 


Do you prefer to find the LCM by listing 
multiples or by using the prime factors method? 
Why? 


Self Check 
@ After completing the exercises, use this checklist 


to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next Chapter? 
Why or why not? 


Chapter Review Exercises 


Use the Language of Algebra 


Use Variables and Algebraic Symbols 


In the following exercises, translate from algebra to 
English. 


38 


the product of 3 and 8 


12-x 


24+6 


the quotient of 24 and 6 


9+2a 


50 = 47 


50 is greater than or equal to 47 


3y<15 


n+4=13 


The sum of n and 4 is equal to 13 


32—-k=7 


Identify Expressions and Equations 


In the following exercises, determine if each is an 
expression or equation. 


5+u=84 


equation 


36:65 


4y-11 


expression 


10x=120 


Simplify Expressions with Exponents 


In the following exercises, write in exponential 
form. 


222 


23 
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x6 


10-10-10 
In the following exercises, write in expanded form. 


84 


8688 


36 


yo 
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n4 
In the following exercises, simplify each expression. 


34 


81 


106 


Pas 


128 


43 


Simplify Expressions Using the Order of 
Operations 


In the following exercises, simplify. 


10+2:5 


20 


(10+ 2):5 


(30+ 6)+2 


18 


30+6+2 


J2o2 


74 


7+5)2 


4+3(10-1) 


31 


(4+3)(10—-1) 


Evaluate, Simplify, and Translate Expressions 


Evaluate an Expression 


In the following exercises, evaluate the following 
expressions. 


9x — 5whenx = 7 


58 


y3wheny =5 


3a—4b when a=10,b=1 


26 


bhwhenb =7,h=8 


Identify Terms, Coefficients and Like Terms 


In the following exercises, identify the terms in each 
expression. 


12n2+ 3n+1 


1272,3n, 1 


4x3+11x+3 


In the following exercises, identify the coefficient of 
each term. 


6y 


13x2 
In the following exercises, identify the like terms. 


9X2,3,5V2,3x,x,4 


3, 4, and 3x, x 


8,8r2,8r,3r,r2,3s 


Simplify Expressions by Combining Like Terms 


In the following exercises, simplify the following 
expressions by combining like terms. 


15a+ 9a 


24a 


12y+3y+y 


4x + 7x+ 3x 


14x 


6+5c+3 


8n+2+4n+9 


12n + 11 


19p+5+4p—-1+3p 


7y2+ 2y + 11+ 3y2=8 


LOy2--b 2y-d3 


13x2-—x+6+5x2+ 9x 


Translate English Phrases to Algebraic 
Expressions 


In the following exercises, translate the following 
phrases into algebraic expressions. 


the difference of x and 6 


x —6 


the sum of 10 and twice a 


the product of 3n and 9 


3n:9 


the quotient of s and 4 


5 times the sum of y and 1 


5(y + 1) 


10 less than the product of 5 and z 


Jack bought a sandwich and a coffee. The cost 
of the sandwich was $3 more than the cost of 
the coffee. Call the cost of the coffee c. Write an 
expression for the cost of the sandwich. 


c+3 


The number of poetry books on Brianna’s 
bookshelf is 5 less than twice the number of 
novels. Call the number of novels n. Write an 
expression for the number of poetry books. 


Solve Equations Using the Subtraction and 
Addition Properties of Equality 


Determine Whether a Number is a Solution of an 
Equation 


In the following exercises, determine whether each 
number is a solution to the equation. 


y+16=40 
@24 
®56 


@ yes 
® no 


d—6=21 


@15 
®27 


4n+12=36 
@6 
®12 


@ yes 
® no 


20q—10=70 


@3 
©4 


15x-—5=10x+45 


@2 
®10 


@ no 
® yes 


22p —6=18p +86 


@4 
®23 


Model the Subtraction Property of Equality 


In the following exercises, write the equation 
modeled by the envelopes and counters and then 
solve the equation using the subtraction property of 
equality. 


x+3=5;x =2 


Solve Equations using the Subtraction Property 
of Equality 


In the following exercises, solve each equation using 
the subtraction property of equality. 


c+8=14 
6 
v+8=150 
23=x+12 
11 


376=n+265 


Solve Equations using the Addition Property of 
Equality 


In the following exercises, solve each equation using 
the addition property of equality. 


y—7=16 

23 
k—42=113 
19=p-15 
34 

501 =u—399 


Translate English Sentences to Algebraic 
Equations 


In the following exercises, translate each English 
sentence into an algebraic equation. 


The sum of 7 and 33 is equal to 40. 


7 + 33 = 44 
The difference of 15 and 3 is equal to 12. 


The product of 4 and 8 is equal to 32. 


The quotient of 63 and 9 is equal to 7. 
Twice the difference of n and 3 gives 76. 
2(n — 3) = 76 


The sum of five times y and 4 is 89. 


Translate to an Equation and Solve 
In the following exercises, translate each English 


sentence into an algebraic equation and then solve 
it. 


Eight more than x is equal to 35. 


x + 8 = 35; x = 27 


21 less than a is 11. 


The difference of q and 18 is 57. 


q — 18 = 57;q = 75 


The sum of m and 125 is 240. 


Mixed Practice 


In the following exercises, solve each equation. 


h-—15=27 


h = 42 


k—11=34 


Z+52=85 


Z= 33 


x+93=114 


27=q+19 


q=8 


38=p+19 


31=v-—25 


vy = 56 


38=u-—16 


Find Multiples and Factors 
Identify Multiples of Numbers 


In the following exercises, list all the multiples less 
than 50 for each of the following. 


3, 6,9; 12, 15, 18, 21,.24,.27, 30; 33,36; 39, 


42, 45, 48 


8, 16, 24, 32, 40, 48 


10 


Use Common Divisibility Tests 


In the following exercises, using the divisibility 
tests, determine whether each number is divisible by 
2,by3,by5,by6,and by10. 


96 


23 350 


250 


420 


25350910, LO 


625 


Find All the Factors of a Number 


In the following exercises, find all the factors of 
each number. 


30 


124-34 05, Os .LOy Loe a0 


70 


180 


1,2, 3; 4, 5,.6, 9,10, 12; 15;.18; 20; 30; 36,45, 
60, 90, 180 


378 


Identify Prime and Composite Numbers 


In the following exercises, identify each number as 


prime or composite. 


19 


prime 


51 


21 


composite 


219 


Prime Factorization and the Least Common 
Multiple 


Find the Prime Factorization of a Composite 
Number 


In the following exercises, find the prime 
factorization of each number. 


84 


aaa ae iat 


165 


300 


Peo 3 ae A 


572 


Find the Least Common Multiple of Two 
Numbers 


In the following exercises, find the least common 
multiple of each pair of numbers. 


9,15 


45 


12320 


29,30 


175 
18,40 


Everyday Math 


Describe how you have used two topics from 
The Language of Algebra chapter in your life 
outside of your math class during the past 
month. 


Answers will vary 


Chapter Practice Test 


In the following exercises, translate from an 
algebraic equation to English phrases. 


6:4 
15-x 


fifteen minus x 


In the following exercises, identify each as an 
expression or equation. 


38+ 10 


x+6=9 


equation 


3°11 =33 


@ Write n-n-n-n-n-n in exponential form. 
® Write 35 in expanded form and then 
simplify. 


@ ne 
®3:°3°3°-3-3 = 243 


In the following exercises, simplify, using the order 
of operations. 


4435 


(8+1)-4 


36 


L+oG=t1) 


(8+4)+3+1 


(14+ 4)2 


s[2+7(9-—8)] 


45 
In the following exercises, evaluate each expression. 


8x — 3whenx = 4 


y3wheny =5 


125 


6a— 2bwhena=5,b=7 


hwwhenh=12,w=3 
36 
Simplify by combining like terms. 


@6x + 8x 
©9m+10+m+3 


In the following exercises, translate each phrase into 
an algebraic expression. 


5 more than x 


x-+5 


the quotient of 12 and y 


three times the difference of aandb 


3(a — b) 


Caroline has 3 fewer earrings on her left ear 
than on her right ear. Call the number of 
earrings on her right ear, r. Write an expression 
for the number of earrings on her left ear. 


In the following exercises, solve each equation. 


n—6=25 
A:= 31 
x+58=71 


In the following exercises, translate each English 
sentence into an algebraic equation and then solve 
it. 


15 less than y is 32. 
y — 15 = 32; y = 47 
the sum of a and 129 is 164. 


List all the multiples of 4, that are less than 50. 


4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44, 48 
Find all the factors of 90. 

Find the prime factorization of 1080. 

235° 23:3 


Find the LCM (Least Common Multiple) of 24 
and 40. 


Glossary 


least common multiple 
The smallest number that is a multiple of two 
numbers is called the least common multiple 
(LCM). 


prime factorization 
The prime factorization of a number is the 
product of prime numbers that equals the 
number. 


Introduction to Integers 
class = "introduction" The peak of Mount Everest. 
(credit: Gunther Hagleitner, Flickr) 


At over 29,000 feet, Mount Everest stands as the 
tallest peak on land. Located along the border of 
Nepal and China, Mount Everest is also known for 
its extreme climate. Near the summit, temperatures 
never rise above freezing. Every year, climbers from 
around the world brave the extreme conditions in 
an effort to scale the tremendous height. Only some 
are successful. Describing the drastic change in 
elevation the climbers experience and the change in 
temperatures requires using numbers that extend 
both above and below zero. In this chapter, we will 
describe these kinds of numbers and operations 
using them. 


Introduction to Integers 
By the end of this section, you will be able to: 


* Locate positive and negative numbers on the 
number line 

* Order positive and negative numbers 

* Find opposites 

¢ Simplify expressions with absolute value 

* Translate word phrases to expressions with 
integers 


Before you get started, take this readiness quiz. 


1. Plot 0,1,and3 on a number line. 


If you missed this problem, review [link]. 
2. Fill in the appropriate symbol: (=, <, or 

>):2_ 4 

If you missed this problem, review [link]. 


Temperatures below zero are described by negative 
numbers. The surface of the Mediterranean Sea has 
an elevation of Oft. The diagram shows that nearby 
mountains have higher (positive) elevations whereas 
the Dead Sea has a lower (negative) elevation. 
Depths below sea level are described by negative 
numbers. A submarine 500ft below sea level is at 


— 500ft. On a number line, positive numbers are to 
the right of zero. Negative numbers are to the left of 
zero. What about zero? Zero is neither positive nor 
negative. 


Locate Positive and Negative Numbers on 
the Number Line 


Do you live in a place that has very cold winters? 
Have you ever experienced a temperature below 
zero? If so, you are already familiar with negative 
numbers. A negative number is a number that is 
less than 0. Very cold temperatures are measured in 
degrees below zero and can be described by 
negative numbers. For example, — 1°F (read as 
“negative one degree Fahrenheit”) is 1degree below 
0. A minus sign is shown before a number to 
indicate that it is negative. [link] shows — 20°F, 
which is 20degrees below 0. 


Temperatures are not the only negative numbers. A 


bank overdraft is another example of a negative 
number. If a person writes a check for more than he 
has in his account, his balance will be negative. 


Elevations can also be represented by negative 
numbers. The elevation at sea level is 0 feet. 
Elevations above sea level are positive and 
elevations below sea level are negative. The 
elevation of the Dead Sea, which borders Israel and 
Jordan, is about 1,302feet below sea level, so the 
elevation of the Dead Sea can be represented as 
—1,302feet. See 


Depths below the ocean surface are also described 
by negative numbers. A submarine, for example, 
might descend to a depth of 500feet. Its position 
would then be —500feet as labeled in 


Both positive and negative numbers can be 
represented on a number line. Recall that the 


number line created in Add Whole Numbers started 
at 0 and showed the counting numbers increasing to 
the right as shown in [link]. The counting numbers 
(1, 2, 3, ...) on the number line are all positive. We 
could write a plus sign, +, before a positive number 
such as +2 or +3, but it is customary to omit the 
plus sign and write only the number. If there is no 
sign, the number is assumed to be positive. 


Now we need to extend the number line to include 
negative numbers. We mark several units to the left 
of zero, keeping the intervals the same width as 
those on the positive side. We label the marks with 
negative numbers, starting with —1 at the first mark 
to the left of 0, — 2 at the next mark, and so on. See 
[link]. 


The arrows at either end of the line indicate that the 
number line extends forever in each direction. There 
is no greatest positive number and there is no 
smallest negative number. 


Doing the Manipulative Mathematics activity 


"Number Line-part 2" will help you develop a 
better understanding of integers. 


Plot the numbers on a number line: 


Solution 


Draw a number line. Mark 0 in the center and 
label several units to the left and right. 


@ To plot 3, start at 0 and count three units 
to the right. Place a point as shown in 
[link]. 


® To plot —3, start at 0 and count three 
units to the left. Place a point as shown in 
[link]. 


© To plot — 2, start at 0 and count two 
units to the left. Place a point as shown in 
[link]. 


Plot the numbers on a number line. 


Plot the numbers on a number line. 


The number 3 is to the left of 5 on the number line. 
So 3 is less than 5, and 5 is greater than 3. 


Order Positive and Negative Numbers 


We can use the number line to compare and order 
positive and negative numbers. Going from left to 
right, numbers increase in value. Going from right 
to left, numbers decrease in value. See [link]. 


Just as we did with positive numbers, we can use 
inequality symbols to show the ordering of positive 
and negative numbers. Remember that we use the 
notation a<b (read a is less than b) when a is to the 
left of b on the number line. We write a>b (read a 
is greater than b) when a is to the right of b on the 
number line. This is shown for the numbers 3 and 5 


in [link]. 


The numbers lines to follow show a few more 
examples. 


4 is to the right of 1 on the number line, so 4>1. 


1 is to the left of 4 on the number line, so 1 <4. 


— 2 is to the left of 1 on the number line, so —2<1. 


1 is to the right of —2 on the number line, so 1> 


| 
N 


© 


— 1 is to the right of —3 on the number line, so 
=| =: 


— 3 is to the left of —1 on the number line, so —3< 
—1. 


Order each of the following pairs of numbers 
WisIng = On >: 


@14_6 


®-1_9 
©-1_-4 
@2—20 


Solution 


Begin by plotting the numbers on a number 
line as shown in [link]. 


CG Camnarn 1/4 and & 1A 


a 
Ww NSN ES Ht FF CALANE We 


on 


14 is to the right of6 14>6 
on the number line. 


1 a 
—listotheleftof9 — 1<9 
on the number line. 


© Compare —land -1_-—4 
—_A 

—listotherightof —-1>-—4 
— 4 on the number 

line. 


@ Compare 2 and —2 -—20 
—29; 

2 is to the right of — 202> —20 
on the number line. 


Order each of the following pairs of numbers 
usiIne==— Of =: 


@15_7 

(Om aes, 
On ere 
Ove ie 


Order each of the following pairs of numbers 
using < or >. 


@8_ 13 
®3_-4 
Cm = 
Oo! 


Find Opposites 


On the number line, the negative numbers are a 
mirror image of the positive numbers with zero in 
the middle. Because the numbers 2 and —2 are the 
same distance from zero, they are called opposites. 
The opposite of 2 is —2, and the opposite of —2 is 2 
as shown in [link](a). Similarly, 3 and —3 are 
opposites as shown in [link](b). 


Opposite 

The opposite of a number is the number that is the 
same distance from zero on the number line, but on 
the opposite side of zero. 


Find the opposite of each number: 


@7 
Oa ie: 


Solution 


@) The number —7 is the same distance 
from 0 as 7, but on the opposite side of 0. 
So —7 is the opposite of 7 as shown in 
[link]. 


© The number 10 is the same distance from 
0 as —10, but on the opposite side of 0. So 
10 is the opposite of — 10 as shown in 
[link]. 


Find the opposite of each number: 


@4 
®—3 


Find the opposite of each number: 


@8 
®—-5 


Opposite Notation 


Just as the same word in English can have different 
meanings, the same symbol in algebra can have 
different meanings. The specific meaning becomes 
clear by looking at how it is used. You have seen the 
symbol “—”, in three different ways. 


10-4 Between two numbers, 
the symbol indicates the 
operation of subtraction. 
We read 10—4 as 10 


° 
miniic A 
FIllitus Te 


—8 In front of a number, the 
symbol indicates a 
negative number. 

We read —8 as negative 


aiaht 
UUEILLe 


—X In front of a variable or a 
number, it indicates the 
opposite. 


We read — x as the opposite 
at WwW 


of x 

—(-2) Here we have two signs. 
The sign in the 
parentheses indicates that 
the number is negative 2. 
The sign outside the 
parentheses indicates the 
opposite. We read —(—2) 
as the opposite of — 2. 


Opposite Notation 
—a means the opposite of the number a 
The notation —a is read the opposite of a. 


Simplify: —(—6). 


Solution 


The opposite of — 6 is 
6. 


Simplify: 


=) 


Simplify: 


eee, 


Integers 


The set of counting numbers, their opposites, and 0 
is the set of integers. 


Integers 
Integers are counting numbers, their opposites, 


and zero. 
... -3,-2,-1,0,1,2,3... 


We must be very careful with the signs when 
evaluating the opposite of a variable. 


Evaluate —x: 


@ when x=8 
® when x= —8. 


@ To evaluate —x 
when x=8, substitute 


2< 


(Q\titiita Q far 
LV feiewew “ Fw 


Simplify. —8 


®© To evaluate —x 
when x= — 8, 


. 
outhotituta QO far wv 
VUYVLLLULLE vivi “Ae 


_f_  Q\ ruta —2 far v 
Ly ee OS we ne 


Simplify. 8 


Evaluate —n: 


@ whenn=4 
® whenn= —4 


Evaluate: —m: 


@ whenm=11 
® whenm=-—11 


Simplify Expressions with Absolute Value 


We saw that numbers such as 5 and —5 are 
opposites because they are the same distance from 0 
on the number line. They are both five units from 0. 
The distance between 0 and any number on the 
number line is called the absolute value of that 
number. Because distance is never negative, the 
absolute value of any number is never negative. 


The symbol for absolute value is two vertical lines 
on either side of a number. So the absolute value of 
5 is written as |5|, and the absolute value of —5 is 
written as |—5] as shown in [link]. 


Absolute Value 
The absolute value of a number is its distance from 
O on the number line. 


The absolute value of a number n is written as |n|. 
|n| = Ofor all numbers 


Simplify: 


@ |3| 
© |-44| 
© |0| 


Solution 


(ey 
VY 


wo 


3 is 3 units from zero. 3 


® 

br 
— 44 is 44 units from 44 
zero. 


(c) 
Y 


0 is already at zero. 0 


Simplify: 


@]12| 
© —|-28| 


@ 12 
Gr 28 


Simplify: 


OnE) 
® (b)—|37| 


We treat absolute value bars just like we treat 
parentheses in the order of operations. We simplify 
the expression inside first. 


Evaluate: 


@|x|whenx = — 35 


®|-—y|wheny = — 20 
— |u]whenu=12 
—|p|whenp= — 14 


Solution 


@ To ‘hve |x| when 


|_2Shitven 36 for y 
Take the absolute 35 
value. 


> 


o To mic |—y| when 


“ 


—~ orMee 


Cimnali Fr 


Urliipiiny 


Take the absolute 
value. 


© To find —|u| when 


Hl iute12-foru, 
Take the absolute 
value. 


@' To mul |p| when 


| Alita —1A4 for rn 
[AL ate —)470r nh, 


Take the absolute 
value. 


I 


~14 


Notice that the result is negative only when 
there is a negative sign outside the absolute 
value symbol. 


Evaluate: 


@|x|whenx = — 17 

®|-—y|wheny = — 39 
© — |m|whenm = 22 
@ — |p|whenp= —11 


@|y|wheny = — 23 
®|-—y|wheny = — 21 
© — |n|whenn = 37 
@ — |q|wheng= — 49 


@ 23 


® 21 
Oe ay 
@ —49 


Fill in <,>,or= for each of the following: 


Solution 


To compare two expressions, simplify each one 
first. Then compare. 


Urlitipiizy. 


(A) 
(h) 


Q 
i 
Cimnlifrr Q 
Oinipauy . Vu 


Order. 


(Y 
VY 


Cim 
Oinipauy 


Order. — 


9 
Pel Ger = aes 
9 


‘a 
(a) 


| 
| 
nlifir AZ, Bete: 
. "4 f 


Cim 
Oinipauy 


Order. _ ee —7 


Fill in <,>,or=for each of the following: 


Fill in <,>,or= for each of the following: 


Absolute value bars act like grouping symbols. First 
simplify inside the absolute value bars as much as 
possible. Then take the absolute value of the 
resulting number, and continue with any operations 
outside the absolute value symbols. 


Simplify: 


@|9-3| 
©4|-2| 


Solution 


For each expression, follow the order of 
operations. Begin inside the absolute value 
symbols just as with parentheses. 


G) 
(a) 


la 

| g 
Simplify inside the |6| 
absolute valuc sign. 


Take the absolute 6 


value. 


(A) 
fb) 


Multiply. 


Simplify: 


®|12-9| 
®3|-6| 


Simplify: 


®|27-16| 
©9|- 


Simplify: |8+7|—|5+6]. 


Solution 


For each expression, follow the order of 
operations. Begin inside the absolute value 
symbols just as with parentheses. 


lev —l 5+ 
1 


Al 
Simplify inside each iat 11 


aheaaliuta zy ralain cian 
Uvoviurw vulture v1611. 


Subtract. 4 


Simplify: |1+8]—|2+5] 


Simplify: 24 —|19-—3(6—2)]. 


Solution 


We use the order of operations. Remember to 
simplify grouping symbols first, so parentheses 
inside absolute value symbols would be first. 


24119-32762)! 
Simplify in the 24-|19-3(4)| 


naranthanana firot 


eke ReALLLLW IV Lilbdte 


asltinly, QLAY\ 
Mnutipry Yue 


9 14 
cod | e © 
Subtract inside the 24—|7 


absclute Vv alu we sign. 

Take the absolute 24-7 
ey Ee 

Subtract. 17 


Simplify: 19 —|11—4(3-1)| 


Simplify: 9 — |8 — 4(7 —5)| 


Translate Word Phrases into Expressions 
with Integers 


Now we can translate word phrases into expressions 
with integers. Look for words that indicate a 
negative sign. For example, the word negative in 
“negative twenty” indicates — 20. So does the word 
opposite in “the opposite of 20.” 


Translate each phrase into an expression with 
integers: 


@ the opposite of positive fourteen 
© the opposite of —11 

© negative sixteen 

@ two minus negative seven 


Solution 


@ the opposite of fourteen 
—14 

® the opposite of —11 
st 9, 

© negative sixteen 


= 16 
@ two minus negative seven 
ed Ca 


Translate each phrase into an expression with 
integers: 


@ the opposite of positive nine 
® the opposite of —15 

© negative twenty 

@ eleven minus negative four 


Translate each phrase into an expression with 
integers: 


@ the opposite of negative nineteen 


® the opposite of twenty-two 
© negative nine 
@ negative eight minus negative five 


As we saw at the start of this section, negative 
numbers are needed to describe many real-world 
situations. We’ll look at some more applications of 
negative numbers in the next example. 


Translate into an expression with integers: 


@ The temperature is 12degrees Fahrenheit 
below zero. 


© The football team had a gain of 3yards. 
© The elevation of the Dead Sea is 
1,302feet below sea level. 

@ A checking account is overdrawn by $40. 


Solution 


Look for key phrases in each sentence. Then 
look for words that indicate negative signs. 
Don’t forget to include units of measurement 
described in the sentence. 


@ 


Below zero tells us that 
12 is a negative 
number. 


© 


A gain tells us that 3 :s 
a positive number. 


The temperature is 12 
degrees Fahrenheit 


halarvar vara 
WeLVVVY GivtvlwvVe 


ae 


The football team had 


a wain af 9 warda 
uu (ihe Viv of See 


3 yards 


© The elevation of the 
Dead Sea is 1,302 feet 


halanar ann Tatral 
VWeLltvVVV JU IW VLLe 


Below sea level tells us —1,302 feet 
that 1,302 is a negative 
number. 


@ A checking account is 
aAnIiovArarsarin hrz CAN 
VYVVeLULUVVLIL ey wy ive 

Overdrawn tells us that —$40 

40 is a negative 


number. 


Translate into an expression with integers: 


The football team had a gain of 5yards. 


Translate into an expression with integers: 


The scuba diver was 30feet below the surface 
of the water. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Introduction to Integers 

¢ Simplifying the Opposites of Negative Integers 
* Comparing Absolute Value of Integers 

* Comparing Integers Using Inequalities 


Key Concepts 
* Opposite Notation 


© —a means the opposite of the number a 
© The notation —a is read the opposite of a. 


¢ Absolute Value Notation 


© The absolute value of a number n is 
written as |n]. 
© |n|=0 for all numbers. 


Practice Makes Perfect 


Locate Positive and Negative Numbers on the 
Number Line 


In the following exercises, locate and label the given 
points on a number line. 


@2 
®-2 
O=5 


@—-7 
®7 
O=1 


Order Positive and Negative Numbers on the 
Number Line 


In the following exercises, order each of the 
following pairs of numbers, using < or >. 


Find Opposites 


In the following exercises, find the opposite of each 
number. 


@2 
®—6 


In the following exercises, simplify. 


-(-4) 


15 
=Ceslh) 
In the following exercises, evaluate. 


—mwhen 
@m=3 
®©Om=-3 


@ -3 
® 3 


— pwhen 


@p=6 
®p=— 


— cwhen 
@c=12 
®c=-—12 


@ —12; 
® 12 


— dwhen 


@d=21 
@d=-—-21 


Simplify Expressions with Absolute Value 


In the following exercises, simplify each absolute 
value expression. 


@|7| 
®|-25| 


@|-41| 
®|-40| 
©|22| 


In the following exercises, evaluate each absolute 


value expression. 


@|x|whenx = — 28 
®|—u|whenu= —15 


@ 28 
® 15 


@|y|wheny = — 37 
®|-—z|whenz = — 24 


@ —|p|whenp= 19 
® —|q|wheng= — 33 


@ -19 
® —33 


@ — |a|whena=60 
® — |b|whenb= — 12 


In the following exercises, fill in <,>,or= to 
compare each expression. 


@-6 _|-6| 
OxAl=3l=8 


©® 


Il A 


@-8_|-8| 
®-|—-2| -2 


@|—3/_—|-3| 
©4_-|-4| 


@> 
® > 


@| = 5|.—|=5| 
©9_-|-9| 


In the following exercises, simplify each expression. 


I8—4| 


5|-5| 


115—7|-|14-6 


\17—8] —|13—4| 


18—|2(8—3)| 


15—|3(8—5)| 


8(14—2| —2I) 


80 


6(13—4| —2)) 


Translate Word Phrases into Expressions with 
Integers 


Translate each phrase into an expression with 
integers. Do not simplify. 


@ the opposite of 8 
© the opposite of —6 
© negative three 

@ 4 minus negative 3 


@ -8 

® —(-—6), or 6 
© -3 

@ 4-(-3) 


@ the opposite of 11 
® the opposite of —4 
© negative nine 

@ 8 minus negative 2 


@ the opposite of 20 
® the opposite of —5 
© negative twelve 

@ 18 minus negative 7 


@ —20 

® —(—-5),or5 
© -—12 

@ 18-—(-7) 


@ the opposite of 15 
® the opposite of —9 
© negative sixty 
@12 minus 5 


a temperature of 6degrees below zero 


— 6 degrees 


a temperature of 14degrees below zero 


an elevation of 40feet below sea level 


— 40 feet 


an elevation of 65feet below sea level 


a football play loss of 12yards 


—12 yards 


a football play gain of 4yards 


a stock gain of $3 


$3 


a stock loss of $5 


a golf score one above par 


sek 


a golf score of 3 below par 


Everyday Math 


Elevation The highest elevation in the United 
States is Mount McKinley, Alaska, at 20,320feet 
above sea level. The lowest elevation is Death 
Valley, California, at 282feet below sea level. 
Use integers to write the elevation of: 


@ Mount McKinley 
© Death Valley 


@ 20,320 feet 
© —282 feet 


Extreme temperatures The highest recorded 
temperature on Earth is 58° Celsius, recorded in 
the Sahara Desert in 1922. The lowest recorded 
temperature is 90° below 0° Celsius, recorded in 
Antarctica in 1983. Use integers to write the: 


@ highest recorded temperature 
© lowest recorded temperature 


State budgets In June, 2011, the state of 
Pennsylvania estimated it would have a budget 
surplus of $540 million. That same month, 


Texas estimated it would have a budget deficit 
of $27 billion. Use integers to write the budget: 


@ surplus 
® deficit 


@ $540 million 
® —$27 billion 


College enrollments Across the United States, 
community college enrollment grew by 
1,400,000 students from 2007 to 2010. In 
California, community college enrollment 
declined by 110,171 students from 2009 to 
2010. Use integers to write the change in 
enrollment: 


@ growth 
® decline 


Writing Exercises 


Give an example of a negative number from 
your life experience. 


Sample answer: I have experienced negative 
temperatures. 


What are the three uses of the “—” sign in 
algebra? Explain how they differ. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 

because topics you do not master become potholes 
in your road to success. In math, every topic builds 
upon previous work. It is important to make sure 


you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no—I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


absolute value 
The absolute value of a number is its distance 
from O on the number line. 


integers 
Integers are counting numbers, their 
opposites, and zero ... -3, -2,-1, 0, 1, 2,3... 


negative number 
A negative number is less than zero. 


opposites 
The opposite of a number is the number that 
is the same distance from zero on the number 
line, but on the opposite side of zero. 


Add Integers 
By the end of this section, you will be able to: 


* Model addition of integers 

¢ Simplify expressions with integers 

¢ Evaluate variable expressions with integers 

¢ Translate word phrases to algebraic expressions 
¢ Add integers in applications 


Before you get started, take this readiness quiz. 


. Evaluate x + 8 when x=6. 
If you missed this problem, review [link]. 
PSlmplity: 6; 2(5-- 1). 


If you missed this problem, review [link]. 

. Translate the sum of 3 and negative 7 into an 
algebraic expression. 
If you missed this problem, review [link] 


A blue counter represents +1. A red counter 
represents — 1. Together they add to zero. 


Model Addition of Integers 


Now that we have located positive and negative 
numbers on the number line, it is time to discuss 


arithmetic operations with integers. 


Most students are comfortable with the addition and 
subtraction facts for positive numbers. But doing 
addition or subtraction with both positive and 
negative numbers may be more difficult. This 
difficulty relates to the way the brain learns. 


The brain learns best by working with objects in the 
real world and then generalizing to abstract 
concepts. Toddlers learn quickly that if they have 
two cookies and their older brother steals one, they 
have only one left. This is a concrete example of 
2—1. Children learn their basic addition and 
subtraction facts from experiences in their everyday 
lives. Eventually, they know the number facts 
without relying on cookies. 


Addition and subtraction of negative numbers have 
fewer real world examples that are meaningful to 
us. Math teachers have several different approaches, 
such as number lines, banking, temperatures, and so 
on, to make these concepts real. 


We will model addition and subtraction of negatives 
with two color counters. We let a blue counter 
represent a positive and a red counter will represent 
a negative. 


If we have one positive and one negative counter, 
the value of the pair is zero. They form a neutral 
pair. The value of this neutral pair is zero as 
summarized in [link]. 


Doing the Manipulative Mathematics activity 
"Addition of signed Numbers" will help you 
develop a better understanding of adding integers. 


We will model four addition facts using the numbers 
5, —5and3, — 3. 
Stool =o) =o e254 3) 


Model: 5+3. 


Solution 


Interpret the 5+3 means the sum of 
NVArAKANCOAI AN Cc and 92 


Model the first 
number. Start with 5 


POOOOO 


Model the second 
number. Add 3 


OOOO OOO 


Count the total number 
of counters. 


OOO00O OOO 


2 pyo ¥ cere) 


The sum of 5and 3is 5+3=8 
8. 


Model the expression. 


D4 


Model the expression. 


DE) 


Model: —5+(-—3). 


Solution 


Interpret the —5+(-—3) means the 


awnraackKnTHn (IR aye 2) 
Ve 


om nan 
ae ee VUE VL vw ULLU 


Model the first 
number. Start with 5 


neQQO0O 


Model the second 
number. Add 3 


neOOOOO OOO 


Count the total number 
of counters. 


OOOO O0O 


oO legauyes 


The sum of —5 and —5+-3=-8 
—3is —8. 


Model the expression. 


—2+(-4) 


Model the expression. 


Acie 5)) 


[link] and [link] are very similar. The first example 
adds 5 positives and 3 positives—both positives. The 
second example adds 5 negatives and 3 negatives— 
both negatives. In each case, we got a result of 8— 
either8 positives or 8 negatives. When the signs are 
the same, the counters are all the same color. 


Now let’s see what happens when the signs are 
different. 


Model: —5+3. 


Solution 


Interpret the —5+3 means the sum 
NVArAKACOA AN of — ex and 9g 


SSS L&eVUIVIile w ULI Ve 


Model the first 
number. Start with 5 


ne ()O)OOO 


Model the second 
number. Add 3 


pe QOO0OO 


Remove any neutral 
pairs. 


ONONO 
Count the result. 


OO 


2 ncgauves 
The sum of -band: —-5+3=-2 
is —2. 


Notice that there were more negatives than 
positives, so the result is negative. 


Model the expression, and then simplify: 


2+(-4) 


Model the expression, and then simplify: 


eel 5) 


Model: 5+(-—3). 


Solution 


Interpret the 5+(—3) means the 


avrnraad am af EF anA _ 2. 


expression. Su Lht Wh Vv ULI 


Model the first 


number. Start with 5 
pe QOO0O 
Model the second 
number. Add 3 


ne QOOOO 
OOO 


Remove any neutral 


9 nocitivesc 
2-posiives 


The sum of 5and —2 5+(-3)=2 
1s. 


Model the expression, and then simplify: 


(-2)+4 


Model the expression: 


(ees 


Modeling Addition of Positive and Negative 


@) 
Start with 4 positives. 


OOOO 


Add two positives. 


OOOO OO 


How many do you 6.4+2=6 
have? 


MW) 
NE, 


ae 2 ee 
1S i oe od 


Start with 3 negative:. 


OOO 


Add 6 positives. 


O00 
OQ0Q00 


— ee 


Remove neutral pairs. 


erele 
C0G/ 000 


ee 
How many are left? 


OOO 


— 


3. —3+6=3 


(ON 

Ww 
Al AL fe — 
' Lov 


Start with 4 positives. 


OOOO 


Add 5 negatives. 


~— ~~" “~" “"” “” 


Remove neutral pairs. 


OOOO 
QOO0PU/ O 


How many are left? 


C) 


— 


—k-4-+-(—5}=—1 


(AY 
Oy 
Sep ET ee Tah 
ary vJ 


Start with 2 negative:. 


O@® 


Add 3 negatives. 


OO OOO 


How many do you SE ye 
have? 


Model each addition. 


@3+4 

@ 1) sp 4! 
© 4 + (-6) 
Oe) 


Po 


Simplify Expressions with Integers 


Now that you have modeled adding small positive 
and negative integers, you can visualize the model 
in your mind to simplify expressions with any 
integers. 


For example, if you want to add 37+ (— 53), you 
don’t have to count out 37 blue counters and 53 red 
counters. 


Picture 37 blue counters with 53 red counters lined 
up underneath. Since there would be more negative 
counters than positive counters, the sum would be 
negative. Because 53 —37=16, there are 16 more 
negative counters. 

37 +(—53)= —-16 


Let’s try another one. We'll add —74+(-—27). 
Imagine 74 red counters and 27 more red counters, 
so we have 101 red counters all together. This 
means the sum is — 101. 

—74+(—27)=-101 


Look again at the results of [link] - [link]. 


ae an?) —~ARif__2\ 
wT tw mw vj 


both positive, sum both negative, sum 
positive negative 

When the signs are the 

same, the counters would 

be all the same color, so 


add them. 
ee EE ee | Rtf_2\ 

vig Vv Xu vJ 
different signs, more different signs, more 
naarnatirtadc nncititzoc 
ato eee. PYePtterey 
Sum-negative sum positive 


When the signs are 
different, some counters 
would make neutral pairs; 
subtract to see how many 
are left. 


Addition of Positive and Negative Integers 


Simplify: 


@19+(-—47) 
® —32+40 


Solution 


@ Since the signs are different, we subtract 19 


from 47. The answer will be negative because 
there are more negatives than positives. 
19+(—47)—28 


© The signs are different so we subtract 32 
from 40. The answer will be positive because 
there are more positives than negatives 

— 32+408 


Simplify each expression: 


@is-- (32) 
®—19+76 


Simplify each expression: 


@—55+9 
©43+(-17) 


@ —46 
® 26 


Simplify: — 14+ (—36). 


Solution 


Since the signs are the same, we add. The 
answer will be negative because there are only 
negatives. 

—14+(-—36)-—50 


Simplify the expression: 


= Siete eho) 


Simplify the expression: 


=42-+-(—28) 


The techniques we have used up to now extend to 
more complicated expressions. Remember to follow 
the order of operations. 


speunyeliiais Verse 8] == vase p 


Solution 


et TE he Ye oo ve AN 
CALETA C= el ay hey 


Simplify inside the —5+4+3(5) 


Jess RALLLIWUVe 


NAaal ts ole, 


AviULtiply 


Add left to right. 


Simplify the expression: 


—2+5(-4+7) 


Simplify the expression: 


—4+2(-3+5) 


Evaluate Variable Expressions with 
Integers 


Remember that to evaluate an expression means to 


substitute a number for the variable in the 
expression. Now we can use negative numbers as 
well as positive numbers when evaluating 
expressions. 


Evaluate x + 7when 


@x=-2 
®x=-—11. 


Solution 


@ Evaluate x +7 when 


w= 4) 
Le —_— 


—? + Ttute —? for x. 


Simplify. 
5 


® Evaluate x +7 when 


v— —11 
a aa 


r+7 


—11 + Tite -11 for», 


Simplify. 


-4 


Evaluate each expression for the given values: 
x + 5when 


@ x= —3and 
® x=—-17 


Evaluate each expression for the given values: 
y +7 when 


@y=-5 
®y=-8 


When n= —5, evaluate 


@n+1 
®—n+1. 


Solution 


@® Evaluate n+ 1 when 


n— —F& 
2 Vv 


—S + Itute -S for n, 


Simplify. 


~4 


® Evaluate —n+1 


wvatrhan n — _E 
VVEENEE 117 vu 


—n+1 


—(—4) + 1-5 for n. 


Simplify. 


S541 


Add. 


When n= —8, evaluate 


@n+2 
®—n+2 


Wheny= — 9,evaluate 


@y+8 
®-y+s. 


Next we'll evaluate an expression with two 
variables. 


Po 


Evaluate 3a+ b when a= 12 and b= — 30. 


Solution 


3a +h 


3019) + (30 Vr a and — 20 for h. 
Multiply. 
36 + (—30) 
Add. 


Evaluate the expression: 


a+2bwhena= — 19andb=14. 


Evaluate the expression: 


5p + qwhenp = 4andq= —7. 


Evaluate (x +y)2 when x= — 18 and y= 24. 


Solution 


This expression has two variables. Substitute 
— 18 for x and 24 for y. 


(xr 1 +719 
\Waoyyea 


(-—184+24)2 


Cithetitiuita —12 far v and 04 far iu 
TE tte ten ps 


Ss sre ™ 


Add inside the (6)2 


naranthoacaca 
Pr estuievLev. 


Simplify 36 


Evaluate: 


(x+y)2 when x= —15 and y=29. 


Evaluate: 


(x+y)3 when x= —8 and y=10. 


Translate Word Phrases to Algebraic 
Expressions 


All our earlier work translating word phrases to 
algebra also applies to expressions that include both 
positive and negative numbers. Remember that the 
phrase the sum indicates addition. 


Translate and simplify: the sum of —9 and 5. 


Solution 


The sum of —9 and the sum of —9and5 


ndinataa addAitin 
TMUaLcaucoe Gaaliucil. 


Tranalata 1 E- 
bLULIVIULL. VW 


Simplify. 


Translate and simplify the expression: 


the sum of —7 and 4 


Translate and simplify the expression: 


the sum of —8 and —6 


Translate and simplify: the sum of 8 and —12, 
increased by 3. 


Solution 


The phrase increased by indicates addition. 


The sum of 8 and —12, 


inaranand hx 2 
LLL LUEUVLEU ay vw 
Tranalata 


Lo ol é = 1 2 ae 2 
LLULLILULee ! 
Uilitpiinsy. riwyw 


Translate and simplify: 


the sum of 9 and — 16, increased by 4. 


[92C= 16) 4-— = 3 


Translate and simplify: 


the sum of —8 and —12, increased by 7. 


Biches iG WA) arse ated be 


Add Integers in Applications 


Recall that we were introduced to some situations in 
everyday life that use positive and negative 
numbers, such as temperatures, banking, and sports. 
For example, a debt of $5 could be represented as — 
$5. Let’s practice translating and solving a few 
applications. 


Solving applications is easy if we have a plan. First, 
we determine what we are looking for. Then we 
write a phrase that gives the information to find it. 
We translate the phrase into math notation and then 
simplify to get the answer. Finally, we write a 
sentence to answer the question. 


The temperature in Buffalo, NY, one morning 


started at 7degrees below zero Fahrenheit. By 
noon, it had warmed up 12degrees. What was 
the temperature at noon? 


Solution 


We are asked to find the temperature at noon. 


Write a phrase for the The temperature 
temperature. warmed up 12 degrees 
from 7 degrees below 


WAN 
av.lVe 


Translate to math —7+12 


. 
natatinn 
LLVLULIVILe 


Simplif- 5 
Write a sentence to The temperature at 
answer the question. noon was 5 degrees 


Fahrenheit. 


The temperature in Chicago at 5 A.M. was 
10degrees below zero Celsius. Six hours later, 
it had warmed up 14 degrees Celsius. What is 
the temperature at 11 A.M.? 


4 degrees Celsius 


A scuba diver was swimming 16 feet below the 
surface and then dove down another 17 feet. 
What is her new depth? 


A football team took possession of the football 
on their 42-yard line. In the next three plays, 
they lost 6 yards, gained 4 yards, and then lost 
8 yards. On what yard line was the ball at the 
end of those three plays? 


Solution 


We are asked to find the yard line the ball was 
on at the end of three plays. 


Write a word phrase _ Start at 42, then lose 6, 


for the position of the gain 4, lose 8. 
hall 


WVuUile 


Translate to math 42-6+4-8 


ke Xa | 
ve 


Write a sentence to At the end of the three 
answer the question. plays, the ball is on the 
32-yard line. 


The Bears took possession of the football on 
their 20-yard line. In the next three plays, they 
lost 9 yards, gained 7 yards, then lost 4 yards. 
On what yard line was the ball at the end of 
those three plays? 


14-yard line 


The Chargers began with the football on their 
25-yard line. They gained 5 yards, lost 8 yards 
and then gained 15 yards on the next three 
plays. Where was the ball at the end of these 
plays? 


37-yard line 


CCESS ADDITIONAL ONLINE RESOURCES 


¢ Adding Integers with Same Sign Using Color 
Counters 

- Adding Integers with Different Signs Using 

Counters 

Ex1: Adding Integers 

Ex2: Adding Integers 


Key Concepts 


a Aditian af Dositivea and Noagatira TInt tavers 
LBCACEELEWEL VE SLLAQL 1yeout vw a11tc 65 
a ae J —~Eif 2) 
vfs very vJ 
both positive, sum both negative, sum 
positive negative 
When the signs are the 
same, the counters 
would be all the same 
ealar en adda tham 
weviviy, WY CALLE LIL Lile 
el ae ae | Rif 2) 

vite v Xu bad? J 


different signs, more — different signs, more 


negativas nonocititrac 
aueeguu pvyvitiveo 


Sum-negative sum positive 
When the signs are 

different, some 

counters would make 

neutral pairs; subtract 

to see how many are 

left. 


Practice Makes Perfect 
Model Addition of Integers 


In the following exercises, model the expression to 
simplify. 


7+4 

DOOOOOO OOOO 
11 

8+5 

-6+(-3) 


9+(-4) 


Simplify Expressions with Integers 


In the following exercises, simplify each expression. 


—21 (= 59) 


— 80 


—35+(-47) 


48+(—-16) 


32 


34+(—-19) 


— 200+ 65 


= 155 


—150-+45 


2+(—3) +6 


4+(-9)+7 


—14+(-12)+4 


= 22 


=<17 4(=18):+6 


T3097 == 110) 83 


108 


140 + (—75) + 67 


—32+24+(—-6)+10 


—4 
—38+27+(—8)+12 
19+ 2(—3+8) 

29 


244+ 3(-5+9) 


Evaluate Variable Expressions with Integers 


In the following exercises, evaluate each expression. 


x+8 when 


@x=—26 
®x=-—95 


@ —-18 
® —87 


y +9 when 


y +(—14) when 
@y=-33 
®y=30 


@ —47 
® 16 


x+(-—21) when 


@x=—27 
@©x=44 


When a= — 7, evaluate: 
@a+3 
®-a+3 


@ -4 
© 10 


When b= —11, evaluate: 


@b+6 
®—b+6 


When c= — 9, evaluate: 
@c+(-4) 
®—c+(—4) 


@ -13 
®5 


When d= —8, evaluate: 


@d+(-9) 
®-—d+(-9) 


m+n when, m= —15, n=7 


=$ 


p+q when, p= —9, q=17 


r—3s when, r=16, s=2 


10 


2t+u when, t= —6, u=—5 


(a+b)2 when, a= —7, b=15 


64 


(c+d)2 when, c= —5, d=14 


(x+y)2 when, x= —3, y=14 


121 


(y+z)2 when, y= —3,z=15 


Translate Word Phrases to Algebraic Expressions 


In the following exercises, translate each phrase into 
an algebraic expression and then simplify. 


The sum of —14 and 5 


-14+5=-9 


The sum of —22 and 9 


8 more than —2 


-24+8=6 


5 more than —1 


—10 added to —15 


—15 + (-10) = —25 


—6 added to — 20 


6 more than the sum of —1 and —12 


[-1 + (-12)] + 6 = -7 


3 more than the sum of —2 and —8 


the sum of 10 and — 19, increased by 4 


[10 + (-19)] +4 = —-5 


the sum of 12 and —15, increased by 1 


Add Integers in Applications 


In the following exercises, solve. 


Temperature The temperature in St. Paul, 
Minnesota was — 19°F at sunrise. By noon the 
temperature had risen 26°F. What was the 
temperature at noon? 


7 F 


Temperature The temperature in Chicago was 
— 15°F at 6 am. By afternoon the temperature 
had risen 28°F. What was the afternoon 
temperature? 


Credit Cards Lupe owes $73 on her credit card. 
Then she charges $45 more. What is the new 
balance? 


— $118 


Credit Cards Frank owes $212 on his credit 
card. Then he charges $105 more. What is the 
new balance? 


Weight Loss Angie lost 3 pounds the first week 
of her diet. Over the next three weeks, she lost 
2 pounds, gained 1 pound, and then lost 4 
pounds. What was the change in her weight 
over the four weeks? 


— 8 pounds 


Weight Loss April lost 5 pounds the first week 
of her diet. Over the next three weeks, she lost 
3 pounds, gained 2 pounds, and then lost 1 
pound. What was the change in her weight over 
the four weeks? 


Football The Rams took possession of the 
football on their own 35-yard line. In the next 
three plays, they lost 12 yards, gained 8 yards, 
then lost 6 yards. On what yard line was the 
ball at the end of those three plays? 


25-yard line 


Football The Cowboys began with the ball on 
their own 20-yard line. They gained 15 yards, 
lost 3 yards and then gained 6 yards on the next 
three plays. Where was the ball at the end of 
these plays? 


Calories Lisbeth walked from her house to get 
a frozen yogurt, and then she walked home. By 
walking for a total of 20 minutes, she burned 
90 calories. The frozen yogurt she ate was 110 
calories. What was her total calorie gain or 
loss? 


20 calories 


Calories Ozzie rode his bike for 30 minutes, 
burning 168 calories. Then he had a 140-calorie 
iced blended mocha. Represent the change in 
calories as an integer. 


Everyday Math 


Stock Market The week of September 15, 
2008, was one of the most volatile weeks ever 


for the U.S. stock market. The change in the 
Dow Jones Industrial Average each day was: 


Monday — 504Tuesday + 142Wednesday 
— 449Thursday + 410Friday + 369 


What was the overall change for the week? 


—32 


Stock Market During the week of June 22, 
2009, the change in the Dow Jones Industrial 
Average each day was: 


Monday — 201 Tuesday — 16Wednesday 
— 23Thursday + 172Friday — 34 


What was the overall change for the week? 


Writing Exercises 


Explain why the sum of —8 and 2 is negative, 
but the sum of 8 and — 2 and is positive. 


Sample answer: In the first case, there are more 
negatives so the sum is negative. In the second 
case, there are more positives so the sum is 


positive. 


Give an example from your life experience of 
adding two negative numbers. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Subtract Integers 
By the end of this section, you will be able to: 


* Model subtraction of integers 

¢ Simplify expressions with integers 

¢ Evaluate variable expressions with integers 

* Translate words phrases to algebraic 
expressions 

¢ Subtract integers in applications 


Before you get started, take this readiness quiz. 


i, Sioa) tine I= ((s)— 11). 
If you missed this problem, review [link]. 
2. Translate the difference of 20 and —15 into an 


algebraic expression. 

If you missed this problem, review [link]. 
3. Add: — 18-7. 

If you missed this problem, review [link]. 


Model Subtraction of Integers 


Remember the story in the last section about the 
toddler and the cookies? Children learn how to 


subtract numbers through their everyday 
experiences. Real-life experiences serve as models 
for subtracting positive numbers, and in some cases, 
such as temperature, for adding negative as well as 
positive numbers. But it is difficult to relate 
subtracting negative numbers to common life 
experiences. Most people do not have an intuitive 
understanding of subtraction when negative 
numbers are involved. Math teachers use several 
different models to explain subtracting negative 
numbers. 


We will continue to use counters to model 
subtraction. Remember, the blue counters represent 
positive numbers and the red counters represent 
negative numbers. 


Perhaps when you were younger, you read 5—3 as 
five take away three. When we use counters, we can 
think of subtraction the same way. 


Doing the Manipulative Mathematics activity 
Subtraction of Signed Numbers" will help you 


develop a better understanding of subtracting 
integers. 


We will model four subtraction facts using the 


numbers 5 and 3. 
5-—3-5-(-3)-5-35-(-3) 


Solution 


Interpret the 5—3 means 5 take 


Model the first 
number. Start with 5 


2 QOOOO 


Take away the second 
number. So take away 


*@09)00 


2 nositives 


Find the counters that 
are left. 
OO 
5 +32; 
The difference between 


5 and 3 is 2. 


Model the expression: 


6-4 


Model the expression: 


7-4 


Model: —5—(-—3). 


Solution 


Interpret the =) —\(— 3) means —o 


. 
aAvnranacann talzan avaratr __ 
SEAN EAS RevVuivile LUAW SNPS} Ve 


Model the first 
number. Start with 5 


ne OOOOO 


Take away the second 
number. So take away 


"Q09,22 


7? neoatives 
2 


Find the number of 
counters that are left. 


—5-(-3)=-2. 
The difference between 
—5 and —3is —2. 


Model the expression: 


-6-(-4) 


Model the expression: 


-7-(-4) 


Notice that [link] and [link] are very much alike. 


* First, we subtracted 3 positives from 5 positives 
to get 2 positives. 

* Then we subtracted 3 negatives from 5 
negatives to get 2 negatives. 


Each example used counters of only one color, and 
the “take away” model of subtraction was easy to 


apply. 


Now let’s see what happens when we subtract one 
positive and one negative number. We will need to 
use both positive and negative counters and 
sometimes some neutral pairs, too. Adding a neutral 
pair does not change the value. 


Solution 


Interpret the —5—3 means —5 take 


aAwnrncainn ATATAIT 
Vaypirvoivile uvvuy ve 


Model the first 
number. Start with 5 


re OOOO 


Take away the second 
number. 
So we need to take 


TATA 2 nnaitirtraa 
away ¥v pyvitivev. 


But there are no 
positives to take away. 
Add neutral pairs until 


yYOQOOOO COO 
©Oo02 

Now take away 3 

positives. 


OOQOO0O0 QOO 
S 


Count the number of 
counters that are left. 


OOOO0e O00 
: S59 =— 9: 
The difference of —5 
and 3 is —8. 


Model the expression: 


—6-4 


Model the expression: 


-7—4 


Model: 5—(-—3). 


Solution 


Interpret the 5—(—3) means 5 take 
Model the first 

number. Start with 5 

rmOOOOO 

Take away the second 

number, so take away 


2 nnentirtranda 
vy nceaa VUve 


But there are no 
negatives to take awzy. 


AMQOQOOO OOO 
ie OOO 


-——- — 


Then take away 3 
negatives. 


OO0000 OOO 
COO 


= 


a 
Count the number of 
counters that are left. 


OOO0O0O0 OOO 


RQ nocitives 
S-DOSIUIUES 


The difference of 5 and 
—3 is 8. 


5—(—-3)=8 


Model the expression: 


6—-(-4) 


Model the expression: 


Tea) 


Model each subtraction. 


@8-2 
® -—5 - 4 
© 6 — (-6) 
@ —8 — (-3) 
@) 
8-2 
This means 8 take 


Start with 8 positives. 


OOOQOO0OO0OO 


© 


—5-4 
This means —5 take 


ATATAIT 


Start with 5 negative:. 


QOO00O 


You need to take awey 
4 positives. 


AdQOOOO OOOO 


get 4 positives. 


Q000 


— 


Take away 4 positives. 


COCOO COCO 
C009 


How many are left? 


QOOOO0O OOOO 


aN 
g 


-5-4=-9 


© 


6—(-6) 
This means 6 take 


Start with 6 positives. 


(ON ONONGN ONO 


www we we we 


Add 6 neutrals to get 6 
negatives to take awzy. 


QOQOQQOOOOO000O0 


eee SS] 


Remove 6 negatives. 


QQOQOOOOOOCOO0O 
QOOOO0O0O 


How many are left? 


@@@G@66E4@06@ 


SS SS OO SOS | 


) 


—8-(-3) 
This means —8 take 


Start with 8 negative:. 


CSSSSSSle 


Take away 3 negatives. 


CGOMOOCOO 


How many are left? 


—_—_——S— OO — 


Model each subtraction. 


@ 7 - (-8) 
® -2 - (-2) 
©4-1 
@ 6-8 


Model each subtraction. 


@ 4 - (-6) 
® -8 - (-1) 


©7-3 
@ -4-2 


Model each subtraction expression: 


@ 2-8 
O=ssi=8) 


Solution 


@ 
We start with 2 


po GO 


We need to take away 


8 positives, but we 
hasta anl« 9 


BAUVe Villy aie 


Add neutral pairs until 
there are 8 positives 1:0 


ta OO QOOOOOO 


— OF a 


Then take away eight 
positives. 


GOO G0000COe 


OOOOOC) 


i i 


Find the number of 
counters that are left. 


t @@0000 


Vi lVepeures 


2—8=-6 


© 
We start with 3 
negatives. 


Cee 


 ] 
We need to take away 
8 negatives, but we 
have-cnly-23. 


Add neutral pairs until 
there are 8 negatives to 


ta COO OCOOOO 


Then take away the & 
negatives. 


COSTS SSSS 


C0O00 


—— — 


Find the number of 
counters that are left. 


Th OQOOO0O 


Model each subtraction expression. 


@7-9 
Oq=5=(=2) 


Model each subtraction expression. 


@4-7 
OF 7 (10) 


ice) 


Simplify Expressions with Integers 


Do you see a pattern? Are you ready to subtract 
integers without counters? Let’s do two more 
subtractions. We’ll think about how we would 
model these with counters, but we won’t actually 
use the counters. 


* Subtract — 23-7. 
Think: We start with 23 negative counters. 


We have to subtract 7 positives, but there are 
no positives to take away. 

So we add 7 neutral pairs to get the 7 positives. 
Now we take away the 7 positives. 

So what’s left? We have the original 23 
negatives plus 7 more negatives from the 
neutral pair. The result is 30 negatives. 


—23-—7=-30 
Notice, that to subtract 7, we added 7 
negatives. 


Subtract 30 —(—12). 

Think: We start with 30 positives. 

We have to subtract 12 negatives, but there are 
no negatives to take away. 

So we add 12 neutral pairs to the 30 positives. 
Now we take away the 12 negatives. 

What’s left? We have the original 30 positives 
plus 12 more positives from the neutral pairs. 
The result is 42 positives. 

30—-—(-—12)=42 

Notice that to subtract — 12, we added 12. 


While we may not always use the counters, 
especially when we work with large numbers, 
practicing with them first gave us a concrete way to 
apply the concept, so that we can visualize and 
remember how to do the subtraction without the 
counters. 


Have you noticed that subtraction of signed 
numbers can be done by adding the opposite? You 


will often see the idea, the Subtraction Property, 
written as follows: 


Subtraction Property 
a—b=a+(—b) 


Look at these two examples. 


We see that 6 — 4 gives the same answer as 6+(-— 4). 


Of course, when we have a subtraction problem that 
has only positive numbers, like the first example, we 
just do the subtraction. We already knew how to 
subtract 6 — 4 long ago. But knowing that 6—4 gives 
the same answer as6 + (— 4) helps when we are 
subtracting negative numbers. 


Simplify: 


@13—-8and13+(-8) 
® —17—9and—-17+(-—9) 


Solution 
(ey) 
WY 
19 QOanH 1917 _90) 
LU Vu 29 71 YL vs 
Cathteant ta cimnlifrr hs SE ¢ Sm 
VUUVULULE LY Dillipdiity. LU uu 
AAA ta aimnlifrr a) toy Me (6 foe le 
fam lY viliipainry. avtry vv 
Subtracting 8 from 13 
is the same as adding 
—8 to 13. 
(hy 
Nr 
—17—9 and 
Sl (ON 
2597 LAG 4) 
Cathteant ta cimnlifrr ei ar J . 94 
VUUVULULE LY Dillipdiily. 17 Si au 
AAA ta aimnlifrr Se fe ADV a VR 
famu CY viliipaisy. {52/7 G a) me au 


Subtracting 9 from 


—17 is the same as 
adding —9 to —17. 


Simplify each expression: 


@21 —13and21 +(-13) 
® —11—7and—-11+(-—7) 


Simplify each expression: 


@15—7and15+(—7) 
® —14—8and-14+(-8) 


Now look what happens when we subtract a 
negative. 


We see that 8—(—5) gives the same result as 8+ 5. 
Subtracting a negative number is like adding a 
positive. 


Simplify: 


@9-—(—15)and9+15 
© —7-(-—4)and—7+4 


Solution 
(ay 
WY 
QA_—f_1TBAV4anA ALTE 
4 vu auy unnu 71 1 
Cithteant ta cimnlifr (6 Fa ees Baa — —OA 
VUUVULULLE LY DilLipiiny. gy v avy a1 
AAA ta cimnlifrr Qattebk—9OA 
J iav a1 


faut bY LLLP iil ye 


Subtracting —15 from 
9 is the same as adding 


15 to 9. 
(A) 
woo 
7 ff ADNand TAA 
v4 iY ry “su v4 ' 
Cathteant ta cimnlifr Sly ES ey a) 
VUVULULE LY OilLipiiny. v4 vu 7) Vv 
AAA ta cimnlifrr —7LA _— —2 


fae bY ULLLIp iil ye 


Subtracting — 4 from 
—7 is the same as 
adding 4 to —7 


Simplify each expression: 


@6—(-—13)and6+13 
®—5-—(-—l)and—-5+1 


Simplify each expression: 


@4—-—(-—19)and4+19 
@—-4-(—7)and—4+7 


Look again at the results of [link] - [link]. 


ec 92 Ef 2\ 
vou pad Gk ed 
z Z 
Z-pesitives 2 negatives 
When there would be 
enough counters of the 
color to take away, 
subtract: 
c.9 Ef 2) 
vou vK Vs 
£ £ 


5 negatives, want to 5 positives, want to 


onhteannt 2 nncititrac ouhtennot 9 nogativas 
vuvuurey pyvitiveyv vuUuvuUUrey 11VHuruveyo 


need-neutral-_pairs need neutral pairs 
When there would not be 

enough of the counters to 

take away, add neutral 

pairs. 


Subtraction of Integers 


Simplitve 74 5G): 


Solution 


We are taking 58 —/4—(—58) 
negatives away from 


TA nneatitrnd 
fof ae Hutivev. 


Subtract. —16 


Simplify the expression: 


=67 (= 39) 


Simplify the expression: 


SS == )/)) 


Simplify: 7 -—(—4-—3)-—9. 


Solution 


We use the order of operations to simplify this 
expression, performing operations inside the 
parentheses first. Then we subtract from left to 
right. 


Simplify inside the 
parentheses first. 
Fe (anh on3} anf) 
Subtract from left to 
right. 
I—(—-PD—9 


Subtract. 


14-9 


Simplify the expression: 


Cie ale 


Simplify the expression: 


12-9 6) 14 


Solution 


We use the order of operations to simplify this 
expression. First we multiply, and then 
subtract from left to right. 


Multiply first. 


er A ey = 2] 
' rT es ee es ae * | 


Subtract from left to 


Simplify the expression: 


629 1 8 9) 


Simplify the expression: 


25-37-49 


Evaluate Variable Expressions with 
Integers 


Now we'll practice evaluating expressions that 


involve subtracting negative numbers as well as 
positive numbers. 


Evaluate x — 4when 


@x=3 
©x=—6. 


Solution 


@ To evaluate x— 4 when x=3, substitute 3 
for x in the expression. 


Subtract. 


-1 


®© To evaluate x— 4 when x= —6, substitute 
— 6 for x in the expression. 


Subtract. 


—10 


Evaluate each expression: 


y — 7when 


Oy S 


Evaluate each expression: 


m— 3when 


@m=1 
®m=—4 


Evaluate 20 —zwhen 


G7 = 12 
®z=—12 


Solution 


@ To evaluate 20 —zwhenz=12, substitute 12 


for z in the expression. 


20 — z 


~ 


Subtract. 


8 


© To evaluate 20 —zwhenz= — 12,substitute 
— 12forzin the expression. 


ON i fa DL A 
tay 1 


=) 
i) 


Evaluate each expression: 
17 —kwhen 


@k=19 
®k=-—19 


Evaluate each expression: 


—5—Dbwhen 


@b=14 
@Ob=-14 


@ —19 


Translate Word Phrases to Algebraic 
Expressions 


When we first introduced the operation symbols, we 
saw that the expression a— b may be read in several 
ways as shown below. 


Be careful to get a and b in the right order! 


Translate and then simplify: 
@) the difference of 13 and — 21 


® subtract 24 from —19 


Solution 


@ A difference means subtraction. Subtract the 
numbers in the order they are given. 


the-difference-of 12 end—21 


a™~ ~ we oer Mea 


Translate. 


12 1 
iv aa 


f \ 
\ J 


Simplify. 
34 


© Subtract means to take 24 away from — 19. 


htenot VA fern 10 


ou “ + 
VMuUYLLUMwE 42c/T LIV iti auf 


Translate. 


Simplify. 


Translate and simplify: 
@ the difference of 14 and —23 
® subtract 21 from —17 


@ —14-— (23) = 37 
O17 21 38 


Translate and simplify: 


@ the difference of 11 and —19 
® subtract 18 from —11 


@ 11 — (-—19) = 30 


@® —11 —18 = —29 


Subtract Integers in Applications 


It’s hard to find something if we don’t know what 
we’re looking for or what to call it. So when we 
solve an application problem, we first need to 
determine what we are asked to find. Then we can 
write a phrase that gives the information to find it. 
We'll translate the phrase into an expression and 
then simplify the expression to get the answer. 
Finally, we summarize the answer in a sentence to 
make sure it makes sense. 


Solve Application Problems. 


Identify what you are asked to find. Write a phrase 


that gives the information to find it. Translate the 
phrase to an expression. Simplify the expression. 
Answer the question with a complete sentence. 


The temperature in Urbana, Illinois one 
morning was 11 degrees Fahrenheit. By mid- 
afternoon, the temperature had dropped to —9 
degrees Fahrenheit. What was the difference 
between the morning and afternoon 
temperatures? 


Solution 


Step 1. Identify what the difference between 


we are asked to find. the morning and 


aftarnann tamnneroatiracd 
U41LUU1119UL COLI peLUcluirnyd 


Step 2. Write a phras2 the difference of 11 
that gives the and —9 


° . ° . 
infanrmoatian ta find it 
BLLLULALIULLUEL LY 1111U1 LL, 


Step 3. Translate the 11—(—9) 
phrase to an 

expression. 

The word difference 


indinataa anhteantinn 
ALAULECULEDYD JVUVLUULCLLULL, 


Step 4. Simplify the 20 


aAwnrnaccainn 
SHAS es RevVuUiVile 


Step 5. Write a The difference in 
complete sentence that temperature was 20 
answers the question. degrees Fahrenheit. 


The temperature in Anchorage, Alaska one 
morning was 15 degrees Fahrenheit. By mid- 
afternoon the temperature had dropped to 30 
degrees below zero. What was the difference 
between the morning and afternoon 
temperatures? 


45 degrees Fahrenheit 


The temperature in Denver was — 6 degrees 
Fahrenheit at lunchtime. By sunset the 
temperature had dropped to — 15 degree 
Fahrenheit. What was the difference between 
the lunchtime and sunset temperatures? 


9 degrees Fahrenheit 


Geography provides another application of negative 


numbers with the elevations of places below sea 
level. 


Dinesh hiked from Mt. Whitney, the highest 
point in California, to Death Valley, the lowest 
point. The elevation of Mt. Whitney is 14,497 


feet above sea level and the elevation of Death 
Valley is 282 feet below sea level. What is the 
difference in elevation between Mt. Whitney 
and Death Valley? 


Solution 


Step 1. What are we The difference in 
asked to find? elevation between Mt. 
Whitney and Death 


VWrallaxr 


vu He )/ 


Step 2. Write a phras2. elevation of Mt. 


Whitney — elevation of 
Doath Vall 


mor 
tin v See S)/ 


Ctan 2 Tranclata TA AAT __£__9O9?1 
iW avay 


LoS 4 Ve LBLULIVIULWe i LD) 177 


fx TA 770 


Cimali T 
LOANS 4 Te LSA) PA VO i Hos , ae 


Step 5. Write a The difference in 


complete sentence that elevation is 14,779 
answers the question. feet. 


One day, John hiked to the 10,023 foot 
summit of Haleakala volcano in Hawaii. The 
next day, while scuba diving, he dove to a 
cave 80 feet below sea level. What is the 
difference between the elevation of the summit 
of Haleakala and the depth of the cave? 


10,103 feet 


The submarine Nautilus is at 340 feet below 
the surface of the water and the submarine 
Explorer is 573 feet below the surface of the 
water. What is the difference in the position of 
the Nautilus and the Explorer? 


233 feet 


Managing your money can involve both positive and 
negative numbers. You might have overdraft 
protection on your checking account. This means 
the bank lets you write checks for more money than 
you have in your account (as long as they know 
they can get it back from you!) 


Leslie has $25 in her checking account and she 
writes a check for $8. 


@ What is the balance after she writes the 
check? 
® She writes a second check for $20. What 


is the new balance after this check? 

© Leslie’s friend told her that she had lost a 
check for $10 that Leslie had given her with 
her birthday card. What is the balance in 
Leslie’s checking account now? 


Solution 


© 


What are we asked tc The balance of the 
FinAd 


SELINUI. 


a €QO 


a 
u 
wed l1iiLuD WU 


r 
VVEEUW UU ptt Udve 


Translate 


C74 _ Ce 
v—e~ wy 


Simplify. 

$17 
Write a sentence The balance is $17. 
answer. 


nh) 


ar, 


What are we asked tc The new balance 
FinAd 


LLbinuse 


TWAlvita a nheanan C17 miniise CON 
Vva2aur Uw paid se. wes s14tstuD Way 


Translate 


C17 ¢9n 
gas pa 


Simplify. 


2 
=pS 


Write a sentence She is overdrawn by 
answer. $3. 


‘@) 
What are we asked tc The new balance 
pee be 


VWAleita a nheanan CIN marron than 
VVLLte Pits. wey stud U1UdLdL 


(Wi) 
wu 


Translate 


Simplify. 


a7 
we 


Write a sentence The balance is now $7. 


answer. 


Araceli has $75 in her checking account and 
writes a check for $27. 


@ What is the balance after she writes the 
check? 


© She writes a second check for $50. What 
is the new balance? 

© The check for $20 that she sent a charity 
was never cashed. What is the balance in 
Araceli’s checking account now? 


@ $48 
® —$2 


© $18 


Genevieve’s bank account was overdrawn and 
the balance is — $78. 


@) She deposits a check for $24 that she 
earned babysitting. What is the new 
balance? 

® She deposits another check for $49. Is 
she out of debt yet? What is her new 
balance? 


The Links to Literacy activity "Elevator Magic" will 
provide you with another view of the topics 
covered in this section. 


CCESS ADDITIONAL ONLINE RESOURCES 


Adding and Subtracting Integers 
Subtracting Integers with Color Counters 


Subtracting Integers Basics 
Subtracting Integers 
Integer Application 


Key Concepts 


4 £ 
nunnotinn at Intadcana 
BULLE UL BALE HL 


Tr 
ct 


to to cn &— 
toon 


positives 2-negatives 
When there would be 

enough counters of the 

color to take away, 


com 


de) 


5 negatives, want to. 5 positives, want to 


subtrac +t 2 Dositives cathtyeanrt 2 negatives 
UMUvuUuUTt YY pyoitiveyv vuvUUeeYy 110 6Uu 


need-neutral-pairs need neutral pairs 
When there would not 

be enough of the 

counters to take away, 

add neutral pairs. 


¢ Subtraction Property 


O a-—b=a+(-—b) 
©O a-(-b)=a+t+b 


* Solve Application Problems 


© Step 1. Identify what you are asked to 
find. 

Step 2. Write a phrase that gives the 
information to find it. 

Step 3. Translate the phrase to an 
expression. 

Step 4. Simplify the expression. 

Step 5. Answer the question with a 
complete sentence. 


Crore EF 9 


Practice Makes Perfect 
Model Subtraction of Integers 


In the following exercises, model each expression 
and simplify. 


S—2 


12 


7—(=3) 


Simplify Expressions with Integers 


In the following exercises, simplify each expression. 


@15-6 
®15+(-6) 


@9 
®9 


@12-9 
@®124+(-9) 


@44-28 
©44+(-28) 


@ 16 
® 16 


@35-16 
®35+(-16) 


@8—-(-9) 
©8+9 


@ 17 


® 17 


@4-(-4) 
®4+4 


@27 —(-18) 
®27+18 


@ 45 
® 45 


@46-—(-37) 
© 46+ 37 


In the following exercises, simplify each expression. 


15=C=12) 


27 


14—-(-11) 


LO (19) 


29 


11—(—18) 


48 — 87 


= 39 


45-69 


aL =79 


—48 


39=8] 


= 3111 


—42 


=o 16 


—17-42 


=59 


—19-46 


=103=(=52) 


=51 


—~105—(=68) 


~45—(—54) 


—3-8+4 


—14=(—27) +9 


22 


=—15=(=—28) +5 


7i+(-10)—s 


oo 


64+(-17)-9 


=16=(=441)=7 


= 20 


—15-(-6+4)-3 


(2=7)=@3-8) 


== >9) 


=—(6-= 5) (2:4) 


=(4=5)=(7=8) 


25—[1O—(3—12}] 


32—[5—(15-20)] 


63-—43-7-2 
~8 
57-82-49 

52-62 

11 

62-72 


Evaluate Variable Expressions with Integers 


In the following exercises, evaluate each expression 
for the given values. 


8 — ywhen 


@y=3 
®Oy=-3 


4x2 —15x+ lwhenx=3 


= 


5x2 — 14x + 7whenx= 2 


—12—5x2whenx=6 


=102 


—19- 4x2whenx=5 


Translate Word Phrases to Algebraic Expressions 


In the following exercises, translate each phrase into 
an algebraic expression and then simplify. 


@ The difference of 3 and —10 
® Subtract —20 from 45 


@ -—3 — (-10) = 13 
® 45 — (—20) = 65 


@ The difference of 8 and —12 
® Subtract —13 from 50 


@ The difference of —6 and 9 
® Subtract —12 from —16 


@-6-9= -15 
@® -—16 — (-12) = -4 


@ The difference of —8 and 9 
® Subtract —15 from —19 


@8 less than —17 
® — 24 minus 37 


@ -17 -8= —-25 
@® —24 — 37 = -61 


@5 less than —14 
® —13 minus 42 


@21 less than6 
®31 subtracted from —19 


@6-—21 = -15 


® —19 — 31 = —50 


@34 less than7 
®29 subtracted from —50 


Subtract Integers in Applications 


In the following exercises, solve the following 
applications. 


Temperature One morning, the temperature in 
Urbana, Illinois, was 28° Fahrenheit. By 
evening, the temperature had dropped 38° 
Fahrenheit. What was the temperature that 
evening? 


=10° 


Temperature On Thursday, the temperature in 
Spincich Lake, Michigan, was 22° Fahrenheit. 
By Friday, the temperature had dropped 35° 
Fahrenheit. What was the temperature on 
Friday? 


Temperature On January 15, the high 


temperature in Anaheim, California, was 84° 
Fahrenheit. That same day, the high 
temperature in Embarrass, Minnesota was — 12 
Fahrenheit. What was the difference between 
the temperature in Anaheim and the 
temperature in Embarrass? 


° 


96° 


Temperature On January 21, the high 
temperature in Palm Springs, California, was 
89°, and the high temperature in Whitefield, 
New Hampshire was — 31°. What was the 
difference between the temperature in Palm 
Springs and the temperature in Whitefield? 


Football At the first down, the Warriors 
football team had the ball on their 30-yard line. 
On the next three downs, they gained 2 yards, 
lost 7 yards, and lost 4 yards. What was the 
yard line at the end of the third down? 


21-yard line 


Football At the first down, the Barons football 
team had the ball on their 20-yard line. On the 
next three downs, they lost 8 yards, gained 5 


yards, and lost 6 yards. What was the yard line 
at the end of the third down? 


Checking Account John has $148 in his 
checking account. He writes a check for $83. 
What is the new balance in his checking 
account? 


$65 


Checking Account Ellie has $426 in her 
checking account. She writes a check for $152. 
What is the new balance in her checking 
account? 


Checking Account Gina has $210 in her 
checking account. She writes a check for $250. 
What is the new balance in her checking 
account? 


— $40 


Checking Account Frank has $94 in his 
checking account. He writes a check for $110. 
What is the new balance in his checking 
account? 


Checking Account Bill has a balance of — $14 
in his checking account. He deposits $40 to the 
account. What is the new balance? 


$26 


Checking Account Patty has a balance of — 
$23 in her checking account. She deposits $80 
to the account. What is the new balance? 


Everyday Math 


Camping Rene is on an Alpine hike. The 
temperature is— 7°. Rene’s sleeping bag is rated 
“comfortable to — 20°”. How much can the 
temperature change before it is too cold for 
Rene’s sleeping bag? 


13° 


Scuba Diving Shelly’s scuba watch is 
guaranteed to be watertight to — 100feet. She is 
diving at — 45feet on the face of an underwater 
canyon. By how many feet can she change her 
depth before her watch is no longer 
guaranteed? 


Writing Exercises 


Explain why the difference of 9 and —6 is 15. 


Sample answer: On a number line, 9 is 15 units 
away from —6. 


Why is the result of subtracting 3—(— 4) the 
same as the result of adding 3+ 4? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Multiply and Divide Integers 
By the end of this section, you will be able to: 


* Multiply integers 

* Divide integers 

¢ Simplify expressions with integers 

¢ Evaluate variable expressions with integers 

* Translate word phrases to algebraic expressions 


Before you get started, take this readiness quiz. 


1. Translate the quotient of 20 and 13 into an 

algebraic expression. 

If you missed this problem, review [link]. 
Pe Nek sp (= Sar) 

If you missed this problem, review [link]. 
3. Evaluaten + 4whenn= —7. 

If you missed this problem, review [link]. 


Multiply Integers 


Since multiplication is mathematical shorthand for 
repeated addition, our counter model can easily be 
applied to show multiplication of integers. Let’s look 


at this concrete model to see what patterns we 
notice. We will use the same examples that we used 
for addition and subtraction. 


We remember that a-b means add a,b times. Here, 
we are using the model shown in [link] just to help 
us discover the pattern. 


Now consider what it means to multiply 5 by —3. It 
means subtract 5,3 times. Looking at subtraction as 
taking away, it means to take away 5,3 times. But 
there is nothing to take away, so we start by adding 
neutral pairs as shown in [link]. 


In both cases, we started with 15 neutral pairs. In 
the case on the left, we took away 5,3 times and the 
result was —15. To multiply (—5)(— 3), we took 
away —5,3 times and the result was 15. So we 
found that 

5°3=15-—5(3) = —155(— 3) = —15(—5)(—3)=15 


Notice that for multiplication of two signed 
numbers, when the signs are the same, the product 
is positive, and when the signs are different, the 
product is negative. 


Multiplication of Signed Numbers 
The sign of the product of two numbers depends on 
their signs. 


(bea eR ney Re Pees l 
Wate DIBlld GFLUUUCL | 
“Two positives Positive 
‘Two negatives Positive 
DDS eR a eS ne Ae Pees [ 
PJVELICIOCLIL DIBlld GFLUUUCL | 


*Positive * negative Negative 
[Negative * positive Negative 


Multiply each of the following: 


@-93 
C= 2) 
©4(-8) 
@7-6 


Solution 


(ey) 
YY 


Multiply, noting that -27 
the signs are differen 

and so the product is 
negative. 


Ch) 
wa 
C/I 


Multiply, noting that 10 
the signs are the same 
and so the product is 


positive. 


(CY 
\ 


Multiply, noting that -3 
the signs are differeni 
and so the product is 
negative. 


CAD 
\ 


TL 
The signs are the same, 42 
so the product is 
positive. 


Multiply: 


@-68 
®-4(-7) 
©9(-7) 
@512 


Multiply: 


- @-87 
2 (B62) 
- ©7(-4) 

> (Greats) 


When we multiply a number by 1, the result is the 
same number. What happens when we multiply a 
number by — 1? Let’s multiply a positive number and 
then a negative number by —1 to see what we get. 
—1-4-—1(-—3)—43-—4is the opposite of 43is the 
opposite of —3 


Each time we multiply a number by — 1, we get its 
opposite. 


Multiplication by —1 
Multiplying a number by —1 gives its opposite. 
—la=—a 


Multiply each of the following: 


@-1-7 
OS ely) 


Solution 


GQ 
The signs are differert, — 1:7 
so the product will be 
naantirt.a 

ee) eadeciad Vwe 


Notice that —7 isthe —7 
opposite of 7. 


a) 
The signs are the sare, —1(—11) 
so the product will be 


“,e 
nnoitit7A 


Notice that 1listhe 11 
opposite of —11. 


Multiply. 


@-19 


OS 17), 


Multiply. 


@-18 
Ore = he) 


Divide Integers 


Division is the inverse operation of multiplication. 
So, 15+3=5 because 5:3=15 In words, this 
expression says that 15 can be divided into 3 groups 
of 5 each because adding five three times gives 15. 
If we look at some examples of multiplying integers, 
we might figure out the rules for dividing integers. 
5:3=15s0o15+3=5—5(3)= —15so—15+3= 
—5(-—5)(— 3) =15s015+(—3)= —55(—3) = —15so 
—15+-3=5 


Division of signed numbers follows the same rules as 
multiplication. When the signs are the same, the 
quotient is positive, and when the signs are 
different, the quotient is negative. 


Division of Signed Numbers 
The sign of the quotient of two numbers depends 
on their signs. 


Same Signs Qiiotient ! 
“Two positives Positive 

‘Two negatives Positive 

DUEL eit Sigiis Qiiotient ! 
*Positive & negative Negative 


Negative & positive Negative 


Remember, you can always check the answer to a 


division problem by multiplying. 


Divide each of the following: 


@® —27+3 

® —100+(-—4) 
Solution 
eS) 


at ae 
Divide, noting that the -9 
signs are different ana 
so the quotient is 
negative. 


© 


Divide, noting that the 25 
signs are the same ana 

so the quotient is 
positive. 


Divide: 


@—42+6 
® —117+(-3) 


Divide: 


@—-—63+7 
®—115+(-5) 


Just as we saw with multiplication, when we divide 
a number by 1, the result is the same number. What 
happens when we divide a number by — 1? Let’s 
divide a positive number and then a negative 
number by —1 to see what we get. 
8+(—1)—9+(—1)-—89-—8 is the opposite of 89 is 
the opposite of —9 


When we divide a number by, —1 we get its 
opposite. 


Division by —1 
Dividing a number by —1 gives its opposite. 
a+(—l)=—a 


Divide each of the following: 


@16+(-1) 
© —20+(-1) 


Solution 


(ey) 
VY 


The dividend, 16, is 


haing dividad by. 1 
Sed ae 


Veils iv 


Dividing a Hass by - 


1 aivrac ite Annanaita 
2 6tvVeyv tto Vppryoice. 


Notice that the signs 
were different, so the 
result was negative. 


(hy 

Ww 
90 =~ 1) 
aiV = Xu aj 


The dividend, —20, is 20 


haing Aixridaod Axe Ie 


Veii1g Urviucu vy 


Dividing a number by — 
1 gives its opposite. 


Notice that the signs were the same, so the 
quotient was positive. 


Divide: 


@ 28+(-1) 
® —52+(-1) 


Simplify Expressions with Integers 


Now we'll simplify expressions that use all four 
operations—addition, subtraction, multiplication, and 
division—with integers. Remember to follow the 
order of operations. 


Smmplity:7(—2) + 4(—_ 7) —G. 


Solution 


We use the order of operations. Multiply first 
and then add and subtract from left to right. 


La HG BD DV Vie AW 
PAW ay ae tJ Vu 
NAsaltinls: Grot ALi DON, eG. 
AVEULLLLpLy Litt. as WAG avy) Vu 
AAA ema», om Sey a 
to VU 


LANL. 


Subtract. —48 


Simplify: 


S Cael 


Simplify: 


Cae) eg Goeted reat 


Simplify: 


@ (-2)4 
® —24 


Solution 


The exponent tells how many times to multiply 
the base. 


@ The exponent is 4 and the base is — 2. We 


raise — 2 to the fourth power. 


(_ONA 
a 


Write in expanded Gey feed hore) Age | ec 


farm 
LULiite 


Maltin AWE OVE OM) 
LVEULLUL . mh a JX ay) 
Multinly (ay, 
ALVEULLUL . AS a) 
Multiply. 16 


© The exponent is 4 and the base is 2. We 
raise 2 to the fourth power and then take the 
opposite. 


aA 
Write in expanded —(2°2:2-2) 
form. 
Maltioly of AnD) 
Meltinl: __ Q. 9 


LVEULLUL . LY ay 


Multiply. —16 


Simplify: 


@ (-—3)4 
® —34 


Simplify: 


ON A 
Ce 72 


Simplify:12 —3(9 —12). 


Solution 


According to the order of operations, we 
simplify inside parentheses first. Then we will 
multiply and finally we will subtract. 


ED (OED 


ia YVZ aay 


Subtract the 12-—3(-3) 


° 
n thaana firct 
Ptrstsrvvry titvot. 


NAaaltinlss 


AVLULLLLP Lye 


Subtract. 


Simplify: 


17 —4(8—11) 


Simplify: 


fo= 607 = 13) 


Simplity: 6(—9)-.4— 2)>. 
Solution 


We simplify the exponent first, then multiply 
and divide. 


tha awnannn 
Jy ste eeapvuriweiie. 


AVLULLUELP Lye 


Divide. 


Simplify: 


12(-—9)+(-—3)3 


Simplify: 


130-4) (—_2)5 


Simply 30.2 do 3) (7) 


Solution 


First we will multiply and divide from left to 
right. Then we will add. 


ED (Ne) (Em COA [Se oT aN 
Www oh 1 X Inv 
aviv itive iw 1 Xu YIN 
Nasal tints, a 1 (ee | 
ae ee ee * iw 1 ai 


Simplify: 


eit OO) 


Simplify: 


—32+4+(-2)(-7) 


Evaluate Variable Expressions with 
Integers 


Now we can evaluate expressions that include 
multiplication and division with integers. Remember 
that to evaluate an expression, substitute the 
numbers in place of the variables, and then simplify. 


Evaluate2x2 — 3x + 8whenx = — 4. 


Solution 


Af AN? Qf AN + O 


Simplify exponents. 


YV1AN QW AN 14 @ 
J ads 4 


aViw “Ts ' vw 


Multiply. 


29 
Se 


Subtract. 


Add. 


52. 


Keep in mind that when we substitute — 4 for 
xX, We use parentheses to show the 
multiplication. Without parentheses, it would 
look like 2:—42—3:—4+8. 


Evaluate: 


3x2 — 2x + 6whenx= —3 


Evaluate: 


4x2 —x— 5whenx= — 2 


Solution 


ax+4v—6 
Substitute x = —1 and 
y=2. 


4-1) 4402) —6 
Multiply. 


2. 
ae | 


Simplify. 


Evaluate: 


7x + 6y — 12whenx = — 2andy =3 


Evaluate: 


8x — 6y + 13whenx = — 3andy= —5 


Translate Word Phrases to Algebraic 
Expressions 


Once again, all our prior work translating words to 
algebra transfers to phrases that include both 
multiplying and dividing integers. Remember that 
the key word for multiplication is product and for 
division is quotient. 


Translate to an algebraic expression and 
simplify if possible: the product of —2 and 14. 


Solution 


The word product tells us to multiply. 


the product of — 2 and 
14 

Tranalata f_9ONM1AY 

BLULLVLULL. Xv a yr iy 


Simplify. — 28 


Translate to an algebraic expression and 
simplify if possible: 


the product of —5 and 12 


Translate to an algebraic expression and 
simplify if possible: 


the product of 8 and —13 


8 (-—13) = —104 


Translate to an algebraic expression and 
simplify if possible: the quotient of —56 and 
= 4 

Solution 


The word quotient tells us to divide. 


the quotient of —56 


Tranaclata RTE OTE slr AN 
VU ry 1J 


BLULIVLIULwe. 


Simplify. 8 


Translate to an algebraic expression and 
simplify if possible: 


the quotient of —63 and —9 


=—63 = =9 = 7 


Translate to an algebraic expression and 
simplify if possible: 


the quotient of —72 and —9 


=i Oo = 35 


CCESS ADDITIONAL ONLINE RESOURCES 


¢ Multiplying Integers Using Color Counters 

* Multiplying Integers Using Color Counters 
With Neutral Pairs 

¢ Multiplying Integers Basics 

* Dividing Integers Basics 


¢ Ex. Dividing Integers 
¢ Multiplying and Dividing Signed Numbers 


Key Concepts 
¢ Multiplication of Signed Numbers 


© To epcedtaets the sign of the product of 


ae! eres are 


4- 
tvvy is aca LLULLIVLL Ve 


Same Signs rroauct 
Two positives Positive 
Two negatives Positive 

SLO nae nant OL ee a Pres 
MILICLOLIL visilo rr ouuce 


Positive * negative Negative 
Negative * positive Negative 


* Division of Signed Numbers 


O To econ the sign of the quotient of 


oo Oe eee Hers 
tvvy vitor SLULLILVLIL Ve 

in sii a: Mr2.2 745 nant 
Same Signs WUULISLIL 
Two positives Positive 


Two negatives Positive 


Ts LO. nant OL ee Or2.42. 245 2224 

MLLICLOLIL visilo WUULISLIL 

Positive > negative Negative 

Negative * Positive Negative 
¢ Multiplication by —1 


© Multiplying a number by —1 gives its 
opposite: —la=—a 


* Division by —1 


© Dividing a number by —1 gives its 
opposite: a+(—1)=—a 


Practice Makes Perfect 
Multiply Integers 


In the following exercises, multiply each pair of 
integers. 


32 


39 


= 57) 


=e 


—1(-14) 


14 


—1(-19) 


Divide Integers 


In the following exercises, divide. 


—24+6 


35+(-7) 


—52+(-4) 


13 


—84+(-6) 


=180=15 


12 


= OZ 12 


49~+(-1) 


—49 


62+(-1) 


Simplify Expressions with Integers 


In the following exercises, simplify each expression. 


o(= 6) 7C=—2) = 3 


—47 


8(— 4) + 5(-4)—-6 


=8(=2)—3C=9) 


43 


-7(-4)-5(-3) 


(=9)3 


125 


(=4)3 


(—2)6 


64 


C=23)5 


—42 


= 16 


= 62 


— 3(— 5)(6) 


90 


=4(=6)@) 


—4-2-11 


— 88 


=5:3'10 


(8=—11)(9=—12) 


(6—11)(8—-13) 


26-32=7) 


41 


23—2(4—6) 


—10(—4)+(-8) 


= 5 


-8(-6)+(-4) 


65+(—5)+(—28)+(-7) 


=o 


52+(—4)+(-32)+(-8) 


9=2/3-80=—2)i 


—29 


11—3[7—-4(-2)] 


(=3)2=24=(8=2) 


(—4)2—32+(12-4) 
Evaluate Variable Expressions with Integers 


In the following exercises, evaluate each expression. 


— 2x+17when 
@x=8 
®x=-8 


@1 
® 33 


— 5y + 14when 


@y=9 


®y=-9 


10-—3mwhen 
@m=5 
®m=-—5 


@ —-5 
® 25 


18-— 4nwhen 


@n=3 
®n=-3 


p2—5p+5whenp= —1 


q2—2q+9 when q= —2 


2w2—-3w+7 when w= —2 


2A 


3u2 —4u+5 when u= —3 


6x—5y+15 when x=3 and y=—1 


38 


3p —2q+9 when p=8 and q= —2 


9a—2b—8 when a= —6 and b= -—3 


=56 


7m— 4n—2 when m= —4 and n= —9 


Translate Word Phrases to Algebraic Expressions 


In the following exercises, translate to an algebraic 
expression and simplify if possible. 


The product of —3 and 15 


—315 = —45 


The product of —4 and 16 


The quotient of —60 and —20 


—60 + (-—20) =3 


The quotient of —40 and —20 


The quotient of —6 and the sum of a and b 


—6a+b 


The quotient of — 7 and the sum of m andn 


The product of —10 and the difference of 
pandq 


—10 (p - q) 


The product of —13 and the difference of 
candd 


Everyday Math 


Stock market Javier owns 300 shares of stock 
in one company. On Tuesday, the stock price 
dropped $12 per share. What was the total 
effect on Javier’s portfolio? 


— $3,600 


Weight loss In the first week of a diet program, 
eight women lost an average of 3 pounds each. 
What was the total weight change for the eight 
women? 


Writing Exercises 


In your own words, state the rules for 
multiplying two integers. 


Sample answer: Multiplying two integers with 
the same sign results in a positive product. 
Multiplying two integers with different signs 


results in a negative product. 


In your own words, state the rules for dividing 
two integers. 


Why is —24#(—2)4? 


Sample answer: In one expression the base is 
positive and then we take the opposite, but in 
the other the base is negative. 


Why is —42(—4)2? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Solve Equations Using Integers; The Division 
Property of Equality 
By the end of this section, you will be able to: 


Before you get started, take this readiness quiz. 


Determine whether an integer is a solution of 
an equation 

Solve equations with integers using the 
Addition and Subtraction Properties of Equality 
Model the Division Property of Equality 

Solve equations using the Division Property of 
Equality 

Translate to an equation and solve 


. Evaluatex + 4whenx = — 4. 


If you missed this problem, review [link]. 


. Solve:y —6=10. 


If you missed this problem, review [link]. 


. Translate into an algebraic expression 5 less 


than x. 
If you missed this problem, review [link]. 


Determine Whether a Number is a 


Solution of an Equation 


In Solve Equations with the Subtraction and 
Addition Properties of Equality, we saw that a 
solution of an equation is a value of a variable that 
makes a true statement when substituted into that 
equation. In that section, we found solutions that 
were whole numbers. Now that we’ve worked with 
integers, we'll find integer solutions to equations. 


The steps we take to determine whether a number is 
a solution to an equation are the same whether the 
solution is a whole number or an integer. 


How to determine whether a number is a solution 
to an equation. 


Substitute the number for the variable in the 
equation. Simplify the expressions on both sides of 


the equation. Determine whether the resulting 
equation is true. 


¢ If it is true, the number is a solution. 
¢ If it is not true, the number is not a solution. 


Determine whether each of the following is a 


solution of 2x —5= —13: 


@x=4 
®x=-4 
©x=-9. 


Solution 


@ Substitute 4 for x in 
the equation to 


Antarminn if it ia Haat 
ULLAL 2b bt do LULL, 


Multiply 
es a 
Sunnie ann 
3% -13 


Since x= 4 does not result in a true equation, 4 
is not a solution to the equation. 


© Substitute — 4 for x 
in the equation to 


de—2r — 3 = -13__2. 
44-52-13 
Multiply. 
£& ? i J 
=o—-J7=—15 
Subtract. 
-13=-13V 


Since x= — 4 results in a true equation, 
a solution to the equation. 


© Substitute —9 for x 
in the equation to 


. “ce . 
Antarminn if it ia tein 
ULE Lae 2b bt do UUL, 


—4is 


10 rd 
ee > ee 


Subtract. 


—23 #-13 


Since x= —9 does not result in a true 
equation, —9 is not a solution to the equation. 


Determine whether each of the following is a 
solution of 2x—8=— 14: 


@x=-11 
®x=11 
©x=-3 


Determine whether each of the following is a 
solution of 2y+3=-—11: 


@y=4 


Solve Equations with Integers Using the 
Addition and Subtraction Properties of 
Equality 


In Solve Equations with the Subtraction and 
Addition Properties of Equality, we solved equations 
similar to the two shown here using the Subtraction 
and Addition Properties of Equality. Now we can 
use them again with integers. 


When you add or subtract the same quantity from 


both sides of an equation, you still have equality. 


Properties of Equalities 


Subtraction Property »f Addition Property of | 


Dresser SiR Tal basta 
uUpUlciliry by UaLiLy 


For any numbersa,b,c, | For any numbersa,b,c, 
lifa=bthena-c=b-c, ifa=bthena+c=b+c. | 


Solve: y+9=5. 


Solution 


Subtract 9 from each 


side to undo the 
adv+9-9=5-9 


Simplify. 


y=-4 


Check the result by substituting — 4 into the 
original equation. 


Crthaotitita — A Far xr a) ee a 
VUVvLLLULe pavisy 1 gy 


Since y= —4 makes y+ 9=5 a true statement, 
we found the solution to this equation. 


Solve: a—6= —8 


Solution 


Em e 


Add 6 to each side to 
undo the subtraction. 


~ eae a oO y 4 
uw” VT 


1 
v— —-UO TV 


Simplify. 


a= oI 


Check the result by 
substituting — 2 into 


The solution to a—6= —8 is —2. 


Since a= —2 makes a—6= — 8 a true 
statement, we found the solution to this 
equation. 


Model the Division Property of Equality 


All of the equations we have solved so far have been 
of the form x +a=b or x—a=D. We were able to 
isolate the variable by adding or subtracting the 
constant term. Now we'll see how to solve equations 
that involve division. 


We will model an equation with envelopes and 
counters in [link]. 


Here, there are two identical envelopes that contain 
the same number of counters. Remember, the left 
side of the workspace must equal the right side, but 
the counters on the left side are “hidden” in the 
envelopes. So how many counters are in each 
envelope? 


To determine the number, separate the counters on 
the right side into 2 groups of the same size. So 6 
counters divided into 2 groups means there must be 
3 counters in each group (since 6+ 2=3). 


What equation models the situation shown in 
[link]? There are two envelopes, and each contains 
x counters. Together, the two envelopes must 
contain a total of 6 counters. So the equation that 
models the situation is 2x=6. 


We can divide both sides of the equation by 2 as we 
did with the envelopes and counters. 


We found that each envelope contains 3 counters. 
Does this check? We know 2:3=6, so it works. 
Three counters in each of two envelopes does equal 
Six. 


[link] shows another example. 


Now we have 3 identical envelopes and 12 counters. 
How many counters are in each envelope? We have 
to separate the 12 counters into 3 groups. Since 
12+3=4, there must be 4 counters in each 
envelope. See [link]. 


The equation that models the situation is 3x =12. 
We can divide both sides of the equation by 3. 


Does this check? It does because 3:4 = 12. 


Doing the Manipulative Mathematics activity 
“Division Property of Equality” will help you 
develop a better understanding of how to solve 
equations using the Division Property of Equality. 


Write an equation modeled by the envelopes 
and counters, and then solve it. 


Solution 


There are 4 envelopes, or 4 unknown values, 
on the left that match the 8 counters on the 

right. Let’s call the unknown quantity in the 
envelopes x. 


Write the equation. 


A Q 
car v 


Divide both sides by ‘+4. 
Simplify. 
x=2 


There are 2 counters in each envelope. 


Write the equation modeled by the envelopes 
and counters. Then solve it. 


4x = 12;x = 3 


Write the equation modeled by the envelopes 
and counters. Then solve it. 


Solve Equations Using the Division 
Property of Equality 


The previous examples lead to the Division Property 
of Equality. When you divide both sides of an 
equation by any nonzero number, you still have 
equality. 


Division Property of Equality 
For any numbers a,b,c,and c~0, If a=bthen 
ac = be. 


Solve:7x = — 49. 


Solution 


To isolate x, we need to undo multiplication. 


Ix _ —49 
7 —F 
Simplify. 
x=-7 


Check the solution. 


wT 
a 14 
Cathotituita — 7 far wv Lg A(A ty Ay IAN 
Si 7 TOONS Lie R= 


VMVUYVELEUL LAWL LX 


Therefore, —7 is the solution to the equation. 


Solve: 


lin=121 


Solution 


To isolate y, we need to undo the 
multiplication. 


Divide each side by 


3) 
—3y _ 63 
Simplify 
y= -21 


Check the solution. 


—. 9x7 — £9 

vy vy 
Cathotituta — 91 Far xr Dy 95 AL AO) 
VUVvULLLULe oa. ivi y: Vu ay «vy 


Since this is a true statement, y= — 21 is the 
solution to the equation. 


Solve: 


—12m=108 


Translate to an Equation and Solve 


In the past several examples, we were given an 
equation containing a variable. In the next few 
examples, we'll have to first translate word 
sentences into equations with variables and then we 
will solve the equations. 


Translate and solve: five more than x is equal 
lO: ="3; 


Solution 


five more than x is 


aniial ta _ 2 
veyuus vw Vv 


Tranclata xt... —.__.9 
RLULIVIULW ma 1 © or, wv 


Subtract 5 from both x+5-—-5=-—3-5 


. 
o1 a ac 
VLLULVe 


Simplify. x=—8 


Check the answer by substituting it into the 
original equation. 


t= —3— 8 5—2=3—3— — ov 


Translate and solve: 


Seven more than x is equal to — 2. 


Translate and solve: 


Eleven more thanyis equal to 2. 


Translate and solve: the difference of n and 6 
is —10. 


Solution 


the difference of n and 


Tranclata 
bLULIVIULL. 


LAU VY W eULLL VItiwve 


Simplify. 


Check the answer by substituting it into the 
original equation. 


n—6=—-10—4-6=?-10—-10=—-10V 


Translate and solve: 


The difference of p and 2 is —4. 


Translate and solve: 


The difference of q and 7 is —3. 


Translate and solve: the number 108 is the 
product of —9 and y. 


Solution 


the number of 108 is 
the product of —9 and 


J 
Tranclata 1N92 — — Arr 
2LULIVIULL. LUY 7y 
Niitvida hizy —QA 1NQ a— Ox, —_QA 
wivaur vy Je LVUY 4 7y gy 
Simplify. —12=y 


Check the answer by substituting it into the 
original equation. 


108 = — 9y108 = ?—9(—12)108 = 108V 


Translate and solve: 


The number 132 is the product of —12 and y. 


12 ey ye 


Translate and solve: 


The number 117 is the product of —13 and z. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ One-Step Equations With Adding Or 
Subtracting 

* One-Step Equations With Multiplying Or 
Dividing 


Key Concepts 


* How to determine whether a number is a 
solution to an equation. 


© Step 1. Substitute the number for the 
variable in the equation. 

© Step 2. Simplify the expressions on both 
sides of the equation. 

© Step 3. Determine whether the resulting 
equation is true. 


If it is true, the number is a solution. 
If it is not true, the number is not a 
solution. 


aaa aad ee ee PPP PP on 
Bavpesuey va sygucuss cv 


Subtraction Propert; Addition Property of 

of Equality Equality 

For any numbersa,b,c, For any numbersa,b,c, 

ifa=bthena—c=b-—c. ifa=bthena+c=b+c. 
* Division Property of Equality 


© For any numbers a,b,c, and c#0 
If a=b, then ac=be. 


Section Exercises 


Practice Makes Perfect 


Determine Whether a Number is a Solution of an 
Equation 


In the following exercises, determine whether each 
number is a solution of the given equation. 


4x—2=6 
@x=-2 
®x=—-1 


Ox=2 


Solve Equations Using the Addition and 
Subtraction Properties of Equality 


In the following exercises, solve for the unknown. 


n+12=5 

ails 
m+16=2 
p+9=—-8 
—17 
q+5=-6 
u—3=—7 
—4 


6 

k-9=—5 
x+(-—2)=-18 
—16 
y+(-—3)=-—10 
r—(-5)=-9 
—14 
s—(—2)=—-11 


Model the Division Property of Equality 


In the following exercises, write the equation 
modeled by the envelopes and counters and then 
solve it. 


Solve Equations Using the Division Property of 
Equality 


In the following exercises, solve each equation using 
the division property of equality and check the 
solution. 


5x=45 


—8m=—40 


—120=10q 


= 12 


~75=15y 


24x = 480 


20 


18n=540 


—3z=0 


Translate to an Equation and Solve 


In the following exercises, translate and solve. 


Four more than n is equal to 1. 


n+4=1;n= -3 


Nine more than m is equal to 5. 


The sum of eight and p is —3. 


8+p= -3;p=-ll 


The sum of two and q is —7. 


The difference of a and three is — 14. 


a-3= -14a= -11 


The difference of b and 5 is —2. 


The number — 42 is the product of —7 and x. 


—-42 = -7x;x = 6 


The number — 54 is the product of —9 and y. 


The product of f and —15 is 75. 


f(-15) = 75; f = 5 


The product of g and —18 is 36. 


—6 plus c is equal to 4. 


-6+c=4c=10 


—2 plus d is equal to 1. 


Nine less than n is — 4. 


m—-9= -4;m=5 


Thirteen less than n is — 10. 


Mixed Practice 


In the following exercises, solve. 


@x+2=10 
®2x=10 


@ 8 
®5 


—6n=—48 


—39=ut+13 
cane PA 
—100=v+25 
lir=—99 
= 
15s = — 300 
100 = 20d 

5 

250 = 25n 


—49=x-7 


—42 


64=y-4 


Everyday Math 


Cookie packaging A package of 51 cookies has 
3 equal rows of cookies. Find the number of 
cookies in each row, c, by solving the equation 
3c=51. 


17 cookies 


Kindergarten class Connie’s kindergarten class 
has 24 children. She wants them to get into 4 
equal groups. Find the number of children in 
each group, g, by solving the equation 4g = 24. 


Writing Exercises 


Is modeling the Division Property of Equality 
with envelopes and counters helpful to 
understanding how to solve the equation 

3x = 15? Explain why or why not. 


Sample answer: It is helpful because it shows 
how the counters can be divided among the 
envelopes. 


Suppose you are using envelopes and counters 
to model solving the equations x + 4=12 and 
4x=12. Explain how you would solve each 
equation. 


Frida started to solve the equation — 3x = 36 by 
adding 3 to both sides. Explain why Frida’s 
method will not solve the equation. 


Sample answer: The operation used in the 
equation is multiplication. The inverse of 
multiplication is division, not addition. 


Raoul started to solve the equation 4y = 40 by 
subtracting 4 from both sides. Explain why 
Raoul’s method will not solve the equation. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next Chapter? 
Why or why not? 


Chapter Review Exercises 


Introduction to Integers 


Locate Positive and Negative Numbers on the 
Number Line 


In the following exercises, locate and label the 
integer on the number line. 


= 
Order Positive and Negative Numbers 


In the following exercises, order each of the 
following pairs of numbers, using < or >. 


=5 = 10 


a> | 


Find Opposites 


In the following exercises, find the opposite of each 
number. 


In the following exercises, simplify. 


@—(8) 
® —(—8) 


In the following exercises, evaluate. 


— x,when 


@x=32 
®©x= —32 


@ —32 
® 32 


—n,when 


@n=20 
@n=—20 


Simplify Absolute Values 


In the following exercises, simplify. 


|—21| 


21 


|— 42 


[36 


—|-75| 
In the following exercises, evaluate. 


|x|whenx = — 14 


14 


— |r|whenr = 27 


—|-—y|wheny = 33 


35 


| —n|whenn= —4 


In the following exercises, fill in <,>,or= for each 
of the following pairs of numbers. 


=(eal A 
= 

22 

= Ol. 6 
NOL 9] 


In the following exercises, simplify. 


—(—55)and—|—55| 


= 90; Oo 


—(—48)and — | — 48| 


|14—8]-|-2| 


iss) 5 13) 


=] 


5+4|15—3| 


Translate Phrases to Expressions with Integers 


In the following exercises, translate each of the 
following phrases into expressions with positive or 
negative numbers. 


the opposite of 16 


= 16 


the opposite of —8 


negative 3 


=3 


19 minus negative 12 


a temperature of 10 below zero 


=10° 


an elevation of 85 feet below sea level 


Add Integers 
Model Addition of Integers 


In the following exercises, model the following to 
find the sum. 


<A 


= ( 6) 


Simplify Expressions with Integers 


In the following exercises, simplify each expression. 


14+82 


96 


33 (67) 


IIL 


= 50 


54+ (— 28) 


bik 615) 3 


=] 


—19+(—42)+12 


Ol PhS) 


PA 


10+4(—-3+7) 


Evaluate Variable Expressions with Integers 


In the following exercises, evaluate each expression. 


n+4when 


@n=-1 
®n= —20 


@ 3 
® —16 


x+(—9)when 


@x=3 
®x=-3 


(x+ y)3whenx= —4,y=1 


27 


(u+v)2whenu= —4,v=11 


Translate Word Phrases to Algebraic Expressions 


In the following exercises, translate each phrase into 
an algebraic expression and then simplify. 


the sum of —8 and 2 


-8+2=-6 


4 more than —12 


10 more than the sum of —5 and —6 


10 + [-5 + (-6)] = -1 


the sum of3and — 5,increased by 18 


Add Integers in Applications 


In the following exercises, solve. 


Temperature On Monday, the high 
temperature in Denver was — 4 degrees. 
Tuesday’s high temperature was 20 degrees 
more. What was the high temperature on 
Tuesday? 


16 degrees 


Credit Frida owed $75 on her credit card. Then 
she charged $21 more. What was her new 
balance? 


Subtract Integers 


Model Subtraction of Integers 


In the following exercises, model the following. 


o— 1 


-1-4 


Simplify Expressions with Integers 


In the following exercises, simplify each expression. 


24-16 


=38 


—40—(-11) 


=62=-(—17)—23 


—58 


29 (5 = 9) 


Ua G28) 


=] 


3272 
Evaluate Variable Expressions with Integers 


In the following exercises, evaluate each expression. 


x — 7when 


@x=5 
®x=-4 


@ -2 
® -11 


10—ywhen 


@y=15 
®y=-16 


2n2—n+5whenn= —4 


41 
—15-—3u2whenu= —5 


Translate Phrases to Algebraic Expressions 


In the following exercises, translate each phrase into 
an algebraic expression and then simplify. 


the difference of —12and5 
—-12-5= -17 


subtract 23 from — 50 


Subtract Integers in Applications 


In the following exercises, solve the given 
applications. 


Temperature One morning the temperature in 
Bangor, Maine was 18 degrees. By afternoon, it 
had dropped 20 degrees. What was the 
afternoon temperature? 


— 2 degrees 


Temperature On January 4, the high 
temperature in Laredo, Texas was 78 degrees, 
and the high in Houlton, Maine was 

— 28degrees. What was the difference in 
temperature of Laredo and Houlton? 


Multiply and Divide Integers 
Multiply Integers 


In the following exercises, multiply. 
—9-4 
— 36 
5(—7) 
(=11)(=1¥) 
121 


=16 


Divide Integers 


In the following exercises, divide. 


D62(—8) 
—=7 
—120+(-—6) 
=96 12 
—8 

96 + (—16) 
45+(-1) 
—45 
=—1625(=1) 


Simplify Expressions with Integers 


In the following exercises, simplify each expression. 


t= 9) =sC= 12) 


—81 


(=A) a)(= 6) 


42—4(6—9) 


34 


(8—15)(9—-3) 


—2(-18)+9 


45+(-3)-12 
Evaluate Variable Expressions with Integers 


In the following exercises, evaluate each expression. 


7x — 3whenx = —9 

— 66 

16— 2nwhenn= —8 

5a+ 8bwhena= — 2,b= —6 
—58 


x2+5x+4whenx= —3 


Translate Word Phrases to Algebraic Expressions 


In the following exercises, translate to an algebraic 
expression and simplify if possible. 


the product of —12 and 6 


—12(6) = —72 
the quotient of 3 and the sum of —7 ands 
Solve Equations using Integers; The Division 


Property of Equality 


Determine Whether a Number is a Solution of an 
Equation 


In the following exercises, determine whether each 
number is a solution of the given equation. 


9x—10=—35 


@x=-9 
®x=-5 
©x=5 


@ no 
® yes 
© no 


8ut+ 24= —32 


@u=—7 
®u=-1 


Ou=7 


Using the Addition and Subtraction Properties of 
Equality 


In the following exercises, solve. 


a+14=2 
219 
b-9=-15 
—~6 


c+(-—10)=—-17 


Model the Division Property of Equality 


In the following exercises, write the equation 
modeled by the envelopes and counters. Then solve 
it. 


Solve Equations Using the Division Property of 
Equality 


In the following exercises, solve each equation using 
the division property of equality and check the 
solution. 


8p=72 

9 

—12q=48 
—16r= — 64 
4 

—5s= —100 


Translate to an Equation and Solve. 


In the following exercises, translate and solve. 


The product of —6 andyis — 42 


—6y = -42;y=7 

The difference ofzand —13 is —18. 
Four more than m is — 48. 
m+4= —48;m = —-52 

The product of —21 andnis 63. 


Everyday Math 


Describe how you have used two topics from 
this chapter in your life outside of your math 
class during the past month. 


Chapter Practice Test 


Locate and label 0,2,—4, and —1 on a number 
line. 


In the following exercises, compare the numbers, 


using <or>or=. 


@-6_3 
®-1_- 


4 


@< 
® > 


@®-5 |-5| 
Oufao3 


In the following exercises, find the opposite of each 
number. 


@=7 
©8 


@7 
® —8 


In the following exercises, simplify. 


—(— 22) 


|4—9| 


626 


—154(=12) 


= 27 


e7 == 3) 


10—(5-6) 


a 


=3'8 


—6(-9) 


04 


—42 


16=3(9'=7) 


22 


|21—6|—|-8| 
In the following exercises, evaluate. 


35—awhena= —4 


39 


(— 2r)2whenr = 3 


3m — 2nwhenm = 6,n= — 8 


34 


—|—y|wheny =17 


In the following exercises, translate each phrase into 
an algebraic expression and then simplify, if 
possible. 


the difference of —7 and —4 


-7 —(-4) = -3 


the quotient of 25 and the sum of m and n. 
In the following exercises, solve. 


Early one morning, the temperature in Syracuse 
was — 8’F. By noon, it had risen 12°. What was 
the temperature at noon? 


4°F 


Collette owed $128 on her credit card. Then she 
charged $65. What was her new balance? 


In the following exercises, solve. 


n+6=5 
n= -—1 
p-ll=-4 
—9r= —54 
r=6 


In the following exercises, translate and solve. 


The product of 15 andxis 75. 


Eight less thanyis — 32. 


y-8 = -32;y = -—24 


Introduction to Fractions 

class = "introduction" Bakers combine ingredients to 
make delicious breads and pastries. (credit: Agustin 
Ruiz, Flickr) 


Often in life, whole amounts are not exactly what 
we need. A baker must use a little more than a cup 
of milk or part of a teaspoon of sugar. Similarly a 
carpenter might need less than a foot of wood and a 
painter might use part of a gallon of paint. In this 
chapter, we will learn about numbers that describe 
parts of a whole. These numbers, called fractions, 
are very useful both in algebra and in everyday life. 
You will discover that you are already familiar with 
many examples of fractions! 


Visualize Fractions 
By the end of this section, you will be able to: 


* Understand the meaning of fractions 

* Model improper fractions and mixed numbers 

* Convert between improper fractions and mixed 
numbers 

* Model equivalent fractions 

¢ Find equivalent fractions 

* Locate fractions and mixed numbers on the 
number line 

¢ Order fractions and mixed numbers 


Before you get started, take this readiness quiz. 


i simplity: s'2-> 


If you missed this problem, review [link]. 
2. Fill in the blank with < or >:—2_-—5 
If you missed this problem, review [link]. 


Understand the Meaning of Fractions 


Andy and Bobby love pizza. On Monday night, they 
share a pizza equally. How much of the pizza does 


each one get? Are you thinking that each boy gets 
half of the pizza? That’s right. There is one whole 
pizza, evenly divided into two parts, so each boy 
gets one of the two equal parts. 


In math, we write 12 to mean one out of two parts. 


On Tuesday, Andy and Bobby share a pizza with 
their parents, Fred and Christy, with each person 
getting an equal amount of the whole pizza. How 
much of the pizza does each person get? There is 
one whole pizza, divided evenly into four equal 
parts. Each person has one of the four equal parts, 
so each has 14 of the pizza. 


On Wednesday, the family invites some friends over 
for a pizza dinner. There are a total of 12 people. If 
they share the pizza equally, each person would get 
112 of the pizza. 


Fractions 


A fraction is written ab, where a and b are integers 
and b =O. In a fraction, a is called the numerator 
and b is called the denominator. 


A fraction is a way to represent parts of a whole. 
The denominator b represents the number of equal 
parts the whole has been divided into, and the 
numerator a represents how many parts are 
included. The denominator, b, cannot equal zero 
because division by zero is undefined. 


In [link], the circle has been divided into three parts 
of equal size. Each part represents 13 of the circle. 
This type of model is called a fraction circle. Other 
shapes, such as rectangles, can also be used to 
model fractions. 


Doing the Manipulative Mathematics activity 
Model Fractions will help you develop a better 
understanding of fractions, their numerators and 
denominators. 


What does the fraction 23 represent? The fraction 
23 means two of three equal parts. 


Name the fraction of the shape that is shaded 
in each of the figures. 


Solution 


We need to ask two questions. First, how many 
equal parts are there? This will be the 
denominator. Second, of these equal parts, 
how many are shaded? This will be the 
numerator. 


@ 

How many equal parts are there?There are 
eight equal parts. How many are shaded?Five 
parts are shaded. 


Five out of eight parts are shaded. Therefore, 
the fraction of the circle that is shaded is 58. 


® 

How many equal parts are there?There are 
nine equal parts. How many are shaded?Two 
parts are shaded. 


Two out of nine parts are shaded. Therefore, 
the fraction of the square that is shaded is 29. 


Name the fraction of the shape that is shaded 
in each figure: 


@38 
®49 


Name the fraction of the shape that is shaded 
in each figure: 


Shade 34 of the circle. 


Solution 


The denominator is 4, so we divide the circle 


into four equal parts @. 


The numerator is 3, so we shade three of the 
four parts ©. 


34 of the circle is shaded. 


Shade 68 of the circle. 


Shade 25 of the rectangle. 


In [link] and [link], we used circles and rectangles 
to model fractions. Fractions can also be modeled as 
manipulatives called fraction tiles, as shown in 
[link]. Here, the whole is modeled as one long, 
undivided rectangular tile. Beneath it are tiles of 
equal length divided into different numbers of 
equally sized parts. 


We'll be using fraction tiles to discover some basic 
facts about fractions. Refer to [link] to answer the 
following questions: 


How many 12 tiles does it It takes two halves to 
take to make one whole make a whole, so two out 


tilad af tar ic 99 —1 
tiiwe Wh evvy iV tet te 


How many 13 tiles does it It takes three thirds, so 


take to make one whole three out of three is 
tHilad 22-1. 


LLiwe 


How many 14 tiles does it It takes four fourths, so 
take to make one whole four out of four is 44=1. 


tilad 


tLLiwe 


How many 16 tiles does it It takes six sixths, so six 
take to make one whole out of six is 66=1. 


tilad 


tLLiwe 


What if the whole were — It takes 24 twenty- 
divided into 24 equal fourths, so 2424=1. 


parts? (We have not 
shown fraction tiles to 
represent this, but try to 
visualize it in your mind.) 
How many 124 tiles does 
it take to make one whole 
tile? 


It takes 24 twenty-fourths, so 2424 =1. 


This leads us to the Property of One. 


Property of One 
Any number, except zero, divided by itself is one. 
aa=1(a~0) 


Doing the Manipulative Mathematics activity 
"Fractions Equivalent to One" will help you develop 
a better understanding of fractions that are 
equivalent to one 


Use fraction circles to make wholes using the 
following pieces: 


@® 4 fourths 
© 5 fifths 
© 6 sixths 


Solution 


Use fraction circles to make wholes with the 
following pieces: 3 thirds. 


Use fraction circles to make wholes with the 
following pieces: 8 eighths. 


What if we have more fraction pieces than we need 
for 1 whole? We'll look at this in the next example. 


Use fraction circles to make wholes using the 
following pieces: 


@® 3 halves 
© 8 fifths 


© 7 thirds 


Solution 


@3 halves make 1 whole with 1 half left over. 


®©8 fifths make 1 whole with 3 fifths left over. 


©7 thirds make 2 wholes with 1 third left 
over. 


Use fraction circles to make wholes with the 
following pieces: 5 thirds. 


Use fraction circles to make wholes with the 
following pieces: 5 halves. 


Model Improper Fractions and Mixed 
Numbers 


In [link] (b), you had eight equal fifth pieces. You 
used five of them to make one whole, and you had 
three fifths left over. Let us use fraction notation to 
show what happened. You had eight pieces, each of 
them one fifth, 15, so altogether you had eight 
fifths, which we can write as 85. The fraction 85 is 
one whole, 1, plus three fifths, 35, or 135, which is 
read as one and three-fifths. 


The number 135 is called a mixed number. A mixed 
number consists of a whole number and a fraction. 


Mixed Numbers 
A mixed number consists of a whole number a 


and a fraction be where c <0. It is written as 


Fractions such as 54,32,55, and 73 are called 
improper fractions. In an improper fraction, the 
numerator is greater than or equal to the 
denominator, so its value is greater than or equal to 
one. When a fraction has a numerator that is smaller 
than the denominator, it is called a proper fraction, 
and its value is less than one. Fractions such as 
12,37, and 1118 are proper fractions. 


Proper and Improper Fractions 


The fraction ab is a proper fraction if a<b and an 
improper fraction if a=b. 


Doing the Manipulative Mathematics activity 


"Model Improper Fractions" and "Mixed Numbers" 

ill help you develop a better understanding of 
how to convert between improper fractions and 
mixed numbers. 


Name the improper fraction modeled. Then 
write the improper fraction as a mixed 
number. 


Solution 


Each circle is divided into three pieces, so each 
piece is 13 of the circle. There are four pieces 
shaded, so there are four thirds or 43. The 
figure shows that we also have one whole 
circle and one third, which is 113. So, 
43=113. 


Name the improper fraction. Then write it as a 
mixed number. 


Name the improper fraction. Then write it as a 
mixed number. 


138=158 


Draw a figure to model 118. 


Solution 


The denominator of the improper fraction is 8. 
Draw a circle divided into eight pieces and 
shade all of them. This takes care of eight 
eighths, but we have 11 eighths. We must 
shade three of the eight parts of another circle. 


So, 118=138. 


Draw a figure to model 76. 


Draw a figure to model 65. 


Use a model to rewrite the improper fraction 
116 as a mixed number. 


Solution 


We start with 11 sixths (116). We know that 
six sixths makes one whole. 
66=1 


That leaves us with five more sixths, which is 
56(11sixths minus6sixths is5sixths). 


So, 116=156. 


Use a model to rewrite the improper fraction 
as a mixed number: 97. 


Use a model to rewrite the improper fraction 
as a mixed number: 74. 


Use a model to rewrite the mixed number 145 
as an improper fraction. 


Solution 


The mixed number 145 means one whole plus 

four fifths. The denominator is 5, so the whole 
is 55. Together five fifths and four fifths equals 
nine fifths. 


So, 145=95. 


Use a model to rewrite the mixed number as 
an improper fraction: 138. 


Use a model to rewrite the mixed number as 
an improper fraction: 156. 


Convert between Improper Fractions and 
Mixed Numbers 


In [link], we converted the improper fraction 116 to 
the mixed number 156 using fraction circles. We did 
this by grouping six sixths together to make a 


whole; then we looked to see how many of the 11 
pieces were left. We saw that 116 made one whole 
group of six sixths plus five more sixths, showing 
that 116=156. 


The division expression 116 (which can also be 
written as 611) tells us to find how many groups of 
6 are in 11. To convert an improper fraction to a 
mixed number without fraction circles, we divide. 


Convert 116 to a mixed number. 


Solution 


114 


isawy 


Divide the Remember 116 means 
denominator into the 11~+6. 


niimoaratar 
ALULLILLULUL. 


1 =— quotient 
divisor —= 611 
6 


“ roam nincdor 
= Porro 


Cn 


Identify the quotient, 


ind A dix 
ramamnm aran awmacnr 
PULLAULLIUUOL ULL ULVIDULe 


Write the mixed 156 
number as 


i indardixri 
a11ntiantramain ar awicnr 
SS [eS CLV LLEL VLELULLLIAUIU LULL LOVie 


So, 116=156 


Convert the improper fraction to a mixed 
number: 137. 


Convert the improper fraction to a mixed 
number: 149. 


Convert an improper fraction to a mixed number. 


Divide the denominator into the numerator. 
Identify the quotient, remainder, and divisor. Write 
the mixed number as quotient remainderdivisor. 


Convert the improper fraction 338 to a mixed 
number. 


Solution 


2990 


VUWY 


Divide the Remember, 338 means 
denominator into the 833. 


niumaratar 
ALULLILLULUL. 


Identify the quotient, 
remainder, and divisor. 


<«— quotient 


divisor —+» 8)? 


J 


4 
333 
2 


3 
3 
Write the mixed 

number as quotient 


indanvrdixri 
ramain aAnAdirtr1.4annr 
DULLIULLIUULULV tov 


So, 338 = 418 


Convert the improper fraction to a mixed 
mumbenr: 237. 


Convert the improper fraction to a mixed 
number: 4811. 


In [link], we changed 145 to an improper fraction 
by first seeing that the whole is a set of five fifths. 
So we had five fifths and four more fifths. 

55+ 45=95 


Where did the nine come from? There are nine fifths 
—one whole (five fifths) plus four fifths. Let us use 
this idea to see how to convert a mixed number to 


an improper fraction. 


Convert the mixed number 423 to an improper 
fraction. 


Solution 


BRS 
ie) 
ig) 


Multiply the whole 
number by the 


. 
dannaminatar 
MAUR LIVIALILLIULY ie 


The whole number is 4 
and the denominator is 
on4-3+ (1 

TI 


Simplify. 


eee 
ia 


uy 


Add the numerator to 


tha nendiint 
tae pryvuuce. 


The numerator of the 
mixed number is 2. 


Simplify. 


14 
= 


Ld 


Write the final sum 
over the original 


LLUVALLLLLIULUY Le 


The denominator is 3. 143 


Convert the mixed number to an improper 
fraction: 357. 


Convert the mixed number to an improper 
fraction: 278. 


Convert a mixed number to an improper fraction. 


Multiply the whole number by the denominator. 
Add the numerator to the product found in Step 1. 
Write the final sum over the original denominator. 


Convert the mixed number 1027 to an 
improper fraction. 


Solution 


Multiply the whole 
number by the 
The whole number is 
10 and the 
de 10-7 + Lis 7. 

ia 


Simplify. 


ite aol 
v1 


| a | 


Add the numerator to 


tha anvndisrot 
Lilvw Pt VUULLe 


The numerator of the 


mixed number is 2. 
70+2 


Simplify. 


ols 


Write the final sum 
over the original 


atar 
WAU LLULLILLIULU Le 


The denominator is 7. 727 


Convert the mixed number to an improper 
fraction: 4611. 


Convert the mixed number to an improper 


fraction: 1113. 


Model Equivalent Fractions 


Let’s think about Andy and Bobby and their favorite 
food again. If Andy eats 12 of a pizza and Bobby 
eats 24 of the pizza, have they eaten the same 
amount of pizza? In other words, does 12 =24? We 
can use fraction tiles to find out whether Andy and 
Bobby have eaten equivalent parts of the pizza. 


Equivalent Fractions 


Equivalent fractions are fractions that have the 
same value. 


Fraction tiles serve as a useful model of equivalent 
fractions. You may want to use fraction tiles to do 
the following activity. Or you might make a copy of 
[link] and extend it to include eighths, tenths, and 


twelfths. 


Start with a 12 tile. How many fourths equal one- 
half? How many of the 14 tiles exactly cover the 12 
tile? 


Since two 14 tiles cover the 12 tile, we see that 24 is 
the same as 12, or 24=12. 


How many of the 16 tiles cover the 12 tile? 


Since three 16 tiles cover the 12 tile, we see that 36 
is the same as 12. 


So, 36=12. The fractions are equivalent fractions. 


Doing the activity "Equivalent Fractions" will help 


you develop a better understanding of what it 
means when two fractions are equivalent. 


Use fraction tiles to find equivalent fractions. 
Show your result with a figure. 


@ How many eighths equal one-half? 
© How many tenths equal one-half? 
© How many twelfths equal one-half? 


Solution 


@ It takes four 18 tiles to exactly cover the 12 
tile, so 48 =12. 


® It takes five 110 tiles to exactly cover the 
12 tile; so S510 = 12. 


© It takes six 112 tiles to exactly cover the 12 
tile, so 612=12. 


Suppose you had tiles marked 120. How many 
of them would it take to equal 12? Are you 
thinking ten tiles? If you are, you’re right, 
because 1020=12. 


We have shown that 12,24,36,48,510,612, and 
1020 are all equivalent fractions. 


Use fraction tiles to find equivalent fractions: 
How many eighths equal one-fourth? 


Use fraction tiles to find equivalent fractions: 
How many twelfths equal one-fourth? 


Find Equivalent Fractions 


We used fraction tiles to show that there are many 
fractions equivalent to 12. For example, 24,36, and 
48 are all equivalent to 12. When we lined up the 
fraction tiles, it took four of the 18 tiles to make the 
same length as a 12 tile. This showed that 48 =12. 
See 


We can show this with pizzas, too. (a) shows a 
single pizza, cut into two equal pieces with 12 
shaded. (b) shows a second pizza of the same 
size, cut into eight pieces with 48 shaded. 


This is another way to show that 12 is equivalent to 
48. 


How can we use mathematics to change 12 into 48? 


How could you take a pizza that is cut into two 
pieces and cut it into eight pieces? You could cut 
each of the two larger pieces into four smaller 
pieces! The whole pizza would then be cut into 
eight pieces instead of just two. Mathematically, 
what we’ve described could be written as: 


These models lead to the Equivalent Fractions 
Property, which states that if we multiply the 
numerator and denominator of a fraction by the 
same number, the value of the fraction does not 
change. 


Equivalent Fractions Property 
If a,b, and c are numbers where b #0 and c~0, 


When working with fractions, it is often necessary to 
express the same fraction in different forms. To find 
equivalent forms of a fraction, we can use the 
Equivalent Fractions Property. For example, 
consider the fraction one-half. 


So, we say that 12,24,36, and 1020 are equivalent 
fractions. 


Find three fractions equivalent to 25. 


Solution 


To find a fraction equivalent to 25, we 
multiply the numerator and denominator by 
the same number (but not zero). Let us 
multiply them by 2,3, and 5. 


So, 410,615, and 1025 are equivalent to 25. 


Find three fractions equivalent to 35. 


Correct answers include 610,915,and1220. 


Find three fractions equivalent to 45. 


Correct answers include 810,1215,and1620. 


Find a fraction with a denominator of 21 that 
is equivalent to 27. 


Solution 


To find equivalent fractions, we multiply the 
numerator and denominator by the same 
number. In this case, we need to multiply the 
denominator by a number that will result in 
BAe 


Since we can multiply 7 by 3 to get 21, we can 
find the equivalent fraction by multiplying 
both the numerator and denominator by 3. 


Find a fraction with a denominator of 21 that 
is equivalent to 67. 


Find a fraction with a denominator of 100 that 
is equivalent to 310. 


Locate Fractions and Mixed Numbers on 


the Number Line 


Now we are ready to plot fractions on a number 
line. This will help us visualize fractions and 
understand their values. 


Doing the Manipulative Mathematics activity 
"Number Line Part 3" will help you develop a 


better understanding of the location of fractions on 
the number line. 


Let us locate 15,45,3,313,74,92,5, and 83 on the 
number line. 


We will start with the whole numbers 3 and 5 
because they are the easiest to plot. 


The proper fractions listed are 15 and 45. We know 
proper fractions have values less than one, so 15 
and 45 are located between the whole numbers 0 
and 1. The denominators are both 5, so we need to 
divide the segment of the number line between 0 
and 1 into five equal parts. We can do this by 
drawing four equally spaced marks on the number 
line, which we can then label as 15,25,35, and 45. 


Now plot points at 15 and 45. 


The only mixed number to plot is 313. Between 
what two whole numbers is 313? Remember that a 
mixed number is a whole number plus a proper 
fraction, so 313>3. Since it is greater than 3, but 
not a whole unit greater, 313 is between 3 and 4. 
We need to divide the portion of the number line 
between 3 and 4 into three equal pieces (thirds) and 
plot 313 at the first mark. 


Finally, look at the improper fractions 74,92, and 
83. Locating these points will be easier if you 
change each of them to a mixed number. 

74 = 134,92 = 412,83 =223 


Here is the number line with all the points plotted. 


Locate and label the following on a number 


line: 34,43,53,415, and 72. 


Solution 


Start by locating the proper fraction 34. It is 
between 0 and 1. To do this, divide the 
distance between 0 and 1 into four equal parts. 
Then plot 34. 


Next, locate the mixed number 415. It is 
between 4 and 5 on the number line. Divide 
the number line between 4 and 5 into five 
equal parts, and then plot 415 one-fifth of the 
way between 4 and 5. 


Now locate the improper fractions 43 and 53. 


It is easier to plot them if we convert them to 
mixed numbers first. 
43=113,53=123 


Divide the distance between 1 and 2 into 
thirds. 


Next let us plot 72. We write it as a mixed 
number, 72=312. Plot it between 3 and 4. 


The number line shows all the numbers 
located on the number line. 


Locate and label the following on a number 


line: 13,54,74,235,92. 


Locate and label the following on a number 


line: 23,52,94,114,325. 


In Introduction to Integers, we defined the opposite 
of a number. It is the number that is the same 
distance from zero on the number line but on the 
opposite side of zero. We saw, for example, that the 
opposite of 7 is —7 and the opposite of —7 is 7. 


Fractions have opposites, too. The opposite of 34 is 
— 34. It is the same distance from 0 on the number 
line, but on the opposite side of 0. 


Thinking of negative fractions as the opposite of 
positive fractions will help us locate them on the 
number line. To locate — 158 on the number line, 
first think of where 158 is located. It is an improper 
fraction, so we first convert it to the mixed number 
178 and see that it will be between 1 and 2 on the 
number line. So its opposite, — 158, will be between 
—1 and —2 on the number line. 


Locate and label the following on the number 


line: 14, -—14,113, —113,52, and —52. 


Solution 


Draw a number line. Mark 0 in the middle and 
then mark several units to the left and right. 


To locate 14, divide the interval between 0 
and 1 into four equal parts. Each part 
represents one-quarter of the distance. So plot 
14 at the first mark. 


To locate — 14, divide the interval between 0 
and —1 into four equal parts. Plot — 14 at the 
first mark to the left of 0. 


Since 113 is between 1 and 2, divide the 
interval between 1 and 2 into three equal 
parts. Plot 113 at the first mark to the right of 
1. Then since — 113 is the opposite of 113 it is 
between —1 and —2. Divide the interval 
between —1 and —2 into three equal parts. 
Plot —113 at the first mark to the left of —1. 


To locate 52 and —52, it may be helpful to 
rewrite them as the mixed numbers 212 and 
— 212. 


Since 212 is between 2 and 3, divide the 
interval between 2 and 3 into two equal parts. 
Plot 52 at the mark. Then since — 212 is 
between — 2 and —3, divide the interval 
between —2 and —3 into two equal parts. Plot 
— 52 at the mark. 


Locate and label each of the given fractions on 
a number line: 


29, — 29,214,—214,32,—32 


Locate and label each of the given fractions on 
a number line: 


34e= 3a oe 


Order Fractions and Mixed Numbers 


We can use the inequality symbols to order 
fractions. Remember that a>b means that a is to the 
right of b on the number line. As we move from left 


to right on a number line, the values increase. 


Order each of the following pairs of numbers, 
using < or >: 


@-23  -1 
®-312  -3 
©-37__—-38 
@-2  -169 
Solution 
@—23>-1 
®—-—312< -3 


©—37< —38 


@—=2-< —169 


Order each of the following pairs of numbers, 
using < or >: 


OaH1e 1 
Oa Wy 2 
O=2Z2 is 
Qa e= 73 


Order each of the following pairs of numbers, 
using < or >: 


@—32— 175 
@®-—214 -2 
©-35_-—45 
@-—4_-103 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Introduction to Fractions 
¢ Identify Fractions Using Pattern Blocks 


Key Concepts 


* Property of One 


© Any number, except zero, divided by itself 
is one. 
aa=1, where a~0. 


Mixed Numbers 


© A mixed number consists of a whole 
number a and a fraction be where c= 0. 
© It is written as follows: abcc #0 


Proper and Improper Fractions 


© The fraction ab is a proper fraction if a<b 
and an improper fraction if a=b. 


Convert an improper fraction to a mixed 
number. 


Divide the denominator into the numerator. 
Identify the quotient, remainder, and divisor. 
Write the mixed number as 
quotientremainderdivisor. 


Convert a mixed number to an improper 
fraction. 


Multiply the whole number by the 
denominator.Add the numerator to the product 
found in Step 1.Write the final sum over the 
original denominator. 


Equivalent Fractions Property 


© Ifa, b, and c are numbers where b=~0, 
c #0, then ab=acbc. 


Practice Makes Perfect 


In the following exercises, name the fraction of each 
figure that is shaded. 


@14 
®34 
©38 
@59 


In the following exercises, shade parts of circles or 
squares to model the following fractions. 


12 


78 


58 


710 


In the following exercises, use fraction circles to 
make wholes, if possible, with the following pieces. 


3 thirds 


8 eighths 


7 sixths 


4 thirds 


7 fifths 


7 fourths 


In the following exercises, name the improper 
fractions. Then write each improper fraction as a 
mixed number. 


@54=114 
@©74=134 
©118=138 


@114=234 
®©198 = 238 


In the following exercises, draw fraction circles to 
model the given fraction. 


116 


138 


103 


94 


In the following exercises, rewrite the improper 
fraction as a mixed number. 


a2 


oo 


123 


114 


135 


200 


256 


289 


319 


4213 


4715 


3215 


In the following exercises, rewrite the mixed 
number as an improper fraction. 


123 


125 


v3 


214 


256 


176 


279 


257 


197 


347 


309 


329 


In the following exercises, use fraction tiles or draw 
a figure to find equivalent fractions. 


How many sixths equal one-third? 


How many twelfths equal one-third? 


How many eighths equal three-fourths? 


How many twelfths equal three-fourths? 


How many fourths equal three-halves? 


How many sixths equal three-halves? 


In the following exercises, find three fractions 
equivalent to the given fraction. Show your work, 
using figures or algebra. 


14 


13 


Answers may vary. Correct answers include 
26,39,412. 


38 


56 


Answers may vary. Correct answers include 
1012,1518,2024. 


27 


59 


Answers may vary. Correct answers include 
1018,1527,2036. 


In the following exercises, plot the numbers on a 
number line. 


23,594,125 


13,74,135 


14,95,113 


710,52;138.3 


213,=213 


134,—135 


34, 34,123. 123,52, —52 


20, 20,104; —134,83,—83 


In the following exercises, order each of the 
following pairs of numbers, using < or >. 


—1_-14 


=1_—I13 


= 912 = 712 


= 910: -=310 


Everyday Math 


Music Measures A choreographed dance is 
broken into counts. A 11 count has one step in 
a count, a 12 count has two steps in a count 
and a 13 count has three steps in a count. How 
many steps would be in a 15 count? What type 
of count has four steps in it? 


Music Measures Fractions are used often in 
music. In 44 time, there are four quarter notes 


in one measure. 


@) How many measures would eight quarter 
notes make? 

® The song “Happy Birthday to You” has 25 
quarter notes. How many measures are there 
in “Happy Birthday to You?” 


@ 8 
® 4 


Baking Nina is making five pans of fudge to 
serve after a music recital. For each pan, she 
needs 12 cup of walnuts. 


@ How many cups of walnuts does she need 
for five pans of fudge? 

© Do you think it is easier to measure this 
amount when you use an improper fraction 
or a mixed number? Why? 


Writing Exercises 


Give an example from your life experience 
(outside of school) where it was important to 
understand fractions. 


Answers will vary. 


Explain how you locate the improper fraction 
214 on a number line on which only the whole 
numbers from 0 through 10 are marked. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 


because topics you do not master become potholes 
in your road to success. In math, every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no—I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


equivalent fractions 
Equivalent fractions are two or more fractions 
that have the same value. 


fraction 
A fraction is written ab. in a fraction, a is the 
numerator and b is the denominator. A 
fraction represents parts of a whole. The 
denominator b is the number of equal parts 
the whole has been divided into, and the 
numerator a indicates how many parts are 
included. 


mixed number 
A mixed number consists of a whole number a 
and a fraction bc where c~0. It is written as 
abc, where c #0. 


proper and improper fractions 
The fraction ab is proper if a< band improper 
if a>b. 


Multiply and Divide Fractions 
By the end of this section, you will be able to: 


¢ Simplify fractions 
* Multiply fractions 
¢ Find reciprocals 
* Divide fractions 


Before you get started, take this readiness quiz. 


1. Find the prime factorization of 48. 
If you missed this problem, review [link]. 
2. Draw a model of the fraction 34. 
If you missed this problem, review [link]. 
3. Find two fractions equivalent to 56. 
Answers may vary. Acceptable answers 
include 1012,1518,5060, etc. 
If you missed this problem, review [link]. 


Simplify Fractions 


In working with equivalent fractions, you saw that 
there are many ways to write fractions that have the 
same value, or represent the same part of the whole. 


How do you know which one to use? Often, we'll 
use the fraction that is in simplified form. 


A fraction is considered simplified if there are no 
common factors, other than 1, in the numerator and 
denominator. If a fraction does have common 
factors in the numerator and denominator, we can 
reduce the fraction to its simplified form by 
removing the common factors. 


Simplified Fraction 
A fraction is considered simplified if there are no 


common factors in the numerator and 
denominator. 


For example, 


¢ 23 is simplified because there are no common 
factors of 2 and 3. 

* 1015 is not simplified because 5 is a common 
factor of 10 and 15. 


The process of simplifying a fraction is often called 
reducing the fraction. In the previous section, we 
used the Equivalent Fractions Property to find 
equivalent fractions. We can also use the Equivalent 
Fractions Property in reverse to simplify fractions. 


We rewrite the property to show both forms 
together. 


Equivalent Fractions Property 


If a,b,c are numbers where b #0,c +0, then 
ab = a-cb-canda:cb:c = ab. 


Notice that c is a common factor in the numerator 
and denominator. Anytime we have a common 
factor in the numerator and denominator, it can be 
removed. 


Simplify a fraction. 


Rewrite the numerator and denominator to show 
the common factors. If needed, factor the 
numerator and denominator into prime numbers. 
Simplify, using the equivalent fractions property, 
by removing common factors. Multiply any 
remaining factors. 


Simplify: 1015. 


Solution 


To simplify the fraction, we look for any 
common factors in the numerator and the 
denominator. 


Notice that 5 is a factor1015 


Wi Yveit ty ULI LVe 


Factor the numerator 
and denominator. 


Remove the common 


factors. 
2-x 


2 + 


Simplify. 


Simplify: 812. 


Simplify: 1216. 


To simplify a negative fraction, we use the same 
process as in [link]. Remember to keep the negative 
sign. 


Simplify: — 1824. 


Solution 


We notice that 18 and —1824 
24 both have factors of 


& 


We 


Rewrite the numerator 
and denominator 
sh. 3-© the common 


/ 


far 


LULewvaie 


Remove common 
factors. 
3-6 


~~ A_& 


Simplify. —34 


Simplify: — 2128. 


Simplify: — 1624. 


After simplifying a fraction, it is always important to 
check the result to make sure that the numerator 
and denominator do not have any more factors in 
common. Remember, the definition of a simplified 
fraction: a fraction is considered simplified if there are 
no common factors in the numerator and denominator. 


When we simplify an improper fraction, there is no 
need to change it to a mixed number. 


Simplify: — 5632. 


Solution 


—5622 
Rewrite the numerator 
and denominator, 
7-8 
sh ° the common 
far is Q 


2UUGVewn “9 We 


Remove common 
factors. 
7 


Simplify. —74 


Simplify: — 5442. 


Simplify: — 8145. 


Simplify a fraction. 


Rewrite the numerator and denominator to show 
the common factors. If needed, factor the 
numerator and denominator into prime numbers. 
Simplify, using the equivalent fractions property, 
by removing common factors. Multiply any 
remaining factors 


Sometimes it may not be easy to find common 
factors of the numerator and denominator. A good 
idea, then, is to factor the numerator and the 
denominator into prime numbers. (You may want to 
use the factor tree method to identify the prime 
factors.) Then divide out the common factors using 
the Equivalent Fractions Property. 


Simplify: 210385. 


Solution 


Use factor trees to 210385 
factor the numerator 
and denominator. 


Rewrite the numerator 210385 = 2°3:5:75:7:11 
and denominator as 
the product of the 


. 
nArImMmaAc 
Pi tssticvy. 


Remove the common 


fac2-3-5-7 


"Vv 11 

a *- it 
Cimnlifr, Cy YeRD Jig FB | 
LEE ee PA) / e ee ee oe 
Multiply any remaining611 
factors. 


Simplify: 69120. 


Simplify: 120192. 


We can also simplify fractions containing variables. 
If a variable is a common factor in the numerator 
and denominator, we remove it just as we do with 
an integer factor. 


Simplify: 5xy15x. 


Solution 


Exx71 Ex 


Sey bVUaA 
Rewrite numerator and 5-x-y3-5-x 
denominator showing 


Pamman fantara 
ReVALLLIIYAl LUCY. 


Remove common IXY3'S°X 


fantara 
LULLYVIVe 


Simplify. y3 


Simplify: 7x7y. 


Simplify: 9a9b. 


Multiply fractions 


A model may help you understand multiplication of 
fractions. We will use fraction tiles to model 12:34. 
To multiply 12 and 34, think 12 of 34. 


Start with fraction tiles for three-fourths. To find 
one-half of three-fourths, we need to divide them 
into two equal groups. Since we cannot divide the 
three 14 tiles evenly into two parts, we exchange 
them for smaller tiles. 


We see 68 is equivalent to 34. Taking half of the six 
18 tiles gives us three 18 tiles, which is 38. 


Therefore, 
12:34=38 


Doing the Manipulative Mathematics activity 
"Model Fraction Multiplication" will help you 


develop a better understanding of how to multiply 
fractions. 


Use a diagram to model 12:34. 


Solution 


First shade in 34 of the rectangle. 


We will take 12 of this 34, so we heavily shade 
12 of the shaded region. 


Notice that 3 out of the 8 pieces are heavily 
shaded. This means that 38 of the rectangle is 
heavily shaded. 


Therefore, 12 of 34 is 38, or 12:°34=38. 


Use a diagram to model: 12:35. 


Use a diagram to model: 12:56. 


Look at the result we got from the model in [link]. 


We found that 12:°34=38. Do you notice that we 
could have gotten the same answer by multiplying 
the numerators and multiplying the denominators? 


12-34 
Multiply the numerators, 12:34 
and multiply the 


LLUALILLIIULUL Ve 


Simplify. 38 


This leads to the definition of fraction 
multiplication. To multiply fractions, we multiply 
the numerators and multiply the denominators. 
Then we write the fraction in simplified form. 


Fraction Multiplication 
If a,b,c,andd are numbers where b + Oandd = 0, 


Multiply, and write the answer in simplified 


form: 34-15. 


Solution 


Multiply the 
numerators; multiply 


tha dananminatarea 


Simplify. 


There are no common factors, so the fraction is 
simplified. 


Multiply, and write the answer in simplified 
form: 13-25. 


Multiply, and write the answer in simplified 
form: 35:78. 


When multiplying fractions, the properties of 
positive and negative numbers still apply. It is a 
good idea to determine the sign of the product as 
the first step. In Example 4.26 we will multiply two 
negatives, so the product will be positive. 


Multiply, and write the answer in simplified 
form: —58(— 23). 


Solution 


—§28(—23) 
The signs are the same, 5:28-3 
so the product is 
positive. Multiply the 


numerators, multiply 


. 
tha danaminatarea 
LLG ULCLLUL111LIU LULU 


nlifir TONOA 
iveat 


Cim 
Oinipauy. 


Look for common 
factors in the 
nu >~2 or and 

12-2 . 
de.:S.i..ator. Rewrite 
showing common 


fantara 
LULLULD. 


Remove common 5 h2 
factors. 


Another way to find this product involves 
removing common factors earlier. 


= R06 ON 
VOU 


aiv) 


Determine the sign of 5-28-3 


tha nvrandiirot NAaaltinls: 
Udte PLUYUULULL. ivtULLIpLy. 


Show common factors 


and then remove thein. 
5-2 
A.7.2 


Multiply remaining 5t2 
factors. 


We get the same result. 


Multiply, and write the answer in simplified 
form: —47(—58). 


Multiply, and write the answer in simplified 
form: —712(-89). 


Multiply, and write the answer in simplified 
form: — 1415-2021. 


Solution 


1415-2 
Determine the sign of —1415-2021 


tha neandiiot- multinly, 
UAe PLYULULL, LttULLLpiy 


Are there any common 
factors in the 
numerator and the 
denominator? 

We know that 7 is a 
factor of 14 and 21, 


and 5 is a factor of 20 


Ulin LY. 


Rewrite showing 


common factors. 
1-4-¥ 
Lp Zz ” = 4 


J "4 * oJ 


Remove the common —2°43:3 


fantara 
LULLULD. 


Multiply the remaining — 89 
factors. 


Multiply, and write the answer in simplified 
form: — !028'815, 


Multiply, and write the answer in simplified 
form: — 920-512. 


When multiplying a fraction by an integer, it may be 
helpful to write the integer as a fraction. Any 
integer, a, can be written as al. So, 3=31, for 
example. 


Multiply, and write the answer in simplified 
form: 


@17-56 


@®125(— 20x) 


Solution 


(ey 
— 


WAlvita CA ac a Frantiar. 
VV¥LLUS OU UW UY LLULLLULL, 


Determine the sign o/ 567 


tha nerondiuirts maiiltinly 
Ute PLUYUULL, LttULLpiy. 


Simplify. 8 
@) 

135(—203) 
Write — 20x asa 125( — 20x1) 


. 
frantian 
SALULLIVIlLe 


Determine the sign of —12:20-x5-1 


tha nerndiirnts maiiltinly 
Ute PLUYUUULL, tttULLLpiy. 


Show common factors 


and then remove thein. 
12-4-5%x 
i a 


t 


~ 


Multiply remaining — 48x 
factors; simplify. 


Multiply, and write the answer in simplified 
form: 


@18-72 
®113(- 9a) 


Multiply, and write the answer in simplified 


form: 


@38-64 
@©16x:1112 


Find Reciprocals 


The fractions 23 and 32 are related to each other in 
a special way. So are — 107 and — 710. Do you see 


how? Besides looking like upside-down versions of 
one another, if we were to multiply these pairs of 
fractions, the product would be 1. 

23-32 = 1land—107(—710)=1 


Such pairs of numbers are called reciprocals. 


Reciprocal 
The reciprocal of the fraction ab is ba, where a+0 
and b+0, 


A number and its reciprocal have a product of 1. 
ab-ba=1 


To find the reciprocal of a fraction, we invert the 
fraction. This means that we place the numerator in 
the denominator and the denominator in the 
numerator. 


To get a positive result when multiplying two 
numbers, the numbers must have the same sign. So 
reciprocals must have the same sign. 


To find the reciprocal, keep the same sign and invert 
the fraction. The number zero does not have a 
reciprocal. Why? A number and its reciprocal 
multiply to 1. Is there any number r so that 0-r=1? 
No. So, the number 0 does not have a reciprocal. 


Find the reciprocal of each number. Then 
check that the product of each number and its 
reciprocal is 1. 


@49 
®—16 
©-145 
@7 


Solution 


To find the reciprocals, we keep the sign and 
invert the fractions. 


G) 
fa) 


Find the reciprocal of The reciprocal of 49 is 


AQ 
7e 
Chacl,- 


NULL LDV 


Multiply the number 


. . 
and 1t)d ranrinrnral 
Usinu ity BSS ee Weule 


Multiply numerators 


dada i 
an anaminatara 
UAL ULCLLVILILIIULUYUL Ve 


Simplify. 


(A) 


LY 


Find the reciprocal of 


16, 
lifer 


Cim 
Oinipauy 


Chacel-- 


NLL LDV 


CO) 


Ww 


Find the reciprocal of 


TAR 


td Ve 


1;- 


an 
NLL LDV 


\O 
aS 


49-94 


3636 


lV 


‘en 
@ 

Find the reciprocal of 

ys 

Write 7 asa fraction. 71 


Write the reciprocal of 17 
71 


Chool:.- 7.017) 
uu rN\asry 


lV 


LW Tre 


Find the reciprocal: 


@57 
®—-18 
©-114 


Find the reciprocal: 


@37 
(Ors 
©-149 
@21 


In a previous chapter, we worked with opposites 
and absolute values. [link] compares opposites, 
absolute values, and reciprocals. 


ane se —CAA Lee WTI NE 


Opposite AHSOTUtS + alu c ING Cipi socal 
has opposite sign is never negative has same sign, 
fraction inverts 


Fill in the chart for each fraction in the left 
column: 


Number Opposite Absolute Reciprocal 


a oe eS 
VcLLUT 


Solution 


To find the opposite, change the sign. To find 
the absolute value, leave the positive numbers 
the same, but take the opposite of the negative 
numbers. To find the reciprocal, keep the sign 
the same and invert the fraction. 


Number Opposite Absolute Reciprocal 
Vale 
== EX) 290 22 —— 


19 19 19 9 

ig Lg ii cot 

os _ac os ra 
ad ad Fu wy 
5 5 5 15 


Fill in the chart for each number given: 


Number Opposite Absolute Reciprocal 


W721... 
VcLLUT 


Fill in the chart for each number given: 


Number Opposite Absolute Reciprocal 


1721..~ 
VclLuc 


The U.S. coin called a quarter is worth one-fourth 
of a dollar. 


Divide Fractions 


Why is 12+3=4? We previously modeled this with 
counters. How many groups of 3 counters can be 
made from a group of 12 counters? 


There are 4 groups of 3 counters. In other words, 
there are four 3s in 12. So, 12+3=4. 


What about dividing fractions? Suppose we want to 
find the quotient: 12+ 16. We need to figure out 
how many 16s there are in 12. We can use fraction 
tiles to model this division. We start by lining up the 
half and sixth fraction tiles as shown in [link]. 
Notice, there are three 16 tiles in 12, so 12+16=3. 


Doing the Manipulative Mathematics activity 
"Model Fraction Division" will help you develop a 
better understanding of dividing fractions. 


Model: 14+ 18. 
Solution 
We want to determine how many 18s are in 


14. Start with one 14 tile. Line up 18 tiles 
underneath the 14 tile. 


There are two 18s in 14. 


So, 14+18=2. 


Model: 13+ 16. 


Model: 12+ 14. 


Model: 2+ 14. 


Solution 


We are trying to determine how many 14s 
there are in 2. We can model this as shown. 


Because there are eight 14s in 2,2+14=8. 


Model: 2+13 


Model: 3+12 


Let’s use money to model 2+ 14 in another way. We 
often read 14 as a ‘quarter’, and we know that a 
quarter is one-fourth of a dollar as shown in [link]. 
So we can think of 2+14 as, “How many quarters 
are there in two dollars?” One dollar is 4 quarters, 
so 2 dollars would be 8 quarters. So again, 


2+14=8. 


Using fraction tiles, we showed that 12+16=3. 
Notice that 12:61 =3 also. How are 16 and 61 
related? They are reciprocals. This leads us to the 
procedure for fraction division. 


Fraction Division 

If a,b,c,andd are numbers where 

b ~0,c =0,andd = 0, then 

ab + cd=ab-de 

To divide fractions, multiply the first fraction by 
the reciprocal of the second. 


We need to say b#0,c = Oandd ~0 to be sure we 
don’t divide by zero. 


Divide, and write the answer in simplified 
form: 25+(-— 37). 


Solution 


25 +(-37) 
Multiply the first 25(— 73) 
fraction by the 
reciprocal of the 


Multiply. The product 
is negative. 


Divide, and write the answer in simplified 
forine 37 (2): 


Divide, and write the answer in simplified 


form: 23 +(-—75). 


Divide, and write the answer in simplified 
(Orme 25-1: 


Solution 


Multiply the first 
fraction by the 
reciprocal of the 


Multiply. 


Divide, and write the answer in simplified 


[OM 35 7. 


Divide, and write the answer in simplified 
form: 58 + q3. 


Divide, and write the answer in simplified 
(OM = 94 7 O) 


Solution 


SRS ply, Pade Cady Ko 
ore 


Multiply the first —34t— 87) 
fraction by the 


reciprocal of the 

Multiply. Remember to 3-84-7 
determine the sign 

Firot 

Rewrite to show 3°4:24-7 


PpaAmman fantara 
eVilliil Wih LULLYLVe 


Remove common 67 
factors and simplify. 


Divide, and write the answer in simplified 
form: —23+(-—56). 


Divide, and write the answer in simplified 
form: —56+(-—23). 


Divide, and write the answer in simplified 
form: 718 + 1427. 


Solution 


Multiply the first 


fraction by the 
reciprocal of the 


annnand 
VWULeViltte 


NAaalti 


nix 
AVELUILLELP Lye 


Rewrite showing 


common factors. 
1 -Y¥-3 


xe A YA 
WD*a*A*& 


Remove common 


fantara 
LULLULD. 


Simplify. 


Divide, and write the answer in simplified 


form: 727 + 3536. 


Divide, and write the answer in simplified 
form: 514+ 1528. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Simplifying Fractions 
Multiplying Fractions (Positive Only) 
Multiplying Signed Fractions 
Dividing Fractions (Positive Only) 
Dividing Signed Fractions 


Key Concepts 


¢ Equivalent Fractions Property 


© Ifa, b, c are numbers where b~0, c~0, 
then ab=a:cb:c and a:cb:c=ab. 


¢ Simplify a fraction. 


Rewrite the numerator and denominator to 
show the common factors. If needed, factor the 
numerator and denominator into prime 
numbers. Simplify, using the equivalent 
fractions property, by removing common 
factors. Multiply any remaining factors. 


* Fraction Multiplication 


© Ifa, b, c, and d are numbers where 
b~Oand d=~0, then ab-cd=acbd. 


* Reciprocal 


© A number and its reciprocal have a 
product of 1. ab-ba=1 


© Opposite Absolute Reciprocal 


VWalain 
Vv Law 


has opposite—is never has same 


sign negative sign, fraction 
inverts 


¢ Fraction Division 
© Ifa, b, c, and d are numbers where b=~0, 
c#0 andd=0, then 
ab +cd=ab-de 


© To divide fractions, multiply the first 
fraction by the reciprocal of the second. 


Practice Makes Perfect 
Simplify Fractions 
In the following exercises, simplify each fraction. Do 


not convert any improper fractions to mixed 
numbers. 


721 


13 


824 


1520 


34 


1218 


— 4088 


= SLi 


— 6399 


— 10863 


= 127 


— 10448 


120252 


1021 


182294 


— 168192 


=78 


— 140224 


11lxlly 


XY 


15a15b 


— 3x1l2y 


— x4y 


— 4x32y 


14x221y 


2x23Y 


24a32b2 


Multiply Fractions 


In the following exercises, use a diagram to model. 


12:23 


13 


12:58 


13:56 


518 


1325 


In the following exercises, multiply, and write the 
answer in simplified form. 


20°13 


215 


12:38 


34-910 


2740 


45:27 


= 230-38) 


14 


— 34(- 49) 


= 59-310 


= 16 


— 38-415 


712(=821) 


= 29 


512(— 815) 


(—1415)(920) 


=2150 


(—910)(2533) 


(— 6384)(— 4490) 


1130 


(— 3360)(— 4088) 


4-511 


2011 


583 


37:21n 


On 


56°30m 


— 28p(— 14) 


7p 


=—51qC= 13) 


— 8(174) 


—34 


145(—15) 


=1¢=38) 


38 


(== 62) 


(23)3 


827 


(45)2 


(65)4 


1296625 


(47)4 


Find Reciprocals 


In the following exercises, find the reciprocal. 


34 


43 


23 


=< 617 


=175 


—619 


118 


811 


=13 


319 


Fill in the chart. 


Opposite Absolute Reciprocal 


W721... 
VcLLUT 


Fill in the chart. 


Opposite Absolute Reciprocal 


1721..~ 
VcLLUC 


Divide Fractions 


In the following exercises, model each fraction 
division. 


12+14 
12+18 
4 
2215 


12 


In the following exercises, divide, and write the 
answer in simplified form. 


12+14 


12+18 


L615 


— 45+ 47 


—34+35 


—54 


—79+(-79) 


—56+(-56) 


34+x11 


25+y9 


185y 


58+ al0 


56+cl15 


252¢ 


518 +(-—1524) 


718+(-—1427) 


~34 


7pl12+21p8 


5q12+15q8 


29 


8u1l5+12v25 


12r25+18s35 


14r15s 


= 512 


—3+14 


= 12 


34+(-12) 


25+(-10) 


125 


—18+(-92) 


—15(.=—93) 


12+(—34)+78 


1278211 


87 


Everyday Math 


Baking A recipe for chocolate chip cookies calls 
for 34 cup brown sugar. Imelda wants to double 
the recipe. 


@ How much brown sugar will Imelda need? 


Show your calculation. Write your result as an 
improper fraction and as a mixed number. 


© Measuring cups usually come in sets of 
18,14,13,12,and1 cup. Draw a diagram to show 
two different ways that Imelda could measure 
the brown sugar needed to double the recipe. 


Baking Nina is making 4 pans of fudge to serve 
after a music recital. For each pan, she needs 23 
cup of condensed milk. 


@ How much condensed milk will Nina 
need? Show your calculation. Write your 
result as an improper fraction and as a mixed 
number. 

© Measuring cups usually come in sets of 
18,14,13,12,and1 cup. Draw a diagram to 
show two different ways that Nina could 
measure the condensed milk she needs. 


* @ 423 =83=223 
* ® Answers will vary. 


Portions Don purchased a bulk package of 
candy that weighs 5 pounds. He wants to sell 
the candy in little bags that hold 14 pound. 
How many little bags of candy can he fill from 


the bulk package? 


Portions Kristen has 34 yards of ribbon. She 
wants to cut it into equal parts to make hair 
ribbons for her daughter’s 6 dolls. How long 
will each doll’s hair ribbon be? 


18yard 


Writing Exercises 


Explain how you find the reciprocal of a 
fraction. 


Explain how you find the reciprocal of a 
negative fraction. 


Answers will vary. 


Rafael wanted to order half a medium pizza at a 
restaurant. The waiter told him that a medium 
pizza could be cut into 6 or 8 slices. Would he 
prefer 3 out of 6 slices or 4 out of 8 slices? 
Rafael replied that since he wasn’t very hungry, 
he would prefer 3 out of 6 slices. Explain what 


is wrong with Rafael’s reasoning. 


Give an example from everyday life that 
demonstrates how 12:23is13. 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Glossary 

reciprocal 
The reciprocal of the fraction ab is ba where 
a~0O and b=~0. 


simplified fraction 


A fraction is considered simplified if there are 
no common factors in the numerator and 
denominator. 


Multiply and Divide Mixed Numbers and Complex 
Fractions 
By the end of this section, you will be able to: 


* Multiply and divide mixed numbers 

¢ Translate phrases to expressions with fractions 
¢ Simplify complex fractions 

¢ Simplify expressions written with a fraction bar 


Before you get started, take this readiness quiz. 


1. Divide and reduce, if possible: 
(4+5)+(10-7). 
If you missed this problem, review [link]. 


2. Multiply and write the answer in simplified 
form: 18-23. 
If you missed this problem, review [link]. 
3. Convert 235 into an improper fraction. 
If you missed this problem, review [link]. 


Multiply and Divide Mixed Numbers 


In the previous section, you learned how to multiply 
and divide fractions. All of the examples there used 


either proper or improper fractions. What happens 
when you are asked to multiply or divide mixed 
numbers? Remember that we can convert a mixed 
number to an improper fraction. And you learned 
how to do that in Visualize Fractions. 


Multiply: 313-58 


Solution 


Convert 313 to an 


Imawrannnse Frantinan 
attitpryvprrt ALULLIVIlLe 


NAaaltintlss 1N.E9. 
BAY: advuU VY 


LVEULLUL 


QoQ 
Look for common 2/5°53-2/4 


fantara 
LULLYVIVe 


Remove common 553-4 


fantara 
LULLVIVe 


Simplify. 2512 


Notice that we left the answer as an improper 
fraction, 2512, and did not convert it toa 
mixed number. In algebra, it is preferable to 


write answers as improper fractions instead of 
mixed numbers. This avoids any possible 
confusion between 2112 and 2-112. 


Multiply, and write your answer in simplified 
form: 522'O 17. 


Multiply, and write your answer in simplified 
form: 37:514. 


Multiply or divide mixed numbers. 


Convert the mixed numbers to improper fractions. 
Follow the rules for fraction multiplication or 
division. Simplify if possible. 


Multiply, and write your answer in simplified 
form: 245(-—178). 


Solution 


2AEC—179} 
Convert mixed 145(— 158) 
numbers to improper 


. 
frantinna 
LLULLLULID. 


NAaaltinlss at 1 A.LEo.O 
biavvyv 


AVLULLLLp Lye 


Look for common — 27-35/2/4 


fantara 
LULLULD. 


Remove common — 7:34 


fantnara 
LULLULD. 


Simplify. —214 


Multiply, and write your answer in simplified 
form. 557(— 258). 


Multiply, and write your answer in simplified 
form. — 325-416. 


Divide, and write your answer in simplified 
form: 347 +5. 


Solution 

247-5 
Convert mixed 2h ot 
numbers to improper 
frantianna 
Multiply the first 257:15 


fraction by the 


reciprocal of the 
(era vel ata) a 


NAaaltintlss 
AVLULLIP Ly. 


Look for common 


fantara 
LULLVIVe 


Remove common 


fantnara 
LULLVIVe 


Simplify. 


Divide, and write your answer in simplified 


form: 438 +7. 


Divide, and write your answer in simplified 
form: 258 = 3. 


Divide: 212+114. 


Solution 


Convert mixed 
numbers to improper 


° 
frantinna 
LLULLLULID. 


Multiply the first 
fraction by the 
reciprocal of the 


annanda 
VUeV ile 


NAaalts E.A9.E 


nix 
AVLULLUELP Lye Vv leiv 


Look for common F222 -5/ 


fantara 
LULLULD. 


Remove common 21 


fantara 
LULLULD. 


Simplify. 2 


Divide, and write your answer in simplified 


form: 223+113. 


Divide, and write your answer in simplified 
form; 334 112; 


Translate Phrases to Expressions with 
Fractions 


The words quotient and ratio are often used to 
describe fractions. In Subtract Whole Numbers, we 
defined quotient as the result of division. The 
quotient of aandb is the result you get from dividing 
abyb, or ab. Let’s practice translating some phrases 
into algebraic expressions using these terms. 


Translate the phrase into an algebraic 
expression: “the quotient of 3x and 8.” 


Solution 


The keyword is quotient; it tells us that the 
operation is division. Look for the words of 
and and to find the numbers to divide. 

The quotientof3xand8. 


This tells us that we need to divide 3x by 8. 
3x8 


Translate the phrase into an algebraic 
expression: the quotient of 9s and 14. 


Translate the phrase into an algebraic 
expression: the quotient of 5y and 6. 


Sy6 


Translate the phrase into an algebraic 
expression: the quotient of the difference of m 
and n, and p. 


Solution 


We are looking for the quotient of the difference 
of m and, and p. This means we want to 
divide the difference of m and n by p. 

m—np 


Translate the phrase into an algebraic 
expression: the quotient of the difference of a 
and b, and cd. 


Translate the phrase into an algebraic 
expression: the quotient of the sum of p and gq, 


ehavala es 


Simplify Complex Fractions 


Our work with fractions so far has included proper 
fractions, improper fractions, and mixed numbers. 
Another kind of fraction is called complex fraction, 
which is a fraction in which the numerator or the 
denominator contains a fraction. 


Some examples of complex fractions are: 
6733458x256 


To simplify a complex fraction, remember that the 
fraction bar means division. So the complex fraction 
3458 can be written as 34+ 58. 


Simplify: 3458. 


Solution 


. A . ee 
Dararrita aa Laee teh vatal 
EWU VVELUW UD ULVIVDLVILe 


Multiply the first 
fraction by the 
reciprocal of the 


cCAnrnNnKnN aA 
VWUevV ile 


NAaal ta 


nlxz 
AVLULLLLP Lye 


Look for common 


fantara 
LULLULD. 


Remove common 
factors and simplify. 


Simplify: 2356. 


Simplify: 37611. 


1114 


Simplify a complex fraction. 


Rewrite the complex fraction as a division problem. 
Follow the rules for dividing fractions. Simplify if 
possible. 


Simplify: — 673. 


Solution 

—§72 
Rewrite-as-division: ein 
Multiply the first — 67:13 


fraction by the 
reciprocal of the 


VWULeV ile 


Multiply; the product —6-17:3 


wart I] ha naantirra 
VV ELL LU ENS (SSA S90 


Look for common — ¥2-17-¥ 


fantara 
LULLULD. 


Remove common —27 
factors and simplify. 


Simplify: — 874. 


Simplify: — 3910. 


Simplify: x2xy6. 


Solution 


. A . ee 
Dararrita aa Laee teh vatal 
EWU VVELUW UD ULVIVDLVILe 


Multiply the first 
fraction by the 
reciprocal of the 


cCAnrnNnKnN 
VWUevV ile 


NAaal tints, 


AviUittiply 


Look for common 


fantara 
LULLULD. 


Remove common 
factors and simplify. 


Simplify: a8ab6. 


Simplify: p2pq8. 


Simplify: 23418. 


Solution 


Dow mito na Aixricinn 
EXUVVELLY UD ULViIvLULIL. 


Change the mixed 


number to an impropex 


. 
frantian 
LLUVLLULUILe 


Multiply the first 
fraction by the 
reciprocal of the 


VWUevViltte 


NAaaltinlss 


AVEULLLLP Lye 


Look for common 


fantara 
LULLULD. 


Remove common 
factors and simplify. 


92QA10 


aiwV TL 


JNQA +190 
aiw | - tw 


114+18 


11481 


Simplify: 57125. 


Simplify: 85315. 


Simplify Expressions with a Fraction Bar 


Where does the negative sign go in a fraction? 
Usually, the negative sign is placed in front of the 
fraction, but you will sometimes see a fraction with 
a negative numerator or denominator. Remember 
that fractions represent division. The fraction —13 
could be the result of dividing —13, a negative by a 


positive, or of dividing 1 —3, a positive by a 
negative. When the numerator and denominator 
have different signs, the quotient is negative. 


If both the numerator and denominator are negative, 
then the fraction itself is positive because we are 
dividing a negative by a negative. 
—1—3=13negativenegative = positive 


Placement of Negative Sign in a Fraction 
For any positive numbers aandb, 
—ab=a—b=-—ab 


Which of the following fractions are equivalent 
to 7 —Ge 
—]—8,—-/8.78, -78 


Solution 


The quotient of a positive and a negative is a 
negative, so 7 —8 is negative. Of the fractions 
listed, —78and — 78 are also negative. 


Which of the following fractions are equivalent 
ele BS i 


HOO Oy Oso eo 


Which of the following fractions are equivalent 
[8G PANE 


ee NRO N 


Fraction bars act as grouping symbols. The 
expressions above and below the fraction bar should 
be treated as if they were in parentheses. For 
example, 4+ 85—3 means (4+ 8)+(5—3). The 
order of operations tells us to simplify the 
numerator and the denominator first—as if there 
were parentheses—before we divide. 


We'll add fraction bars to our set of grouping 
symbols from Use the Language of Algebra to have a 
more complete set here. 


Simplify an expression with a fraction bar. 


Simplify the numerator. Simplify the denominator. 
Simplify the fraction. 


Simplify: 4+ 85 — 3. 


Solution 


AiQeE_2 


Simplify the expression 125 — 3 


in thao niumaratar 
BEL CELW LLULLEIEV LULU Le 


Simplify the expression 122 


in tho danaminatar 
LiL LLL Gen Srathacer 


Simplify the fraction. 6 


Simplify: 4+ 611 —2. 


Simplity: 3 ol8— 2. 


Solution 


PD 21S) 


Use the order of 


operations. Multiply ia 
the numerator and use 
the exponent in the 


danaminatar 
Sd 


Simplify the numerator — 26 
and tha dAnnaminatar 


CALA LEEDS ULV L111, 


Simplify the fraction. -13 


Simplify: 6—3(5)32-. 2: 


Simplify: 4— 4(6)33 + 3. 


Simplify: (8 — 4)282 — 42. 


Solution 

£0, — A 2O2-— AD 
Use the order of (4)264-—16 
operations 


(parentheses first, then 
exponents). 
Simplify the numerator 1648 


. 
and dAnnanminatar 
CALAN ULLLV ILI 


Simplify the fraction. 13 


Simplify: (11 —7)2112—72. 


Simplify: (6 + 2)262 + 22. 


Simply 3) Ol eo) 


Solution 


Af _ 21 46 9) 2079) 9 
vu vy TV Yue = 
NAaaltinlsy, kg PO |p NY eA ot} 
ae eet ee) / . ita 1 Xu i a=) wv 
Cimnlifx, —OA Q 
SPE Pe) PO od wv 
Divide. 3 


Simplity: 8(—2)-- 4(— 3) —5(2)e- 2: 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Division Involving Mixed Numbers 
¢ Evaluate a Complex Fraction 


Key Concepts 

¢ Multiply or divide mixed numbers. 
Convert the mixed numbers to improper 
fractions. Follow the rules for fraction 
multiplication or division. Simplify if possible. 

¢ Simplify a complex fraction. 
Rewrite the complex fraction as a division 
problem. Follow the rules for dividing 
fractions. Simplify if possible. 


* Placement of negative sign in a fraction. 


© For any positive numbers a and b, -ab=a- 
b=-ab. 


¢ Simplify an expression with a fraction bar. 


Simplify the numerator. Simplify the 
denominator. Simplify the fraction. 


Practice Makes Perfect 


Multiply and Divide Mixed Numbers 


In the following exercises, multiply and write the 
answer in simplified form. 


438-710 


249-67 


4421 


1522'335 


2536:6310 


358 


423(—118) 


225(— 229) 


— 163 


— 449-51316 


S17 202112 


=6316 


In the following exercises, divide, and write your 
answer in simplified form. 


513+4 


1312+9 


32 


—12+3311 


—7+514 


—43 


638 + 218 


215+1110 


—935+(-—135) 


— 1834+ (-334) 


Translate Phrases to Expressions with Fractions 


In the following exercises, translate each English 
phrase into an algebraic expression. 


the quotient of 5u and 11 


the quotient of 7v and 13 


7v13 


the quotient of p and q 


the quotient of a and b 


ab 


the quotient of r and the sum of s and 10 
the quotient of A and the difference of 3 and B 
A3—B 

Simplify Complex Fractions 


In the following exercises, simplify the complex 
fraction. 


2389 
45815 

32 
=6211235 
— 9163340 
= [Oa 


— 452 


=O 103 


— 310 


258 


5310 


16 


m3n2 


r5s3 


3r5s 


=—%6— $9 


=30—y1l2 


92y 


245110 


42316 


28 


79—245 


38 — 634 


= 1S 


Simplify Expressions with a Fraction Bar 


In the following exercises, identify the equivalent 
fractions. 


Which of the following fractions are equivalent 
to.5 = 11? 
soa dig= 51155) 


Which of the following fractions are equivalent 
to — 49? 
—4-—9,—49,49, — 49 


—49,—49 


Which of the following fractions are equivalent 
to — 113? 
Sloe allo 


Which of the following fractions are equivalent 
to — 136? 
136,13: =6,=13=6;>=136 


13+6;= 136 
In the following exercises, simplify. 


4+118 


9-37 


127 


22310 


19—46 


BZ 


4824-15 


464+4 


234 


—~6+68+4 


6 +317 6 


13 


22-—1419-13 


15+918 +12 


45 


5:°38—10 


3-4—24 


42-125 


72160 


56 


8:3+2:914+3 


96-4: 72243 


2625 


IS'9=922:10 


12:9=323'18 


116 


5-6-3:445-2:3 


39=765'6=92 


D2 


SZ 3235 


62— 424-6 


=10 


2+ 4(3)—-3-—22 


7 Slo) = 232 


=) 
7-4—2(8—5)9.3-3.5 

9:7 —3(12—8)8.7 —6.6 

5120 

9(8 — 2) — 3(15—7)6(7 —1) —3(17-9) 
8(9 — 2) —4(14 —9)7(8 — 3) -3(16 —9) 
187 


Everyday Math 


Baking A recipe for chocolate chip cookies calls 
for 214 cups of flour. Graciela wants to double 
the recipe. 


1. @ How much flour will Graciela need? 
Show your calculation. Write your result as 
an improper fraction and as a mixed 
number. 


2. ® Measuring cups usually come in sets 
with cups for 18,14,13,12,and1 cup. Draw 
a diagram to show two different ways that 
Graciela could measure out the flour 
needed to double the recipe. 


Baking A booth at the county fair sells fudge by 
the pound. Their award winning “Chocolate 
Overdose” fudge contains 223 cups of chocolate 
chips per pound. 


@ How many cups of chocolate chips are in 
a half-pound of the fudge? 

© The owners of the booth make the fudge 
in 10-pound batches. How many chocolate 
chips do they need to make a 10-pound 
batch? Write your results as improper 
fractions and as a mixed numbers. 


@43=113cups 
©803 = 2623cups 


Writing Exercises 


Explain how to find the reciprocal of a mixed 
number. 


Explain how to multiply mixed numbers. 


Answers will vary. 


Randy thinks that 312514 is 1518. Explain 
what is wrong with Randy’s thinking. 


Explain why —12,—12, and 1—2 are 
equivalent. 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Glossary 


complex fraction 
A complex fraction is a fraction in which the 
numerator or the denominator contains a 
fraction. 


Add and Subtract Fractions with Common 
Denominators 
By the end of this section, you will be able to: 


* Model fraction addition 

¢ Add fractions with a common denominator 

¢ Model fraction subtraction 

¢ Subtract fractions with a common denominator 


Before you get started, take this readiness quiz. 


1. Simplify: 2x+9+3x—4. 

If you missed this problem, review [link]. 
2. Draw a model of the fraction 34. 

If you missed this problem, review [link]. 
3. Simplify: 3+ 26. 

If you missed this problem, review [link]. 


Model Fraction Addition 


How many quarters are pictured? One quarter plus 
2 quarters equals 3 quarters. 


Remember, quarters are really fractions of a dollar. 
Quarters are another way to say fourths. So the 
picture of the coins shows that 

142434one quarter + two quarters = three quarters 


Let’s use fraction circles to model the same example, 
144+ 24. 


Start with one 14 
piece. 


l 


dd 


Add two more 
14pieces. 


a 


|b 


The result is 34. 


| Wo 


So again, we see that 
14+24=34 


Doing the Manipulative Mathematics activity 
"Model Fraction Addition" will help you develop a 
better understanding of adding fractions 


Use a model to find the sum 38+ 28. 


Solution 


Start with three 


— 
(ee) 
oo| ue 


Add two 
18pieces. 


How many 
18pieces are 
the 


co |tn 


There are five 18 pieces, or five-eighths. The 
model shows that 38 + 28 =58. 


Use a model to find each sum. Show a diagram 
to illustrate your model. 


18+ 48 


Use a model to find each sum. Show a diagram 
to illustrate your model. 


16+ 46 


Add Fractions with a Common 
Denominator 


[link] shows that to add the same-size pieces— 
meaning that the fractions have the same 
denominator—we just add the number of pieces. 


Fraction Addition 
If a,b,andc are numbers where c <0, then 
ac+be=a+be 


To add fractions with a common denominators, 
add the numerators and place the sum over the 
common denominator. 


Find the sum: 35+15. 


Solution 


S6+-15 
Add the numerators 3+15 
and place the sum over 


the common 


. 
danaminatar 
VU. 


Simplify. 


Find each sum: 36+ 26. 


Find each sum: 310+ 710. 


Find the sum: x3 + 23. 


Solution 


BD lad 
Add the numerators x+23 
and place the sum over 
the common 


denominator. 


Note that we cannot simplify this fraction any 
more. Since xand2 are not like terms, we 
cannot combine them. 


Find the sum: x4+ 34. 


Find the sum: y8 +58. 


Find the sum: —9d+ 3d. 


Solution 


We will begin by rewriting the first fraction 
with the negative sign in the numerator. 


—ab=-—ab 


—9d1+3d 
Rewrite the first —9d+9d 
fraction with the 


negative in the 


niimaratar 
SBLUEULLILVLULVYLe 


Add the numerators —9+3d 
and place the sum over 
the common 


. 
a ananaminatar 
WALLY LL1LLIULY 


Simplify the —6d 


niimaratar 
SBLUULLILVLULVLe 


Rewrite with negativ: —6d 
sign in front of the 
fraction. 


Find the sum: — 7d+ 8d. 


Find the sum: —6m+9m. 


Find the sum: 2n11+5n11. 


Solution 


2 -+-Salt 
Add the numerators 2n+5n11 
and place the sum over 
the common 


. 
danaminatar 
VU. 


Combine like terms. 7n11 


Find the sum: 3p8 + 6p8. 


Find the sum: 2q5+7q5. 


Find the sum: —312+(-—512). 


Solution 


Add the numerators 
and place the sum ovey 
the common 


Find each sum: — 415+(-—615). 


Find each sum: —521+(-921). 


Model Fraction Subtraction 


Subtracting two fractions with common 
denominators is much like adding fractions. Think 
of a pizza that was cut into 12 slices. Suppose five 
pieces are eaten for dinner. This means that, after 
dinner, there are seven pieces (or 712 of the pizza) 
left in the box. If Leonardo eats 2 of these remaining 
pieces (or 212 of the pizza), how much is left? There 
would be 5 pieces left (or 512 of the pizza). 
712—212=512 


Let’s use fraction circles to model the same example, 
Fl2=212, 


Start with seven 112 pieces. Take away two 112 
pieces. How many twelfths are left? 


Again, we have five twelfths, 512. 


Doing the Manipulative Mathematics activity 
"Model Fraction Subtraction" will help you develop 
a better understanding of subtracting fractions. 


Use fraction circles to find the difference: 
45-15. 


Solution 


Start with four 15 pieces. Take away one 15 
piece. Count how many fifths are left. There 
are three 15 pieces left. 


Use a model to find each difference. Show a 
diagram to illustrate your model. 


78—48 


38, models may differ. 


Use a model to find each difference. Show a 
diagram to illustrate your model. 


56 — 46 


16, models may differ 


Subtract Fractions with a Common 
Denominator 


We subtract fractions with a common denominator 
in much the same way as we add fractions with a 
common denominator. 


Fraction Subtraction 

If a,b,andc are numbers where c <0, then 

ac —bec=a-—bce 

To subtract fractions with a common 
denominators, we subtract the numerators and 
place the difference over the common 


denominator. 


Find the difference: 2324 — 1424. 


Solution 


2224-1424 
Subtract the 23-1424 
numerators and place 
the difference over the 


. 
PATMAMAN dAanaminoatar 
VVALALILVY AL ULLLIVILILILIULY Le 


Simplify the 924 
Simplify the fraction 38 
by removing commoti 


factors. 


Find the difference: 1928 —728. 


Find the difference: 2732 —1132. 


Find the difference: y6— 16. 


Solution 


Subtract the 
numerators and place 
the difference over the 
common denominator. 


The fraction is simplified because we cannot 
combine the terms in the numerator. 


Find the difference: x7 — 27. 


Find the difference: y14 — 1314. 


Find the difference: — 10x -— 4x. 
Solution 


Remember, the fraction — 10x can be written 
as — 10x. 


Subtract the 


nimaratara 
ALULLILLULULVYI Ve 


Cimnlifr, 


Urliipiizy. 


Rewrite with the 
negative sign in front 
of the fraction. 


Find the difference: — 9x-— 7x. 


Find the difference: —17a—5a. 


Now lets do an example that involves both addition 
and subtraction. 


Simplify 38-000) bo. 


Solution 


Combine the 
numerators over the 


n danaminatar 


ama nNM 
Common WBAELLYVLLLILIULY Le 


Simplify the 
numerator, working 


loft ta HH taht 


AUVLE LY On 


ene the terms in 


tha niumaratar 
CLEWw LELULLELAEWLULWY1e 


Rewrite with the 


negative sign in front 
of the fraction. 


20 1f  FO\V_19 
iwv 


vu Nae A vv) 


Sto 


—2— 15 


— 38 


— 38 


Simplity: 25 --(—45) —35: 


Simplify: 59 + (— 49) —79. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Adding Fractions With Pattern Blocks 


¢ Adding Fractions With Like Denominators 
¢ Subtracting Fractions With Like Denominators 


Key Concepts 
* Fraction Addition 


© Ifa, b, and c are numbers where c~0, 
then ac+ bc=a+tcc. 

© To add fractions, add the numerators and 
place the sum over the common 
denominator. 


¢ Fraction Subtraction 


© Ifa, b, and c are numbers where c~0, 
then ac-bc=a-cc. 

© To subtract fractions, subtract the 
numerators and place the difference over 
the common denominator. 


Practice Makes Perfect 
Model Fraction Addition 


In the following exercises, use a model to add the 
fractions. Show a diagram to illustrate your model. 


29+15 


310+ 410 


710 


16+ 36 


38+ 38 


34 


Add Fractions with a Common Denominator 


In the following exercises, find each sum. 


49+19 


2959 


79 


613 +713 


91S +715 


1615 


x4+ 34 


Voat2Z3 


War 25 


7p+9p 


8q+6q 


14q 


8b9 + 3b9 


5a7 + 4a7 


9a7 


—12y8 + 3y8 


—TIXO 7X5 


— 4x5 


—18+(—38) 
~18+(—58) 
—34 
~316+(—716) 
—~516+(—916) 
~78 
~817+1517 
—~919+1719 
819 


613+(— T1013) + (1213) 


512+(=—712)+(—1112) 


=1312 


Model Fraction Subtraction 


In the following exercises, use a model to subtract 
the fractions. Show a diagram to illustrate your 
model. 


56— 28 


56 — 26 


12 


Subtract Fractions with a Common Denominator 


In the following exercises, find the difference. 


45-15 


45-35 


15 


Itio=715 


913-413 


BLS 


li 12912 


FI2= 912 


16 


421-1921 


— 89-169 


= $3 


yl7=—917 


LO = S19 


x—819 


Sy8 — 78 


Lizl3;—$13 


Liz=$13 


— 8d—3d 


—7c—7C 


—14c 


—23u-—15u 


— 29v — 26v 


=5OV 

6c7 —5c7 
12d11—9d11 
3d11 

— 4r13—5r13 
159783 
—14s3 
=—35—-—(=—45) 
=3/=—(=57) 


27 


Om 59) 
=811=(—511) 


=S31] 


Mixed Practice 


In the following exercises, perform the indicated 
operation and write your answers in simplified 
form. 


— 518-910 
— 314-712 
—18 
n5—45 
611-—s11 


6-—sll 


—724+224 


918 +116 


=29 


815+125 


712+928 


4927 


Everyday Math 


Trail Mix Jacob is mixing together nuts and 
raisins to make trail mix. He has 610 of a 
pound of nuts and 310 of a pound of raisins. 
How much trail mix can he make? 


Baking Janet needs 58 of a cup of flour for a 
recipe she is making. She only has 38 of a cup 
of flour and will ask to borrow the rest from her 
next-door neighbor. How much flour does she 
have to borrow? 


14cup 


Writing Exercises 


Greg dropped his case of drill bits and three of 
the bits fell out. The case has slots for the drill 
bits, and the slots are arranged in order from 
smallest to largest. Greg needs to put the bits 
that fell out back in the case in the empty slots. 
Where do the three bits go? Explain how you 
know. 

Bits in case: 116, 18, __, 
916, 58. 

Bits that fell out: 716, 316, 14. 


516,38}: .5:12; 


—) 


After a party, Lupe has 512 of a cheese pizza, 
412 of a pepperoni pizza, and 412 of a veggie 
pizza left. Will all the slices fit into 1 pizza box? 
Explain your reasoning. 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 


section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Add and Subtract Fractions with Different 
Denominators 
By the end of this section, you will be able to: 


* Find the least common denominator (LCD) 

* Convert fractions to equivalent fractions with 
the LCD 

¢ Add and subtract fractions with different 
denominators 

¢ Identify and use fraction operations 

* Use the order of operations to simplify complex 
fractions 

* Evaluate variable expressions with fractions 


Before you get started, take this readiness quiz. 


1. Find two fractions equivalent to 56. 

If you missed this problem, review [link]. 
2. Simplify: 1 + 5-322 + 4. 

If you missed this problem, review [link]. 


Together, a quarter and a dime are worth 35 cents, 
or 35100 of a dollar. 


Find the Least Common Denominator 


In the previous section, we explained how to add 
and subtract fractions with a common denominator. 
But how can we add and subtract fractions with 
unlike denominators? 


Let’s think about coins again. Can you add one 
quarter and one dime? You could say there are two 
coins, but that’s not very useful. To find the total 
value of one quarter plus one dime, you change 
them to the same kind of unit—cents. One quarter 
equals 25 cents and one dime equals 10 cents, so the 
sum is 35 cents. See [link]. 


Similarly, when we add fractions with different 
denominators we have to convert them to 
equivalent fractions with a common denominator. 
With the coins, when we convert to cents, the 
denominator is 100. Since there are 100 cents in one 
dollar, 25 cents is 25100 and 10 cents is 10100. So 
we add 25100+ 10100 to get 35100, which is 35 
cents. 


You have practiced adding and subtracting fractions 
with common denominators. Now let’s see what you 
need to do with fractions that have different 


denominators. 


First, we will use fraction tiles to model finding the 
common denominator of 12 and 13. 


We'll start with one 12 tile and 13 tile. We want to 
find a common fraction tile that we can use to 
match both 12 and 13 exactly. 


If we try the 14 pieces, 2 of them exactly match the 
12 piece, but they do not exactly match the 13 
piece. 


If we try the 15 pieces, they do not exactly cover the 
12 piece or the 13 piece. 


If we try the 16 pieces, we see that exactly 3 of 
them cover the 12 piece, and exactly 2 of them 
cover the 13 piece. 


If we were to try the 112 pieces, they would also 
work. 


Even smaller tiles, such as 124 and 148, would also 
exactly cover the 12 piece and the 13 piece. 


The denominator of the largest piece that covers 
both fractions is the least common denominator 
(LCD) of the two fractions. So, the least common 
denominator of 12 and 13 is 6. 


Notice that all of the tiles that cover 12 and 13 have 
something in common: Their denominators are 
common multiples of 2 and 3, the denominators of 
12 and 13. The least common multiple (LCM) of the 
denominators is 6, and so we say that 6 is the least 
common denominator (LCD) of the fractions 12 and 
13: 


Doing the Manipulative Mathematics activity 
"Finding the Least Common Denominator" will help 
ou develop a better understanding of the LCD. 


Least Common Denominator 
The least common denominator (LCD) of two 
fractions is the least common multiple (LCM) of 


their denominators. 


To find the LCD of two fractions, we will find the 
LCM of their denominators. We follow the 
procedure we used earlier to find the LCM of two 
numbers. We only use the denominators of the 
fractions, not the numerators, when finding the 
LCD. 


Find the LCD for the fractions 712 and 518. 


Solution 


Factor each 
of into its 
: cae 


Pai 


List the Bane a 12 
and the primes of 18 


=2- 


lin Ba? 3.3 


1) 


columns when 


pvvvivir. 


Bring down the 
columns. 
12=2-2-3 


Multiply the factors. LCM=36 
The product is the 


TOCNA 


LIWJLVEe 


The LCM of 12 and 18 LCD of 712 and 518 is 


is 36,sothe LCD of _— 36. 
712 and 518 is 36. 


Find the least common denominator for the 
fractions: 712 and 1115. 


Find the least common denominator for the 
fractions: 1315 and 175. 


To find the LCD of two fractions, find the LCM of 
their denominators. Notice how the steps shown 
below are similar to the steps we took to find the 
LCM. 


Find the least common denominator (LCD) of two 
fractions. 


Factor each denominator into its primes. List the 
primes, matching primes in columns when possible. 
Bring down the columns. Multiply the factors. The 
product is the LCM of the denominators. The LCM 


of the denominators is the LCD of the fractions. 


Find the least common denominator for the 
fractions 815 and 1124. 


Solution 


To find the LCD, we find the LCM of the 
denominators. 


Find the LCM of 15 and 24. 


LCD =2-2-2-3-5 


The LCM of 15 and 24 is 120. So, the LCD of 
815 and 1124 is 120. 


Find the least common denominator for the 
fractions: 1324 and 1732. 


Find the least common denominator for the 
fractions: 928 and 2132. 


Convert Fractions to Equivalent Fractions 
with the LCD 


Earlier, we used fraction tiles to see that the LCD of 
14and16 is 12. We saw that three 112 pieces exactly 
covered 14 and two 112 pieces exactly covered 16, 
sO 


14=312 and 16=212. 


We say that 14and312 are equivalent fractions and 
also that 16and212 are equivalent fractions. 


We can use the Equivalent Fractions Property to 
algebraically change a fraction to an equivalent one. 
Remember, two fractions are equivalent if they have 
the same value. The Equivalent Fractions Property is 
repeated below for reference. 


Equivalent Fractions Property 


If a,b,c are whole numbers where b ~0,c = 0,then 
ab = a-cb-canda:cb-c = ab 


To add or subtract fractions with different 
denominators, we will first have to convert each 
fraction to an equivalent fraction with the LCD. Let’s 
see how to change 14and16 to equivalent fractions 
with denominator 12 without using models. 


Convert 14and16 to equivalent fractions with 
denominator 12, their LCD. 


Solution 


Find the LCD. The LCD of 14 and 16 


ia 19 


LD Late 


Find the number to 
UD 4 to get 12. 


Bel ie ner to 
aol 6 to get 12. 

*) 19 
wee the Equivalent 
Fractions Property to 
convert each fraction 
to an equivalent 
fraction with the LCD, 


mil 1 
Le 6 
1-3 1-2 


fracuou by ule Sallie 


niim har 
LULL. 


Simplify the 

numerators and 

de 3. 2 
12 12 


We do not reduce the resulting fractions. If we 
did, we would get back to our original 
fractions and lose the common denominator. 


Change to equivalent fractions with the LCD: 


34 and 56,LCD=12 


Oi tO 


Change to equivalent fractions with the LCD: 


— 712 and 1115,LCD =60 


— 3560,4460 


Convert two fractions to equivalent fractions with 
their LCD as the common denominator. 


Find the LCD. For each fraction, determine the 
number needed to multiply the denominator to get 
the LCD. Use the Equivalent Fractions Property to 
multiply both the numerator and denominator by 
the number you found in Step 2. Simplify the 
numerator and denominator. 


Convert 815 and 1124 to equivalent fractions 
with denominator 120, their LCD. 


Solution 


The LCD is 120. We 


varall atart at Ctan 9 
VV¥adil DLULLE UL ULLp oe 


Find the number that 


mi 15-8= 120 oO get 
19 


baive 


Find the number that 
must multiply 24 to get 
19 24-5= 12 

Use the Equivalent 
Fractions Property. 


8-8 11-5 

15.8 24.5 
Simplify the 
numerators and 
de 64 53 

120 120 


Change to equivalent fractions with the LCD: 


1324 and 1732, LCD 96 


D296 S196 


Change to equivalent fractions with the LCD: 


928 and 2732, LCD 224 


72224,189224 


Add and Subtract Fractions with Different 
Denominators 


Once we have converted two fractions to equivalent 
forms with common denominators, we can add or 
subtract them by adding or subtracting the 
numerators. 


Add or subtract fractions with different 
denominators. 


Find the LCD. Convert each fraction to an 


equivalent form with the LCD as the denominator. 
Add or subtract the fractions. Write the result in 
simplified form. 


Add: 12-- 13: 


Solution 


Change into equivalent 
fractions with the LC) 
6, 1- 1-2 


-2-3— 3-2 
Simplify the 
numerators and 


Remember, always check to see if the answer 
can be simplified. Since 5 and 6 have no 
common factors, the fraction 56 cannot be 
reduced. 


Add: 14+13. 


file 


Add: 12+15. 


Ae 


Subtract: 12—(-14). 


Solution 


12-(-14) 
Find the LCD of 2 and 
4. 


2=2 
4=2-2 
LCD =2-2 


Rewrite as equivalent: 
fractions using the LCD 


_ “9 
4.55 -(-4) 


Simplify the first 24—— 14) 
frantinan 

Cathteant 9_f__1)\A 
VUuVLUULcL. a vu aj 
Simplify. 34 


One of the fractions already had the least 
common denominator, so we only had to 
convert the other fraction. 


Simplity: 12 —(— 18). 


Simplity: 13—(— lle), 


Solution 


P5619 
Find the LCD of 12 ana 
18. 


Rewrite as equivalent: 
mens with the LC). 


12 7? 19 a | 


Sinotey tee 2136 +1036 


numerators and 


LLVALLILLIIULULVDe 


Add. 3136 


Because 31 is a prime number, it has no 
factors in common with 36. The answer is 
simplified. 


yaaa lea beta a bi Las 


7960 


Add, 1315-1720. 


10360 


When we use the Equivalent Fractions Property, 
there is a quick way to find the number you need to 
multiply by to get the LCD. Write the factors of the 


denominators and the LCD just as you did to find 
the LCD. The “missing” factors of each denominator 
are the numbers you need. 


The LCD, 36, has 2 factors of 2 and 2 factors of 3. 


Twelve has two factors of 2, but only one of 3—so it 
is ‘missing‘ one 3. We multiplied the numerator and 
denominator of 712 by 3 to get an equivalent 
fraction with denominator 36. 


Eighteen is missing one factor of 2—so you multiply 
the numerator and denominator 518 by 2 to get an 
equivalent fraction with denominator 36. We will 
apply this method as we subtract the fractions in the 
next example. 


Subtract: 715 —1924. 


Solution 


15 is 'missing' three 
factors of 2 


24 is 'missing' a factor 
of E 


Rewrite as equivalent: 
fractions with the LC). 
7-8 19-5 


16 OQ AA « 
iw vw 7 oo er 


Simplify each 56120 — 95120 


numerator and 
danaminatar 


Crathteant —9019N 


WUYLLULLe WwyvyiaiV 


Rewrite showing the —13-340:3 


man fantar af 2. 
COmim011 LULLYUL VL 


Remove the common -—1340 
factor to simplify. 


Subtract: 1324 — 1732. 


196 


Subtract: 2132 —928. 


Addy =1130'+2542. 


Solution 


42=2:-3: 7 
LCD =2-3-5-7 
LCD = 210 


Rewrite as equivalent: 
fractions with the LC). 


“11-7 , 23-5 
Simplifyeach — —77210+115210 


numerator and 


LLUVALLLLLIULUY Le 


Rewrite showing the 19:2105-2 


ePamman fantar af 9 
VeVALLLIWid LULU Vd ee 


Remove the common 19105 
factor to simplify. 


Add 1342-1735. 


Add — 1924-,1732. 


In the next example, one of the fractions has a 
variable in its numerator. We follow the same steps 
as when both numerators are numbers. 


Add: 35+x8. 


Solution 


The fractions have different denominators. 


vul avU 


Find the LCD. 


i 5 
8=2-2-2 
LCD=2+2+2-5 


Rewrite as equivalent: 
fractions with the LC). 


2 * ( x-5 
5--3—_2-$ 
Simplify the 2440 + 5x40 


numerators and 


LLVALLLLIIULULVe 


Add. 24+ 5x40 


We cannot add 24 and 5x since they are not 
like terms, so we cannot simplify the 
expression any further. 


Add: y6+79. 


3y +1418 


Add:xG4- 71's: 


9x + 1430 


Identify and Use Fraction Operations 


By now in this chapter, you have practiced 
multiplying, dividing, adding, and subtracting 
fractions. The following table summarizes these four 
fraction operations. Remember: You need a common 
denominator to add or subtract fractions, but not to 
multiply or divide fractions 


Summary of Fraction Operations 

Fraction multiplication: Multiply the numerators 
and multiply the denominators. 

ab-cd = acbd 

Fraction division: Multiply the first fraction by 
the reciprocal of the second. 

ab +cd=ab-de 

Fraction addition: Add the numerators and place 
the sum over the common denominator. If the 
fractions have different denominators, first convert 
them to equivalent forms with the LCD. 

ac + be=a+be 

Fraction subtraction: Subtract the numerators 
and place the difference over the common 
denominator. If the fractions have different 
denominators, first convert them to equivalent 
forms with the LCD. 

ac —be=a—be 


Simplify: 


@®—144+16 
®—14+16 


Solution 


First we ask ourselves, “What is the 
operation?” 


@The operation is addition. 


Do the fractions have a common denominator? 
No. 


4=2-2 

6=2- 3 
iCD=2-2.«3 
Lop =i2 


Rewrite each fraction 
as an equivalent 
fra_ 1-3 , 1-2 1CD. 


4-37 6-9 


Simplify the = oleae A LY 
numerators and 


. 
danaminatara 
MAU LLVALLLILULY Ve 


Add the numerators —112 
and place the sum over 
the common 


. 
a ananaminatar 
WAELLVLL11LIULY 


Check to see if the 
answer can be 
simplified. It cannot. 


©The operation is division. We do not need a 
common denominator. 


al At LE 
To divide fractions, —1461 
multiply the first 
fraction by the 
reciprocal of the 
anananda 
NAaaltinly — AA 
aah ete ee )/ e wt 
Simplify. —32 


Simplify each expression: 


@—34-16 
® — 34-16 


Simplify each expression: 


@56+(-14) 
©56—-(-14) 


Simplify: 


@5x6— 310 
©5x6:310 


Solution 


@ The operation is subtraction. The fractions 
do not have a common denominator. 


Rewrite each fraction 5x-56-5—3-310°3 
as an equivalent 
fraction with the LCD, 


30, 

25x30 —930 
Subtract the 25x — 930 
numerators and place 
the difference over the 


common denominator. 


© The operation is multiplication; no need for 
a common denominator. 


Ewh.21Nn 
v 


Aw viv 


To multiply fractions, 5x-36-10 


multiply the 
numerators and 


multiply the 

denominators. 

Rewrite, showing 452753215 
common factors. 

Remove common x4 


factors to simplify. 


Simplify: 
@3a4-—89 
©3a4-89 


@27a— 3236 
®2a3 


Simplify: 


@4k5+56 


©4k5+56 


@24k + 2530 
@®24k25 


Use the Order of Operations to Simplify 
Complex Fractions 


In Multiply and Divide Mixed Numbers and 
Complex Fractions, we saw that a complex fraction 
is a fraction in which the numerator or denominator 
contains a fraction. We simplified complex fractions 
by rewriting them as division problems. For 
example, 

3458 = 3458 


Now we will look at complex fractions in which the 
numerator or denominator can be simplified. To 
follow the order of operations, we simplify the 
numerator and denominator separately first. Then 
we divide the numerator by the denominator. 


PO 


Simplify complex fractions. 


Simplify the numerator. Simplify the denominator. 
Divide the numerator by the denominator. Simplify 
if possible. 


Simplify: (12)24 + 32. 


Solution 


(19NVN9NA 129 
Lhayar 1 ves 


Simplify the 144+ 32 


aratar 
TiusdtCn uirvui. 


Simplify the term with 144+ 9 
the exponent in the 


. 
dAnnaminatar 
WwW 


Add the termsinthe 1413 


. 
danaminatar 
VW 


Divide the numerator 14+13 


xcs tha dannaminatar 
wy Uae Ustyiiiiis ULuLe 


Rewrite as 14-113 
multiplication by the 


. 
ranoinnrncal 
a SAS] ers Veutle 


Multiply. 152 


Simplify: (13)223 + 2. 


Simplify: 1 + 42(14)2. 


Simplify: 12 + 2334-16. 


Solution 


19149324-16 
Rewrite numerator 36+ 46912 —212 
with the LCD of 6 and 


denominator with LCD 
nf 19 


Vil Late 


Add in the numerator. 76712 
Subtract in the 

denominater. 

Divide the numerator 76+712 
by-the-deneminater. 


Rewrite as 76:127 
multiplication by the 


KAPMINrAAA 
i veipt Veutle 


Rewrite, showing 76:26:71 


PaAmman fantara 
ReVALLLIIVYAl LULLYIVde 


Simplify. 2 


Simplify: 13+ 1234-13. 


Simplify: 23-1214 +13. 


Evaluate Variable Expressions with 
Fractions 


We have evaluated expressions before, but now we 
can also evaluate expressions with fractions. 
Remember, to evaluate an expression, we substitute 
the value of the variable into the expression and 
then simplify. 


Evaluate x +13 when 


@x=—-13 
®x= — 34. 


Solution 


@ To evaluate x+ 13 when x= —13, substitute 


— 13 for x in the expression. 


a + die me for x, 


Simplify. 0 


© To evaluate x +13 when x= — 34, we 
substitute — 34 for x in the expression. 


- 
bel 
qv) 


a 3 
=> = te = for x, 


} 


Rewrite as equivalent —3-34-3+1-43-4 
fractions with the LCD, 

19 

Simplify the —912+412 
numerators and 


LLUVAILLILIIULULVe 


Add. —p12 


Evaluate: x +34 when 


@x=—74 
®x=—54 


Evaluate: y+ 12 when 


@y=23 
Oy = — 34 


Evaluate y —56 when y= — 23. 
Solution 


We substitute — 23 for y in the expression. 


2 5 2 
—3'— Gate 3 for y.. 


Rewrite as equivalent! —46—56 


fractions with the LCD, 
4 


We 


Cathteant 


WUYLLUULLe 


Simplify. 


Evaluate: y— 12 when y= — 14. 


Evaluate: x —38 when x= — 52. 


Evaluate 2x2y when x=14 and y= — 23. 


Solution 


Substitute the values into the expression. In 
2x2y, the exponent applies only to x. 


(1) (2) and -3 for y. 
Simplify exponents 


first. 
2(4)E4) 


Multiply. The product 
will be negative. 


4 

70 

Tu 
Remove the common 
factors. 


4 : 12 
Simplify. 


= 


Evaluate. 3ab2 when a= — 23 and b= —12. 


Evaluate. 4c3d when c= —12 and d= — 43. 


Evaluate p+qr when p= —4,q= — 2, and r=8. 


Solution 


We substitute the values into the expression 
and simplify. 


—4 + (—2) rp, -2 for qand 8 for r. 


oO 


Add in the numerator —68 


. 
Fixot 
LLiLVULe 


Simplify. =—34 


Evaluate: a+ bce when a= —8,b= —7,andc=6. 


Evaluate: x + yz when x=9,y = — 18,andz= 
= 6 


Key Concepts 


¢ Find the least common denominator (LCD) 
of two fractions. 


Factor each denominator into its primes. List 
the primes, matching primes in columns when 
possible. Bring down the columns. Multiply the 
factors. The product is the LCM of the 
denominators. The LCM of the denominators is 


the LCD of the fractions. 
¢ Equivalent Fractions Property 


© Ifa, b, and c are whole numbers where 
b+0, c#0 then 
ab = acb:c and a:cb:c=ab 


* Convert two fractions to equivalent 
fractions with their LCD as the common 
denominator. 


Find the LCD. For each fraction, determine the 
number needed to multiply the denominator to 
get the LCD. Use the Equivalent Fractions 
Property to multiply the numerator and 
denominator by the number from Step 2. 
Simplify the numerator and denominator. 


¢ Add or subtract fractions with different 
denominators. 


Find the LCD. Convert each fraction to an 
equivalent form with the LCD as the 
denominator. Add or subtract the fractions. 
Write the result in simplified form. 


¢ Summary of Fraction Operations 
© Fraction multiplication: Multiply the 


numerators and multiply the 
denominators. 


ab-cd = acbd 

© Fraction division: Multiply the first 
fraction by the reciprocal of the second. 
ab +cd=ab-de 

© Fraction addition: Add the numerators 
and place the sum over the common 
denominator. If the fractions have 
different denominators, first convert them 
to equivalent forms with the LCD. 
ac+bc=a+bce 

© Fraction subtraction: Subtract the 
numerators and place the difference over 
the common denominator. If the fractions 
have different denominators, first convert 
them to equivalent forms with the LCD. 
ac-bc = a-bc 


¢ Simplify complex fractions. 
Simplify the numerator. Simplify the 


denominator. Divide the numerator by the 
denominator. Simplify if possible. 


Practice Makes Perfect 
Find the Least Common Denominator (LCD) 


In the following exercises, find the least common 
denominator (LCD) for each set of fractions. 


23and34 


34and25 


20 


712and58 


916and712 


48 


1330and2542 


2330and548 


240 


2135and3956 


1835and3349 


245 


23,16,and34 


23,14,and35 


60 


Convert Fractions to Equivalent Fractions with 
the LCD 


In the following exercises, convert to equivalent 
fractions using the LCD. 


13and14,LCD = 12 


14and15,LCD = 20 


920,420 


512and78,LCD = 24 


712and58,LCD = 24 


1424,1524 


1316and—1112,LCD= 48 


1116and—512,LCD = 48 


3348, — 2048 


13,56,and34,LCD = 12 


13,34,and35,LCD = 60 


2060,4560,3660 


Add and Subtract Fractions with Different 
Denominators 


In the following exercises, add or subtract. Write the 
result in simplified form. 


1315 


14+15 


920 


12+17 


134-18 


1124 


I3=(=19) 


14=(=18) 


38 


15=(=—110) 


12=C=16) 


23 


23+ 34 


34425 


2320 


712Z+98 


512-38 


1924 


712916 


7l6=D12 


148 


T112=38 


po +712 


124 


2338 


56 — 34 


112 


—1130+ 2740 


— 920+ 1730 


760 


— 1330+ 2542 


— 2330+ 548 


— 5380 


= 39560-2235 


— 3349-1835 


— 291245 


=—23~(—34) 


—34-(—45) 


120 


—916—(-—45) 


=—720-(— 58) 


1140 


L478 


T= 56 


L=310 


710 


x3+14 


V¥ZE23 


3y +46 


y4—35 


x5-14 


4x — 520 


Identify and Use Fraction Operations 


In the following exercises, perform the indicated 
operations. Write your answers in simplified form. 


@34+16 
®©34+16 


@23+16 
®©23+16 


@56 
©4 


@-—25-18 
© — 25-18 


@-—45-18 
© — 45-18 


@ — 3740 
®—110 


@5n6+ 815 
®5n6-— 815 


@3a8 +712 
®©3a8 —712 


@9al4 


@©9a— 1424 


@910-(—11d12) 
©910+(—11d12) 


@415-(—5q9) 
®415+(—5q9) 


@ —43q 
®12—25q45 


—38+(-310) 


=—512+(—59) 


=38 4512 


= LO LIZ 


1124 


56 —19 


So 16 


718 


38:(— 1021) 


7V2(-=835) 


=215 


—715-y4 


—38-xll 


—33:—8x88 


1112a-9a16 


10y13-815y 


1639 


Use the Order of Operations to Simplify Complex 
Fractions 


In the following exercises, simplify. 


(15)22+ 32 


(13)25 +22 


181 


23 + 42(23)2 


33> 32(34)2 


32 


(35)2(37)2 


(34)2(58)2 


3625 


2132S 


914+13 


607 


23+ 1234—23 


34+ 1256-23 


152 


76723124738 


34—3514+25 


313 


Mixed Practice 


In the following exercises, simplify. 


12423512 


134+ 25:34 


1930 


1-—35+110 


b=56= 112 


=9 


23+16+ 34 


25+ 14-495 


9160 


38—16+ 34 


25+ 58 — 34 


1140 


12(920 — 415) 


8(1516 — 56) 


56 


58 + 161924 


16+ 3101430 


(59+ 16) +(23-—12) 


(34+ 16)+(58—13) 


227 


In the following exercises, evaluate the given 
expression. Express your answers in simplified form, 
using improper fractions if necessary. 


x +12 when 


®x=-12 
x +23 when 
@x=-—16 
®x=-—53 
@12 
®-1 


x+(—56) when 


@x=13 
®©x=—16 


x+(—1112) when 
@x=1112 
©x=34 


@0 
®—16 


x — 25 when 


@x=35 
®x=-—35 


x —13 when 
@x=23 
®©x= —23 


@13 
®-1 


710—w when 


@w=12 
®Ow=-12 


512—w when 


@w=14 
®Ow=—-14 


@16 


®23 


4p2q when p= — 12andq=59 


5m2nwhenm = — 25andn=13 


415 


2x2y3when x= —23and y= —12 


8u2v3whenu = — 34andv= —12 


=91'6 


u+vwwhenu= —4,v= —8,w=2 


m+npwhenm= —6,n= —2,p=4 


2. 


a+ ba—bwhena= — 3,b=8 


r—sr+swhenr=10,s= —5 


Everyday Math 


Decorating Laronda is making covers for the 
throw pillows on her sofa. For each pillow 
cover, she needs 316 yard of print fabric and 38 
yard of solid fabric. What is the total amount of 
fabric Laronda needs for each pillow cover? 


Baking Vanessa is baking chocolate chip 
cookies and oatmeal cookies. She needs 114 
cups of sugar for the chocolate chip cookies, 
and 118 cups for the oatmeal cookies How 
much sugar does she need altogether? 


She needs238cups 


Writing Exercises 


Explain why it is necessary to have a common 
denominator to add or subtract fractions. 


Explain how to find the LCD of two fractions. 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© After looking at the checklist, do you think you 
are well prepared for the next section? Why or why 
not? 


Glossary 


least common denominator (LCD) 
The least common denominator (LCD) of two 
fractions is the least common multiple (LCM) 
of their denominators. 


Add and Subtract Mixed Numbers 
By the end of this section, you will be able to: 


* Model addition of mixed numbers with a 
common denominator 

¢ Add mixed numbers with a common 
denominator 

* Model subtraction of mixed numbers 

¢ Subtract mixed numbers with a common 
denominator 

¢ Add and subtract mixed numbers with different 
denominators 


Before you get started, take this readiness quiz. 


. Draw figure to model 73. 

If you missed this problem, review [link]. 
. Change 114 to a mixed number. 

If you missed this problem, review [link]. 
. Change 312 to an improper fraction. 

If you missed this problem, review [link]. 


Model Addition of Mixed Numbers with a 
Common Denominator 


So far, we’ve added and subtracted proper and 
improper fractions, but not mixed numbers. Let’s 
begin by thinking about addition of mixed numbers 
using money. 


If Ron has 1 dollar and 1 quarter, he has 114 
dollars. 


If Don has 2 dollars and 1 quarter, he has 214 
dollars. 


What if Ron and Don put their money together? 
They would have 3 dollars and 2 quarters. They add 
the dollars and add the quarters. This makes 324 
dollars. Because two quarters is half a dollar, they 
would have 3 and a half dollars, or 312 dollars. 
114+214 324=312 


When you added the dollars and then added the 
quarters, you were adding the whole numbers and 
then adding the fractions. 

114+214 


We can use fraction circles to model this same 
example: 


Start with one whole 
114. and one 14 


C| 


| 


Add 214 two whole; 
more. and one 14 


.OO* 


The sum is: three wholes 
and two 14!'s 


Doing the Manipulative Mathematics activity 
"Model Mixed Number Addition/Subtraction" will 
help you develop a better understanding of adding 
and subtracting mixed numbers. 


Model 213+ 123 and give the sum. 


Solution 


We will use fraction circles, whole circles for 
the whole numbers and 13 pieces for the 
fractions. 


two wholes and 


one 13 
l 
tC) g 


plus one whole 
and two 13s 


+1 


OF 


who 


sum is three 
wholes and 
three 13s 


3 


ty | bo 


JO 


This is the same as 4 wholes. So, 
213+123=4. 


Use a model to add the following. Draw a picture 
to illustrate your model. 


1257-300 


Use a model to add the following. Draw a picture 
to illustrate your model. 


216+ 256 


Model 135+ 235 and give the sum as a mixed 
number. 


Solution 


We will use fraction circles, whole circles for 
the whole numbers and 15 pieces for the 
fractions. 


one whole and 
three 15s 


32 Bt 


plus two 
wholes and 


thi 3 
+23 a 


sum is three 
wholes and six 


© 4-4 DO” 
35 =45 


Adding the whole circles and fifth pieces, we 
got a sum of 365. We can see that 65 is 
equivalent to 115, so we add that to the 3 to 
get 415. 


Model, and give the sum as a mixed number. 
Draw a picture to illustrate your model. 


2004+ 156 


Model, and give the sum as a mixed number. 
Draw a picture to illustrate your model. 


1537178 


312 


Add Mixed Numbers 


Modeling with fraction circles helps illustrate the 
process for adding mixed numbers: We add the 
whole numbers and add the fractions, and then we 
simplify the result, if possible. 


Add mixed numbers with a common denominator. 
Step 1. Add the whole numbers. 


Step 2. Add the fractions. 
Step 3. Simplify, if possible. 


Add: 349 + 229. 


Solution 


Add the whole 
numbers. 


Add the fractions. 


‘ Ww 
iol wolf 


of 
i] 


mn 
>| 


Simplify the fraction. 


es) 
oly wl]E 


of 
bho 


6 
59 =5 


Find the sum: 447 + 127. 


Find the sum: 2311+5611. 


In [link], the sum of the fractions was a proper 
fraction. Now we will work through an example 
where the sum is an improper fraction. 


Find the sum: 959+ 579. 


Solution 


959+579 
Add the whole 
numbers and then add 959 +579____—s- 114129 


tha feantinn 
Lie AL acuollo. 


Rewrite 129 as an 


imnranne franti 
dtttpiypre. IracuLoll. 


AAA 


LANL 


Simplify. 


Find the sum: 878 + 758. 


Find the sum: 679+ 859. 


An alternate method for adding mixed numbers is to 
convert the mixed numbers to improper fractions 
and then add the improper fractions. This method is 
usually written horizontally. 


Add by converting the mixed numbers to 
improper fractions: 378 + 438. 


Solution 


Convert toimproper 318+358 


frantinna 
ALULVLIVIIVD. 


AAA tha frantiana 21 
v4 


LARA LELY LLULLLVIIVe 


Simplify the 668 


niimaratar 
LLULLILLULUL. 


Rewrite as a mixed 828 


niumhar 
LLULIIVLL. 


Simplify the fraction. 814 


Since the problem was given in mixed number 
form, we will write the sum as a mixed 
number. 


Find the sum by converting the mixed 
numbers to improper fractions: 


Doon 


Find the sum by converting the mixed 
numbers to improper fractions: 


SVAN ere AROS 


635 


[link] compares the two methods of addition, using 
the expression 325 +645 as an example. Which way 
do you prefer? 


mwi--~ A PP en mn Pee ee 
IVELATU INULLILIUULD ALLIPLUPCL PLlacuvulid 


325 + 6459659 + 659 + 11 Dib 645175 + 3455151015 


Model Subtraction of Mixed Numbers 


Let’s think of pizzas again to model subtraction of 
mixed numbers with a common denominator. 
Suppose you just baked a whole pizza and want to 
give your brother half of the pizza. What do you 
have to do to the pizza to give him half? You have 
to cut it into at least two pieces. Then you can give 
him half. 


We will use fraction circles (pizzas!) to help us 
visualize the process. 


Start with one whole. 


Algebraically, you would write: 


Use a model to subtract: 1 — 13. 


Solution 


Use a model to subtract: 1 — 14. 


Use a model to subtract: 1—15. 


What if we start with more than one whole? Let’s 
find out. 


Use a model to subtract: 2 — 34. 


Solution 


Use a model to subtract: 2—15. 


Use a model to subtract: 2-13. 


In the next example, we’ll subtract more than one 
whole. 


Use a model to subtract: 2—125. 


Solution 


Use a model to subtract: 2—113. 


Use a model to subtract: 2—114. 


What if you start with a mixed number and need to 
subtract a fraction? Think about this situation: You 
need to put three quarters in a parking meter, but 
you have only a $1 bill and one quarter. What could 
you do? You could change the dollar bill into 4 
quarters. The value of 4 quarters is the same as one 
dollar bill, but the 4 quarters are more useful for the 
parking meter. Now, instead of having a $1 bill and 
one quarter, you have 5 quarters and can put 3 
quarters in the meter. 


This models what happens when we subtract a 
fraction from a mixed number. We subtracted three 
quarters from one dollar and one quarter. 


We can also model this using fraction circles, much 
like we did for addition of mixed numbers. 


Use a model to subtract: 114-34 


Solution 


Rewrite 
vertically. Stert 
wi 


Since the 
fractions have 
denominator 4, 
cut the whole 
into 4 pieces. 
You now hav2 


~ 
2.3 
Jur flr 


I. 


Take away 34I. 
There is 12 left. 


ip4 
A 


| 
| lr 


4 
2 
4 


I 
Nl|— 


Use a model to subtract. Draw a picture to 
illustrate your model. 


lis 25 


Use a model to subtract. Draw a picture to 
illustrate your model. 


115-45 


Subtract Mixed Numbers with a Common 


Denominator 


Now we will subtract mixed numbers without using 
a model. But it may help to picture the model in 
your mind as you read the steps. 


Subtract mixed numbers with common 
denominators. 


Rewrite the problem in vertical form. Compare the 
two fractions. 


* If the top fraction is larger than the bottom 
fraction, go to Step 3. 

¢ If not, in the top mixed number, take one 
whole and add it to the fraction part, making 


a mixed number with an improper fraction. 


Subtract the fractions. Subtract the whole numbers. 
Simplify, if possible. 


Find the difference: 535 — 245. 


Solution 


an 53» 4$ 
4 / 
5 


=) 


in| Un} oo 


Subtract the fractions. 


i 


Subtract the whole 
parts. 
Th 
sin 


Since the problem was given with mixed 
numbers, we leave the result as mixed 
numbers. 


Find the difference: 649 — 379. 


Find the difference: 447 — 267. 


Just as we did with addition, we could subtract 
mixed numbers by converting them first to improper 
fractions. We should write the answer in the form it 
was given, so if we are given mixed numbers to 
subtract we will write the answer as a mixed 
number. 


Subtract mixed numbers with common 
denominators as improper fractions. 

Step 1. Rewrite the mixed numbers as improper 
fractions. 

Step 2. Subtract the numerators. 

Step 3. Write the answer as a mixed number, 
simplifying the fraction part, if possible. 


Find the difference by converting to improper 
fractions: 


Soll 10: 


Solution 


Rewrite as improper 


. 
frantinna 
LLULLLULID. 


Subtract the 


n1 aratara 
LLULLLELULULDe 


Rewrite as a mixed 
number. 


Find the difference by converting the mixed 
numbers to improper fractions: 


649379: 


Find the difference by converting the mixed 
numbers to improper fractions: 


447 — 267. 


Add and Subtract Mixed Numbers with 
Different Denominators 


To add or subtract mixed numbers with different 
denominators, we first convert the fractions to 
equivalent fractions with the LCD. Then we can 
follow all the steps we used above for adding or 
subtracting fractions with like denominators. 


Add: 212 +523. 


Solution 


Since the denominators are different, we 
rewrite the fractions as equivalent fractions 
with the LCD, 6. Then we will add and 
simplify. 


We write the answer as a mixed number 
because we were given mixed numbers in the 
problem. 


Add: 156 + 434. 


6712 


Add: 345+ 812. 


12310 


Subtract: 434 — 278. 


Solution 


Since the denominators of the fractions are 
different, we will rewrite them as equivalent 
fractions with the LCD 8. Once in that form, 
we will subtract. But we will need to borrow 1 
first. 


We were given mixed numbers, so we leave 
the answer as a mixed number. 


Find the difference: 812 —345. 


Find the difference: 434 — 156. 


Subtract: 3511 — 434. 
Solution 


We can see the answer will be negative since 
we are subtracting 4 from 3. Generally, when 
we know the answer will be negative it is 
easier to subtract with improper fractions 
rather than mixed numbers. 


Change to equivalent 
fractions with the LC). 


QINNAA _ AQQAA 
veviil yu 


Rewrite asimproper 15244-20944 


. 
frantinna 
LLULLULUIID. 


Cathteant 


WUYELLUULLe 


Rewrite as a mixed 
number. 


Subtract: 134 —678. 


Subtract: 1037 — 2249. 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Adding Mixed Numbers 
¢ Subtracting Mixed Numbers 


Key Concepts 


¢ Add mixed numbers with a common 
denominator. 


Add the whole numbers. Add the fractions. 
Simplify, if possible. 


¢ Subtract mixed numbers with common 
denominators. 


Rewrite the problem in vertical form. Compare 
the two fractions. 

If the top fraction is larger than the bottom 
fraction, go to Step 3. 

If not, in the top mixed number, take one 
whole and add it to the fraction part, making a 
mixed number with an improper fraction. 
Subtract the fractions. Subtract the whole 
numbers. Simplify, if possible. 


¢ Subtract mixed numbers with common 
denominators as improper fractions. 


Rewrite the mixed numbers as improper 
fractions. Subtract the numerators. Write the 


answer as a mixed number, simplifying the 
fraction part, if possible. 


Practice Makes Perfect 
Model Addition of Mixed Numbers 


In the following exercises, use a model to find the 


sum. Draw a picture to illustrate your model. 


LIS +315 


213+ 113 


323 


138+ 178 


156+ 156 


323 


Add Mixed Numbers with a Common 
Denominator 


In the following exercises, add. 


S13 +613 


249 +519 


759 


458 + 938 


7910+3110 


11 


345 + 645 


923 123 


Tir3 


6910+ 8310 


849 + 289 


T1T3 


Model Subtraction of Mixed Numbers 


In the following exercises, use a model to find the 
difference. Draw a picture to illustrate your model. 


116-56 


118-58 


IZ 


Subtract Mixed Numbers with a Common 
Denominator 


In the following exercises, find the difference. 


2768-138 
2712=1512 
116 


81720 — 4920 


I9ISIS=—13715 


625 

837 — 447 
529 — 349 
179 

258 = 178 
2512= 1712 
56 


Add and Subtract Mixed Numbers with Different 
Denominators 


In the following exercises, write the sum or 
difference as a mixed number in simplified form. 


314+613 


216+534 


7ALL2 


158+ 412 


723 +8612 


1616 


971I0=—213 


645-114 


51120 


223 = 912 


278 — 413 


—11124 


Mixed Practice 


In the following exercises, perform the indicated 
operation and write the result as a mixed number in 
simplified form. 


258°134 


123-416 


61718 


27 +47 


29 +59 


79 


L512 112 


2310+110 


23 


13512=—9712 


1558 — 678 


834 


59-49 


ITS =715 


Doo 


920 + 34 


724 + 143 


116 


9611+71011 


8513+ 4913 


13113 


325 + 534 


256+ 415 


7130 


815:1019 


512-89 


1027 


6735=213 


659 — 425 


2745 


529 — 445 


438 — 323 


1724 


Everyday Math 


Sewing Renata is sewing matching shirts for 
her husband and son. According to the patterns 
she will use, she needs 238 yards of fabric for 
her husband’s shirt and 118 yards of fabric for 
her son’s shirt. How much fabric does she need 
to make both shirts? 


Sewing Pauline has 314 yards of fabric to make 
a jacket. The jacket uses 223 yards. How much 
fabric will she have left after making the 
jacket? 


712yards 


Printing Nishant is printing invitations on his 
computer. The paper is 812 inches wide, and he 
sets the print area to have a 112-inch border on 
each side. How wide is the print area on the 
sheet of paper? 


Framing a picture Tessa bought a picture 
frame for her son’s graduation picture. The 
picture is 8 inches wide. The picture frame is 
258 inches wide on each side. How wide will 
the framed picture be? 


1314inches 


Writing Exercises 


Draw a diagram and use it to explain how to 
add 158 + 278. 


Edgar will have to pay $3.75 in tolls to drive to 
the city. 


@ Explain how he can make change from a $10 
bill before he leaves so that he has the exact 


amount he needs. 


© How is Edgar’s situation similar to how you 


subtract 10 — 334? 


Answers will vary. 


Add 4512+ 378 twice, first by leaving them as 
mixed numbers and then by rewriting as 
improper fractions. Which method do you 
prefer, and why? 


Subtract 378 — 4512 twice, first by leaving them 
as mixed numbers and then by rewriting as 
improper fractions. Which method do you 
prefer, and why? 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Solve Equations with Fractions 
By the end of this section, you will be able to: 


* Determine whether a fraction is a solution of an 
equation 

* Solve equations with fractions using the 
Addition, Subtraction, and Division Properties 
of Equality 

* Solve equations using the Multiplication 
Property of Equality 

* Translate sentences to equations and solve 


Before you get started, take this readiness quiz. If 
you miss a problem, go back to the section listed 
and review the material. 


1. Evaluate x + 4whenx = — 3 


If you missed this problem, review [link]. 
2. Solve: 2y—3=9. 

If you missed this problem, review [link]. 
2. S0lvVe; y—5——9 

If you missed this problem, review [link]. 


Determine Whether a Fraction is a 


Solution of an Equation 


As we saw in Solve Equations with the Subtraction 
and Addition Properties of Equality and Solve 
Equations Using Integers; The Division Property of 
Equality, a solution of an equation is a value that 
makes a true statement when substituted for the 
variable in the equation. In those sections, we found 
whole number and integer solutions to equations. 
Now that we have worked with fractions, we are 
ready to find fraction solutions to equations. 


The steps we take to determine whether a number is 
a solution to an equation are the same whether the 
solution is a whole number, an integer, or a 
fraction. 


Determine whether a number is a solution to an 
equation. 


Substitute the number for the variable in the 


equation. Simplify the expressions on both sides of 
the equation. Determine whether the resulting 
equation is true. If it is true, the number is a 
solution. If it is not true, the number is not a 
solution. 


Determine whether each of the following is a 
solution of x—310=12. 


@x=1 
®x—=45 
©x=-45 
Solution 
@) 
ee | 
*~ 13 
o ae oe 
10 °»=—? 


Change to fractions 
with a LCD of 10. 
9 


10_ 3 2 35) 

10 10—s«110 
Subtract. 

7 5 


Since x= 1 does not result in a true equation, 1 
is not a solution to the equation. 


&) 
3 1 
eo 
4 321 
5 10 7~ 9 
Ss 3.2 3 
Subtract. 
7 2 
i0 = 10” 


Since x= 45 results in a true equation, 45 is a 
solution to the equation x —310=12. 


© 


3 l 

X—- in =A 

4.321 

8 3 9 5 
Subtract. 

11 5 

10 * 10 


Since x = — 45 does not result in a true 
equation, — 45 is not a solution to the 
equation. 


Determine whether each number is a solution 
of the given equation. 


x—23=16: 


@x=1 
©x=56 


Determine whether each number is a solution 
of the given equation. 


y—14=38: 


@y=1 
®y=—58 
©y=58 


Solve Equations with Fractions using the 
Addition, Subtraction, and Division 
Properties of Equality 


In Solve Equations with the Subtraction and 
Addition Properties of Equality and Solve Equations 
Using Integers; The Division Property of Equality, 
we solved equations using the Addition, Subtraction, 
and Division Properties of Equality. We will use 
these same properties to solve equations with 
fractions. 


ddition, Subtraction, and Division Properties of 
Equality 
For any numbers a,b,andc, 


ifa=b,thena+c=b+c. Addition Property of 


Lauolitee 
my uuintry 


ifa=b,thena—c=b-—c. Subtraction Property of | 
I 


LGanualiti 

mal UUs S)/ 
ifa=b,thenac=bc,c#0. Division Property of 

Equality 


In other words, when you add or subtract the same 


quantity from both sides of an equation, or divide 
both sides by the same quantity, you still have 
equality. 


Solve: y+916=516. 


Solution 

y+ a> 
Subtract 916 
from each side 
iyve_o- 2 2. 39 
aa 16 16~ 16 16 
Simplify on 
each side of the 
ed yt+ 0=- 4 
Simplify the 
fraction. 


yrig= i 
Substitute y =: 
—14. 

-4 = (2 - rz 
Rewrite as 


fractions with 


i6—_16-— 16 
Add. 
5 5 
16 16 © 


Since y= — 14 makes y+ 916=516 a true 
statement, we know we have found the 
solution to this equation. 


Solve: y+1112=512. 


Solve: y+ 815=415. 


—415 


We used the Subtraction Property of Equality in 
[link]. Now we’ll use the Addition Property of 
Equality. 


Solve: a—59= — 89. 


Solution 

5 8 

a-3=-3 

Zz v4 
Add 59 from 
each side to 

5 8 5 
UM, = rs di 
ae a +9 =-9 +9 


Simplify on 

each side of the 

eq a+0= -: 
Simplify the | 
fraction. 


W>ltn 
IF 


common 
de _ 3 5 
=a = 

7 


Ik 


7 


Subtract. | 
8 
= Y 


Since a= —13 makes the equation true, we 
know that a= — 13 is the solution to the 


equation. 


Solve: a—35= — 85. 


Solve: n—37 = —97. 


The next example may not seem to have a fraction, 
but let’s see what happens when we solve it. 


Solve: 10q= 44. 


Solution 


1NA— AA 
BS SL 1 a | 


Divide both 10q10 = 4410 


sides by 10 to 
undo the 


ltinli . 
mitltiniteatinn 
EERE SMES] EASA TASKS 0 


Cimnali fur 


m 
Urlliipiisy 4 


Chacl- 


NLL LD 


Substitute 10(225) = ?44 
q=225 into the 


—9O98E 
hel od OT 


original 

ani11atinn 

S25 [ESS 

(QW GlBn TNO(NORN— 9A 
Sree) pes )/ e ava \oavy ° . 0 
Multiply. 44=44/ 


The solution to the equation was the fraction 
225. We leave it as an improper fraction. 


Solve: 12u= — 76. 


Solve: 8m = 92. 


252 


Solve Equations with Fractions Using the 
Multiplication Property of Equality 


Consider the equation x4=3. We want to know 
what number divided by 4 gives 3. So to “undo” the 
division, we will need to multiply by 4. The 
Multiplication Property of Equality will allow us to do 
this. This property says that if we start with two 
equal quantities and multiply both by the same 
number, the results are equal. 


The Multiplication Property of Equality 
For any numbers a,b, and c, 


ifa=b,thenac = be. 
If you multiply both sides of an equation by the 
Same quantity, you still have equality. 


Let’s use the Multiplication Property of Equality to 
solve the equation x7 = — 9. 


Solve: x7 = —9. 


Solution 


Multiplication 
Pry . = = 7(-9) 
Equality to 
multiply both 
sides by 7. This 
will isolate the 


vrarianhl 


Multiply. 
Ix _ _63 

Simplify. 
x=—A3 

—63 2 


= —~9 in the original equation. 


The equation is 


true. 
-9=-9V 


Solve: f5 = — 25. 


Solve: h9= — 27. 


Solve: p—8= — 40. 


Solution 


Here, p is divided by —8. We must multiply by 


— 8 to isolate p. 


F =-40 
Multiply bott. 
sides by —8 

—8(F,) = —8(-40) 
Multiply. 
—8P _ 300 

—oO 
Simplify. 

n= 320 
Gheek: 
Substitute 
p=320. 
— 
320 2 _ao 


=5 
The equation is 


true. 
—40 = -40 V 


Solve: c—7= —35. 


Solve: x-—11= —-12. 


Solve Equations with a Coefficient of —1 


Look at the equation —y=15. Does it look as if y is 
already isolated? But there is a negative sign in 
front of y, so it is not isolated. 


There are three different ways to isolate the variable 
in this type of equation. We will show all three ways 
in [link]. 


Solve: —y=15. 


Solution 


One way to solve the equation is to rewrite —y 
as — ly, and then use the Division Property of 
Equality to isolate y. 


y= i 
Rewrite —y as —ly. 

—1as— 14 

ly = 15 


Divide both sides by 
= 1. 


cat) SES 
=i =i 
Simplify each side. 
y=-15 


Another way to solve this equation is to 
multiply both sides of the equation by —1. 


w—14 
¥ a 


Multiply both sides by 
lle 

=l=y)==105) 
Simplify each side. 


y=-15 


The third way to solve the equation is to read 
—y as “the opposite of y.” What number has 
15 as its opposite? The opposite of 15 is —15. 
So y=—15. 


For all three methods, we isolated y is isolated 
and solved the equation. 


Check: 


Substitute y= —15. 


& 
Simplify. The equation 


Solve: —y=48. 


Solve: —c= —23. 


Solve Equations with a Fraction Coefficient 


When we have an equation with a fraction 
coefficient we can use the Multiplication Property of 
Equality to make the coefficient equal to 1. 


For example, in the equation: 
34x = 24 


The coefficient of x is 34. To solve for x, we need its 
coefficient to be 1. Since the product of a number 
and its reciprocal is 1, our strategy here will be to 
isolate x by multiplying by the reciprocal of 34. We 
will do this in [link]. 


Solve: 34x = 24. 


Solution 


—x = 24 


Multiply bott. 
sides by the 


4 3 4 
re;* 2. _ 4. 
m3 4*— 3°74 
Simplify. 

4 24 
Ix=3°5 


Multiply. 


Check 
3y=24 
Substitute 
No 
3.32 2% 
Rewrite 32 asa 
fraction. 
2.222% 
1 


4 
Multiply. The 
equation is 

tru 24 = 24 v 


Notice that in the equation 34x = 24, we could 
have divided both sides by 34 to get x by 
itself. Dividing is the same as multiplying by 
the reciprocal, so we would get the same 
result. But most people agree that multiplying 
by the reciprocal is easier. 


Solve: 25n=14. 


Solve: 56y = 15. 


Solve: —38w=72. 


Solution 


The coefficient is a negative fraction. 
Remember that a number and its reciprocal 
have the same sign, so the reciprocal of the 
coefficient must also be negative. 


Jy =72 

oO 
Multiply bott. 
sides by the 


ret—3C-gw) =(-3)72 


Simplify; 


reciprocals - 
8 
mt ,_-_9 4 
Multiply. 
w — —109 
Check: 
—aw =72 
Let w= — 192). 
3 ? 
—9 (—192) = 72 
Multiply. It 
checks. 
72=72 Vv 


Solve: —47a=52. 


Solve: —79w = 84. 


Translate Sentences to Equations and 
Solve 


Now we have covered all four properties of equality 


—subtraction, addition, division, and multiplication. 
We'll list them all together here for easy reference. 


Subtraction Property of Addition Property of 


Equality: Equality: 

For any real numbers a, b,For any real numbers a, b, 
and c, and c, 

if1—h than a__n —h_-« if 15—h than a tar—hoa 
itd UU i) tLivilt UU = vv Ne oo a & i) tLLivil UU 1 = vy 1 Nee 


Division Property of Multiplication Property 
Equality: of Equality: 

For any numbers a, b, aiid For any real numbers a, b, 
c, where c#0 and c 


if a=b, then ac=bc if a=b, then ac=bc 


When you add, subtract, multiply or divide the same 
quantity from both sides of an equation, you still 
have equality. 


In the next few examples, we’ll translate sentences 
into equations and then solve the equations. It 
might be helpful to review the translation table in 
Evaluate, Simplify, and Translate Expressions. 


Translate and solve: n divided by 6 is — 24. 


Solution 


Translate. 


ndividedby6 is 24 


= =: 4 


Multiply bott. 
sides by 6. 


6-2 = 6(-24) 
Simplify. 
no —144 
Check: Is —144 
divided by 6 
naiwi4 TltA —_9AID 
SaaS | Stee tw Te 
Translate. 
—144 9 
rs —24 
Simplify. It 
checks. 
—24=-24V 


Translate and solve: n divided by 7 is equal to 
= 1. 


Translate and solve: n divided by 8 is equal to 


= 00. 


n8 = — 56;n= — 448 


Translate and solve: The quotient of q and —5 
is 70. 


Solution 


Translate. 


The quotientofqand-5 is 70 


4 a 
Multiply bott. 
sides by —5. 
~5(-4,) = -5(70) 
Simplify. 
4——350 
Check: Is the quotient 


of —350 and 


—5 equal to 


70? 
Translate. 
320 270 
Simplify. It 
checks. 
70=70 ¥ 


Translate and solve: The quotient of q and —8 
Is 72: 


q—8=72;q= —576 


Translate and solve: The quotient of p and —9 
is 81. 


p—-—9=81;p= —729 


Translate and solve: Two-thirds of f is 18. 


Solution 


Translate. 
Two-thirds of f 


ZF 
Multiply bott. 


sides by 32. 
3 


Simplify. 


Check: Is two-thirds of 


97 ananiwsgal tan 1909 
ey VeyUu Ye 


Usb tw +t . 


Translate. 


2? 9 
3 (27) +18 


Simplify. It 
checks. 
18=18 ¥ 


Translate and solve: Two-fifths of f is 16. 


25f=16;f=40 


Translate and solve: Three-fourths of f is 21. 


34f=21;f=28 


Translate and solve: The quotient of m and 56 
is 34. 


Solution 


The quotient of 


EG ia 2A. 


HH aia VV lv VV 


Tranaclata mEEA—O2IA 


2hLULLIILULLe LLL vil 


Multiply botk. 56(m56)=56(34) 
sides by 56 to 


fanla 
LuUViU te Tite 


Cima~alifrr ae — Do. A 
Oilipily. oD © ee © ee T 
Remove m=58 
common 


factors and 


aaltinly, 
HH UL trpty. 


Chaal, 
WL1LEUN. 


Is the quotiert 5856 =?34 
of 58 and 56 


anual tan QAD 
i . 


SSS Tee 


Sealatits as 58 + 56= ?34 


Aixriain 


aie the 5865=?34 
first fraction by 
the reciprocal 


af tha annnna 
Vi LLY VRELVIILU, 


Simplify. 34= 34/7 


Our solution checks. 


Translate and solve. The quotient of n and 23 
seal 


n23=512;n=518 


Translate and solve The quotient of c and 38 is 
49. 


c38 =49;c=13 


Translate and solve: The sum of three-eighths 
and x is three and one-half. 


Solution 


Translate. 
The sum of three-eighths andx is three and one-half 


al 
87™* a 2, 
Use the Subtraction 
Property of Equality to 


3 a | es 
sul gtt-3 337-3 


Combine like terms on 
the left side. 


§ ong 123. 
“27 8 


Convert mixed numb2r 
to improper fraction. 
PAR 3 
ae? 8 
Convert to equivalent: 
fractions with LCD of 


Qo 2=28_3 


Subtract. 


Write as a mixed 
number. 


We write the answer as a mixed number 
because the original problem used a mixed 
number. 


Check: 


Is the sum of three-eighths and 318 equal to 
three and one-half? 


384+318—2312 
Add 348 =2312 
Simplify. 312=312V 


The solution checks. 


Translate and solve: The sum of five-eighths 
and x is one-fourth. 


58+x=14;x= — 38 


Translate and solve: The difference of one-and- 
three-fourths and x is five-sixths. 


134 —-—x=56;x=1112 


CCESS ADDITIONAL ONLINE RESOURCES 


¢ Solve One Step Equations With Fractions 


¢ Solve One Step Equations With Fractions by 
Adding or Subtracting 

* Solve One Step Equations With Fraction by 
Multiplying 


Key Concepts 


¢ Determine whether a number is a solution 
to an equation. 


Substitute the number for the variable in the 
equation. Simplify the expressions on both 
sides of the equation. Determine whether the 
resulting equation is true. If it is true, the 
number is a solution. If it is not true, the 
number is not a solution. 


¢ Addition, Subtraction, and Division 
Properties of Equality 


© For any numbers a, b, and c, 
if a=b, then a+c=b-+c. Addition 
Property of Equality 

© if a=b, then a-c=b-c. Subtraction 
Property of Equality 
if a=b, then ac=bc, c #0. Division 
Property of Equality 


* The Multiplication Property of Equality 


© For any numbers ab and c, a=b, then 
ac =be. 

© If you multiply both sides of an equation 
by the same quantity, you still have 
equality. 


Section Exercises 


Practice Makes Perfect 


Determine Whether a Fraction is a Solution of an 
Equation 


In the following exercises, determine whether each 
number is a solution of the given equation. 


x—25=110: 
@x=1 
©x=12 
©x=-12 


y—-13=512: 


@y=1 
®y =34 
Oy = —34 


@ no 
® yes 
© no 


h+34=25: 


@h=1 
® h=720 
© h= —720 


k+25=56: 


@k=1 
®k=1330 
©k= — 1330 


@ no 
® yes 
© no 


Solve Equations with Fractions using the 


Addition, Subtraction, and Division Properties of 
Equality 


In the following exercises, solve. 


y+13=43 
m+38=78 
m=12 
f+910=25 
h+56=16 
h=—23 
a—58=—78 
c—14=—54 
c= —-l 


x —(— 320) = —1120 


z—(—512)= —712 


z=-l1 


n—16=34 


p—310=58 


p= 3740 


s+(—12)=-—89 


k+(—13)=—45 


k= —715 


5j=17 


7k=18 


k=187 


—4w=26 


—9v=33 


v=-113 


Solve Equations with Fractions Using the 
Multiplication Property of Equality 


In the following exercises, solve. 


f4= —20 
b3= —9 
b = —27 
y7=—-21 
x8 = —32 
x = —256 


45n = 20 


310p = 30 


p = 100 


38q= —48 


52m = — 40 


v= 36 


Mixed Practice 


In the following exercises, solve. 


p+23=112 


q+56=112 


q= —34 


78m =110 


14n=710 


n=145 


—25=x+34 


—23=y+38 


y= —2524 


1120= —f 


815=—d 


d=—815 


Translate Sentences to Equations and Solve 


In the following exercises, translate to an algebraic 
equation and solve. 


n divided by eight is — 16. 


n divided by six is — 24. 


n6= — 24;n= — 144 


m divided by —9 is —7. 


m divided by —7 is —8. 


m—7= —8;m=56 


The quotient of f and —3 is —18. 


The quotient of f and —4 is —20. 


f—4= —20;f=80 


The quotient of g and twelve is 8. 


The quotient of g and nine is 14. 


g9=14;g=126 


Three-fourths of q is 12. 


Two-fifths of q is 20. 


25q = 20;q =50 


Seven-tenths of p is — 63. 


Four-ninths of p is — 28. 


49p = — 28;p= — 63 


m divided by 4 equals negative 6. 


The quotient of h and 2 is 43. 


h2=43 


Three-fourths of z is the same as 15. 


The quotient of a and 23 is 34. 


a23 = 34 


The sum of five-sixths and x is 12. 


The sum of three-fourths and x is 18. 


344+x=18;x= —58 


The difference of y and one-fourth is — 18. 


The difference of y and one-third is — 16. 


y—-13=—16;y=16 


Everyday Math 


Shopping Teresa bought a pair of shoes on sale 
for $48. The sale price was 23 of the regular 
price. Find the regular price of the shoes by 
solving the equation 23p = 48 


Playhouse The table in a child’s playhouse is 
35 of an adult-size table. The playhouse table is 


18 inches high. Find the height of an adult-size 
table by solving the equation 35h= 18. 


30 inches 


Writing Exercises 


[link] describes three methods to solve the 
equation —y=15. Which method do you 
prefer? Why? 


Richard thinks the solution to the equation 
34x = 24 is 16. Explain why Richard is wrong. 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next Chapter? 
Why or why not? 


Chapter Review Exercises 


Visualize Fractions 


In the following exercises, name the fraction of each 
figure that is shaded. 


59 


In the following exercises, name the improper 
fractions. Then write each improper fraction as a 
mixed number. 


In the following exercises, convert the improper 
fraction to a mixed number. 


9815 


6311 


5811 


In the following exercises, convert the mixed 
number to an improper fraction. 


1214 


945 


495 


Find three fractions equivalent to 25. Show 
your work, using figures or algebra. 


Find three fractions equivalent to — 43. Show 
your work, using figures or algebra. 


Answers may vary. 


In the following exercises, locate the numbers on a 
number line. 


58,43,334,4 


14, —14,113, — 113,72, —72 


In the following exercises, order each pair of 
numbers, using < or >. 


Multiply and Divide Fractions 


In the following exercises, simplify. 


— 6384 


— 90120 


—34 


—14a14b 


— 8x8y 


—xy 
In the following exercises, multiply. 


25013 


=T3127 


—47 


29-(— 4532) 


6m-411 


2411m 


—14(- 32) 


3135'178 


In the following exercises, find the reciprocal. 


29 


154 


~14 


—4 


Fill in the chart. 


Opposite Absolute 


A721... 
VcLLUT 


In the following exercises, divide. 


23+16 


(—3x5) +(-—2y3) 


45+3 


Reciprocal 


415 


8 +223 


823+1112 


Multiply and Divide Mixed Numbers and 
Complex Fractions 


In the following exercises, perform the indicated 
operation. 


315-178 


— 5712-4411 


— 26811 


8 +223 


823+1112 


In the following exercises, translate the English 
phrase into an algebraic expression. 


the quotient of 8 and y 
the quotient of V and the difference of h and 6 
Vh-—6 


In the following exercises, simplify the complex 
fraction 


5845 
89-4 
=Z9 
n438 


=150= 112 


22 
In the following exercises, simplify. 


ot 165 


S$4—623 12 


736 


$7 +5(8—10)93-—64 


Add and Subtract Fractions with Common 
Denominators 


In the following exercises, add. 


38+ 28 


58 


45+15 


20°F 15 


30 


15324932 


x10+710 


x+710 
In the following exercises, subtract. 


811-611 


Lia 912 


12 


45—-y5 


=3130—730 


=1915 


32 =(32) 


1115 —515—(-—215) 


815 


Add and Subtract Fractions with Different 
Denominators 


In the following exercises, find the least common 
denominator. 


13and112 


13and45 


15 


815and1120 


34,16,and510 


60 


In the following exercises, change to equivalent 


fractions using the given LCD. 


13and15,LCD=15 


38and56,LCD = 24 


924and2024 


— 916and512,LCD = 48 


13,34and45,LCD = 60 


2060,1560and4860 


In the following exercises, perform the indicated 
operations and simplify. 


1523 


LT 2=235 


14 


—910—34 


—1136-—1120 


= 790 


— 2225+ 940 


ylQ—13 


3y— 1030 


25+(-—59) 


411+ 27d 


14d11 


25+ (—3n8)(-—29n) 


(23)2(58)2 


256225 


(1112 +38) +(56—110) 
In the following exercises, evaluate. 


y —45 when 


@y=-45 
®y=14 


@-—85 
®—1120 


6mn2 when m= 34andn= —13 


Add and Subtract Mixed Numbers 


In the following exercises, perform the indicated 
operation. 


413+913 


1323 


629 +735 


9811+2411 


8111 


358 + 378 


91320-41120 


5110 


2p 10—1910 


Z11I2=17 12 


103 


8611-2911 


Solve Equations with Fractions 


In the following exercises, determine whether the 
each number is a solution of the given equation. 


x—12=16: 


@x=1 
©x=23 
©x=-13 


@ no 
® yes 
© no 


y+35=59: 


@y=12 
®y=5245 
©y=-245 


In the following exercises, solve the equation. 


n+911=411 


n=-—5l1l1 


x—16=76 


h—-(—78)=—25 


x5=-10 
—7=23 
Z2= -23 


In the following exercises, translate and solve. 


The sum of two-thirds and n is — 35. 


The difference of q and one-tenth is 12. 


q—110=12;q=35 


The quotient of p and —4 is —8. 


Three-eighths of y is 24. 


38y = 24;y =64 


Chapter Practice Test 


Convert the improper fraction to a mixed number. 
195 
Convert the mixed number to an improper fraction. 


327 


237 

Locate the numbers on a number line. 
12,123, — 234,and94 

In the following exercises, simplify. 


520 
14 
18r27s 


13:34 


14 


16u 


=e 


ce oil Be} 

— 36u(— 49) 
— 5712-4411 
—56+512 
711+(-711) 
9a10+15a8 
1225 


—625+4 


(— 1556) +(— 316) 


—6611 


p2qs 


op2q 


=415 =223 


92— 429-4 


13 


2d + 9d 


—313+(-413) 


=713 


— 2225+ 940 


20735) 


1 


=—310-+-(— 58) 


—34+x3 


— 94x 


23 — 22(34)2 


514+ 18956 


Evaluate. 


x+13 when 


@x=23 
®x=—56 


In the following exercises, solve the equation. 


y+35=75 


y=45 


a—310=-910 


f+(—23)=512 


f=1312 


Translate and solve: The quotient of p and —4 
is —8. Solve for p. 


Introduction to Decimals 
class ="introduction" The price of a gallon of 

gasoline is written as a decimal number. (credit: 
Mark Turnauckus, Flickr) 


Gasoline price changes all the time. They might go 
down for a period of time, but then they usually rise 
again. One thing that stays the same is that the price 
is not usually a whole number. Instead, it is shown 
using a decimal point to describe the cost in dollars 
and cents. We use decimal numbers all the time, 
especially when dealing with money. In this 
chapter, we will explore decimal numbers and how 
to perform operations using them. 


Decimals 
By the end of this section, you will be able to: 


* Name decimals 

¢ Write decimals 

* Convert decimals to fractions or mixed 
numbers 

* Locate decimals on the number line 

* Order decimals 

¢ Round decimals 


Before you get started, take this readiness quiz. 


. Name the number 4,926,015 in words. 

If you missed this problem, review [link]. 
. Round 748 to the nearest ten. 

If you missed this problem, review [link]. 
. Locate 310 on a number line. 

If you missed this problem, review [link]. 


This chart illustrates place values to the left and 
right of the decimal point. When we write a check, 
we write the amount as a decimal number as well as 
in words. The bank looks at the check to make sure 
both numbers match. This helps prevent errors. 


Name Decimals 


You probably already know quite a bit about 
decimals based on your experience with money. 
Suppose you buy a sandwich and a bottle of water 
for lunch. If the sandwich costs $3.45, the bottle of 
water costs $1.25, and the total sales tax is $0.33, 
what is the total cost of your lunch? 


The total is $5.03. Suppose you pay with a $5 bill 
and 3 pennies. Should you wait for change? No, $5 
and 3 pennies is the same as $5.03. 


Because 100 pennies=$1, each penny is worth 1100 
of a dollar. We write the value of one penny as 
$0.01, since 0.01 =1100. 


Writing a number with a decimal is known as 
decimal notation. It is a way of showing parts of a 
whole when the whole is a power of ten. In other 
words, decimals are another way of writing 
fractions whose denominators are powers of ten. 
Just as the counting numbers are based on powers 
of ten, decimals are based on powers of ten. [link] 
shows the counting numbers. 


Pe er 


Oo ae er AT ane 
MYUULILILIE ILULLIIVOCL INCLLILG 


1 Anan 

a Wile 

1MA—1Nn an 

bu—savu uu 
1n.10—-10N Onn hiunderod 
bv itv ivy Wile 11LULLULEU 
10A.10.10— 1000 Ona thaiwicand 
by atvtyv— 141UVVU Wile ULuUuoUdLiE 
10-10-10-10 = 10,000 Ten thousand 


How are decimals related to fractions? [link] shows 
the relation. 


M~ 4... Tee 4s ATH --. ~ 

MVeovLlLliialL LAGCLLUVUII INCLEIIUT 

On.1 11N Onan tanth 

VUet tiv Waite Cente 

OANM1 1100 Onan hiuundenAth 

VUeva avy WAL 2h CcUUL 

A M01 11 ANN Ona thauwicandth 

VUevuL b4yvvy Wale UsLVUvUdLU 

0.0001 110,000 One ten- 
thousandth 


When we name a whole number, the name 
corresponds to the place value based on the powers 
of ten. In Whole Numbers, we learned to read 
10,000 as ten thousand. Likewise, the names of the 
decimal places correspond to their fraction values. 
Notice how the place value names in [link] relate to 
the names of the fractions from [link]. 


Notice two important facts shown in 


¢ The “th” at the end of the name means the 
number is a fraction. “One thousand” is a 
number larger than one, but “one thousandth” 
is a number smaller than one. 

* The tenths place is the first place to the right of 
the decimal, but the tens place is two places to 
the left of the decimal. 


Remember that $5.03 lunch? We read $5.03 as five 
dollars and three cents. Naming decimals (those that 
don’t represent money) is done in a similar way. We 
read the number 5.03 as five and three hundredths. 


We sometimes need to translate a number written in 
decimal notation into words. As shown in , we 


write the amount on a check in both words and 
numbers. 


Let’s try naming a 


We start by naming the — fifteen 
number to the left of the 


MAW LLLLIide 


We use the word “and” to fifteen and 
indicate the decimal 


. 
naint 
pvirse. 


Then we name the fifteen and sixty-eight 
number to the right of the 
decimal point as if it were 


ao wthaAla nimhbhae 
UU VV Ete Lite 


Last, name the decimal — fifteen and sixty-eight 
place of the last digit. hundredths 


The number 15.68 is read fifteen and sixty-eight 
hundredths. 


Name a decimal number. 


* Name the number to the left of the decimal 
point. 

¢ Write “and” for the decimal point. 

* Name the “number” part to the right of the 
decimal point as if it were a whole number. 


* Name the decimal place of the last digit. 


Name each decimal: @4.3 ©2.45 ©0.009 @ 
— 15.571. 


Solution 


@) 

4.2 
Name the number to four 
the left of the decimat 


nanint 

pvittee 

Write "and" for the four and 
Aarinss | nanint 

MAUL LLLILUS pVittee 

Name the number to four and three 
the right of the decinial 


point as if it were a 
wheole-number 


Name the decimal four and three tenths 
place of the last digit. 


Mm) 
wy 


Name the number to two 

the left of the decimal 

point. 

Write "and" for the two and 
decimal-peint. 

Name the number to — two and forty-five 
the right of the decinial 


point as if it were a 
whele-number 


Name the decimal two and forty-five 
place of the last digit. hundredths 


© 

8:909 
Name the number to Zero is the number to 
the left of the decimal the left of the decimal; 
point. it is not included in the 
Name the number to nine 
the right of the decinial 
point as if it were a 


wtathaAla niamhae 
VVELVIWY LIEULLIIoUle 


Name the decimal nine thousandths 
place of the last digit. 


CAD 
\ 


| ell A 


Name the number to negative fifteen 
the left of the decimat 

point. 

Write "and" for the negative fifteen 
decimal _peint and 
Name the number to negative fifteen and 
the right of the decimalfive hundred seventy- 


point asifitwerea one 


vathala ni ambhar 
VV EELUIY LLU. 


Name the decimal negative fifteen and 
place of the last digit. five hundred seventy- 
one thousandths 


Name each decimal: 


@6.7 ®©19.58 ©0.018 @ — 2.053 


@ six and seven tenths 

® nineteen and fifty-eight hundredths 

© eighteen thousandths 

@ negative two and fifty-three thousandths 


Name each decimal: 


@5.8 ©3.57 ©0.005 @ — 13.461 


@five and eight tenths three and fifty-seven 
hundredths 

®three and fifty-seven hundredths 

© five thousandths 

@ negative thirteen and four hundred sixty- 
one thousandths 


Write Decimals 


Now we will translate the name of a decimal 
number into decimal notation. We will reverse the 
procedure we just used. 


Let’s start by writing the number six and seventeen 
hundredths: 


six and seventeen 
hi in Arana +h a 


ALULIULCULLLD 


The word and tells us to 


praeawwu GCCinmiGs poirne. 


The word before and is 6.__ 
the whole number; write 


it to the left of the 
An al nanint 


GCCimdas prvi. 


The decimal part is 6. 
seventeen hundredths. 
Mark two places to the 


right of the decimal point 
far haindvandAtha 


LVL LLULLULOULLIVD. 


Write the numerals for — 6.17 
seventeen in the places 


marked. 


Write fourteen and thirty-seven hundredths as 
a decimal. 


Solution 


fourteen and thirty- 


eatran hiindenAtha 
UU VL LLU CULL 


Place a decimal point 


unde ar tha word Sand) 
AU L LLIN VV VLU CALLA 


Translate the words 14. 
before ‘and’ into the 
whole number and 

place it to the left of 


thn danimal nnint 
ttie ULLI11LUL Pye. 


Mark two places to the 14._ _ 
right of the decimal 


naint far “hindenAtho” 
pyre 2un LLULIULECULLLLD . 


Translate the words 14.37 
after “and” and write 


the number to the right 


imal n nt 
VL tne MER LLL point 


Fourteen and thirty- 
seven hundredths is 


written 14.37. 


Write as a decimal: thirteen and sixty-eight 
hundredths. 


Write as a decimal: five and eight hundred 
ninety-four thousandths. 


Write a decimal number from its name. 


Look for the word “and”—it locates the decimal 
point. Mark the number of decimal places needed 


to the right of the decimal point by noting the 
place value indicated by the last word. 


* Place a decimal point under the word “and.” 
Translate the words before “and” into the 
whole number and place it to the left of the 
decimal point. 

¢ If there is no “and,” write a “O” with a decimal 
point to its right. 


Translate the words after “and” into the number to 
the right of the decimal point. Write the number in 
the spaces—putting the final digit in the last place. 
Fill in zeros for place holders as needed. 


The second bullet in Step 1 is needed for decimals 
that have no whole number part, like ‘nine 
thousandths’. We recognize them by the words that 
indicate the place value after the decimal — such as 
‘tenths’ or ‘hundredths.’ Since there is no whole 
number, there is no ‘and.’ We start by placing a zero 
to the left of the decimal and continue by filling in 
the numbers to the right, as we did above. 


Write twenty-four thousandths as a decimal. 


Solution 


twenty-four 


thaiicandtha 
Libs Usui 


Look for the word There is no "and" so 


"and". start with 0 
NY 


Ve 


To the right of the 
decimal point, put 


tenths hundredths thousandths 


Write the number 24 
with the 4 in the 
the? — 2 & 


tentns Mundreauis tf ousandtris 
Put zeros as 0.024 
placeholders in the 
remaining decimal 


nlannac 
JER eRe! . 


So, twenty-four 
thousandths is written 
0.024 


Write as a decimal: fifty-eight thousandths. 


Write as a decimal: sixty-seven thousandths. 


Before we move on to our next objective, think 
about money again. We know that $1 is the same as 
$1.00. The way we write $1(or$1.00) depends on 
the context. In the same way, integers can be 
written as decimals with as many zeros as needed to 
the right of the decimal. 

5=5.0-—2= —2.05=5.00-—2= 

— 2.005 = 5.000 — 2= — 2.000 

and so on... 


Convert Decimals to Fractions or Mixed 
Numbers 


We often need to rewrite decimals as fractions or 


mixed numbers. Let’s go back to our lunch order to 
see how we can convert decimal numbers to 
fractions. We know that $5.03 means 5 dollars and 
3 cents. Since there are 100 cents in one dollar, 3 
cents means 3100 of a dollar, so 0.03 =3100. 


We convert decimals to fractions by identifying the 
place value of the farthest right digit. In the decimal 
0.03, the 3 is in the hundredths place, so 100 is the 
denominator of the fraction equivalent to 0.03. 

0.03 = 3100 


For our $5.03 lunch, we can write the decimal 5.03 
as a mixed number. 
5.03 =53100 


Notice that when the number to the left of the 
decimal is zero, we get a proper fraction. When the 
number to the left of the decimal is not zero, we get 
a mixed number. 


Convert a decimal number to a fraction or mixed 
mumber. 


Look at the number to the left of the decimal. 


* If it is zero, the decimal converts to a proper 
fraction. 
¢ If it is not zero, the decimal converts to a 


mixed number. 
© Write the whole number. 


Determine the place value of the final digit. Write 
the fraction. 


* numerator—the ‘numbers’ to the right of the 
decimal point 

* denominator—the place value corresponding 
to the final digit 


Simplify the fraction, if possible. 


Write each of the following decimal numbers 
as a fraction or a mixed number: 


@4.09 ©3.7 © — 0.286 


Solution 


© 


There is a 4 to the left 
of the decimal point. 
Wi 

nu [| 


Determine the place 

value of the final digit. 
4. 0 9 

Write the fraction. 

Write 9 in the 

nu 42. 

nu 


tha dAnnimal nnint 
tate ULL4A11LUL Puiiit. 


Write 100 in the 
denominator as the 


lk a2 
Pi 4700 


MLBt) 79 2 sates men wis, 


The fraction is in 


simplest form. 
=4—7— 
So, 4.09 = 4 700 


v 


Did you notice that the number of zeros in the 
denominator is the same as the number of 
decimal places? 


(A) 
fb) 


There is a 3 to the left 
of the decimal point. 
Wi. | | whole 
3 — 

nu [] he 


. 
Mmiwan niimnar 
ALLL LLU. 


Determine the place 
ae of the final digit. 
—_— 


tanthe 
LePitito 


Write the fraction. 
Write 7 in the 

nu3_Z s the 
nu LU ght cf 


tha dnnimal nnint 
Uday ULLA111UL PuLiit. 


Write 10 in the 
denominator as the 

ple rs e final 
Awe 1 0 n 

SSD) f 5 LV tuLALLLWV. 


The fraction is in 
simplest form. 


ri 
/J=3- 
So, 3 375 


(D) 


There is a O to the left 
of the decimal point. 
Wi 


Determine the place 
value of the final digit 
-0. 2 8 
tenths hundredths thousandths 
Write the fraction. 


Write 286 in the 
Py _.286 


1000 
number to the rignt Cr 


the decimal point. 
Write 1,000 in the 
denominator as the 


place value of the final 
diait 4 ia thaicandtha 


Gigit, oe) AV LCLLY UVULILILEILV: 


We remove a common 
factor of 2 to simplify 
the- 


en 


Write as a fraction or mixed number. Simplify 
the answer if possible. 


@5.3 ©6.07 © — 0.234 


@5310 
©67100 
© — 2341000 


Write as a fraction or mixed number. Simplify 
the answer if possible. 


@8.7 ©1.03 © —0.024 


@8710 
©13100 
© — 241000 


Locate Decimals on the Number Line 


Since decimals are forms of fractions, locating 
decimals on the number line is similar to locating 
fractions on the number line. 


Locate 0.4 on a number line. 


Solution 


The decimal 0.4 is equivalent to 410, so 0.4 is 
located between 0 and 1. On a number line, 
divide the interval between 0 and 1 into 10 
equal parts and place marks to separate the 
parts. 


Label the marks 
0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0. We 
write 0 as 0.0 and 1 as 1.0, so that the 
numbers are consistently in tenths. Finally, 
mark 0.4 on the number line. 


Locate 0.6 on a number line. 


Locate 0.9 on a number line. 


Locate —0.74 on a number line. 


Solution 


The decimal — 0.74 is equivalent to — 74100, 
so it is located between 0 and —1. Ona 
number line, mark off and label the multiples 
of -0.10 in the interval between 0 and —1 
(—0.10, —0.20, etc.) and mark —0.74 
between — 0.70 and — 0.80, a little closer to 
O70) 


Locate —0.63 on a number line. 


Locate —0.25 on a number line. 


Po 


Order Decimals 
Which is larger, 0.04 or 0.40? 


If you think of this as money, you know that $0.40 
(forty cents) is greater than $0.04 (four cents). So, 
0.40 > 0.04 


In previous chapters, we used the number line to 
order numbers. 

a<D‘ais less thanb’whenais to the left ofbon the 
number linea>b‘ais greater thanb’whenais to the 
right ofbon the number line 


Where are 0.04 and 0.40 located on the number 
line? 


We see that 0.40 is to the right of 0.04. So we know 
0.40>0.04. 


How does 0.31 compare to 0.308? This doesn’t 
translate into money to make the comparison easy. 
But if we convert 0.31 and 0.308 to fractions, we 
can tell which is larger. 


re) Q1 M1 2NQ 
ww 


West Weis 


Convert to 31100 3081000 
frantinna 
We need a 3081000 
common 
de31 10 + te 
100-10. 
COhiparce-wieM 
3101000 3081000 


Because 310> 308, we know that 
3101000 > 3081000. Therefore, 0.31 > 0.308. 


Notice what we did in converting 0.31 to a fraction 
—we started with the fraction 31100 and ended 
with the equivalent fraction 3101000. Converting 
3101000 back to a decimal gives 0.310. So 0.31 is 
equivalent to 0.310. Writing zeros at the end of a 
decimal does not change its value. 

31100 = 3101000and0.31 = 0.310 


If two decimals have the same value, they are said 
to be equivalent decimals. 
0.31 =0.310 


We say 0.31 and 0.310 are equivalent decimals. 


Equivalent Decimals 


Two decimals are equivalent decimals if they 
convert to equivalent fractions. 


Remember, writing zeros at the end of a decimal 
does not change its value. 


Order decimals. 


Check to see if both numbers have the same 
number of decimal places. If not, write zeros at the 
end of the one with fewer digits to make them 
match. Compare the numbers to the right of the 
decimal point as if they were whole numbers. 
Order the numbers using the appropriate inequality 
sign. 


Order the following decimals using <or>: 


@0.64_0.6 


©0.83_0.803 


Solution 


(ey) 
VY 


8) 0.6 
Check to see if both 0.64_0.60 
numbers have the sarae 
number of decimal 
places. They do not, so 


write one zero at the 
"1 ivht nf (ay 5. 


ziBsist vive 


Compare the numbers 64>60 
to the right of the 
decimal point as if they 


TATOTO. vathala niumhara 
VV EEUED LLU 


Order the numbers 0.64> 0.60 
using the appropriate 


inequality sign. 0.64> 0.6 
® 

9.82 0,202 
Check to see if both 0.830_0.80 


numbers have the sarae 
number of decimal 
places. They do not, so 


write one zero at the 
"1 taht anf (ay Q2. 


2iBsisl vive 


Compare the numbers 830>803 
to the right of the 
decimal point as if they 


TATANOA vathala niumhara 
VVRLY VV ELVA LLULLIUL: 


Order the numbers 0.830 > 0.803 
using the appropriate 
inequality sign. 0.83> 0.803 


Order each of the following pairs of numbers, 
using <or>: 


@0.42_0.4 ©0.76_0.706 


Order each of the following pairs of numbers, 
using <or>: 


@0.1_0.18 ©0.305_0.35 


When we order negative decimals, it is important to 
remember how to order negative integers. Recall 
that larger numbers are to the right on the number 
line. For example, because — 2 lies to the right of 

— 3 on the number line, we know that —2> —3. 
Similarly, smaller numbers lie to the left on the 
number line. For example, because —9 lies to the 
left of —6 on the number line, we know that —9< 
= 6; 


If we zoomed in on the interval between 0 and —1, 
we would see in the same way that —0.2> —0.3and 
—0.9< —0.6. 


Use <or> to order. —0.1_ —0.8. 


Solution 


—9,1 —4O.8 
Write the numbers one —0.1 
under the other, lining 


wan tha danimal noninta —NQ 
Mp se Utes puri. Uev 


They have the same 


niumbhar af diaita 
SLL L Vi Saye 


Since-—1>— 8, —1 —0.1>-0.8 
tenth is greater than 
— 8 tenths. 


Order each of the following pairs of numbers, 
using <or>: 


OS SS 


Order each of the following pairs of numbers, 
using <or>: 


=>O62e = OFF 


@ We see that 2.72 is closer to 3 than to 2. So, 2.72 
rounded to the nearest whole number is 3. 

® We see that 2.72 is closer to 2.70 than 2.80. So 
we say that 2.72 rounded to the nearest tenth is 2.7. 


Round Decimals 


In the United States, gasoline prices are usually 
written with the decimal part as thousandths of a 
dollar. For example, a gas station might post the 
price of unleaded gas at $3.279 per gallon. But if 
you were to buy exactly one gallon of gas at this 
price, you would pay $3.28, because the final price 
would be rounded to the nearest cent. In Whole 
Numbers, we saw that we round numbers to get an 
approximate value when the exact value is not 
needed. Suppose we wanted to round $2.72 to the 
nearest dollar. Is it closer to $2 or to $3? What if we 
wanted to round $2.72 to the nearest ten cents; is it 
closer to $2.70 or to $2.80? The number lines in 
[link] can help us answer those questions. 


Can we round decimals without number lines? Yes! 
We use a method based on the one we used to round 
whole numbers. 


Round a decimal. 


Locate the given place value and mark it with an 
arrow. Underline the digit to the right of the given 
place value. Is this digit greater than or equal to 5? 


* Yes - add 1 to the digit in the given place 
value. 

* No - do not change the digit in the given place 
value 


Rewrite the number, removing all digits to the 
right of the given place value. 


Round 18.379 to the nearest hundredth. 


Solution 


10 9770 
Vwi 


Locate the hundredths 


place and mark it with 
an hundredths place 


An ATM 
1oO.o/7 


Underline the digit tc 
the right of the 7. 


hundredths place 


12,279 
Because 9 is greater 
than or equal to 5, acd 
1t 18.379 


delete 
Rewrite the number, 
deleting all digits to 
the 18.38 


vu 


huundraodtha place, 


LULLED piu 


18.38 is 18.379 
rounded to the nearest 
hundredth. 


Round to the nearest hundredth: 1.047. 


Round to the nearest hundredth: 9.173. 


Round 18.379 to the nearest © tenth © whole 
number. 


Solution 


@ Round 18.379 to the 


naanrnct tanth 
BLEULLVE LULLLULL 


10 9270 
tu.ewvis 


Locate the tenths place 


and mark it with an 
tenths place 


arl { 


12.279 
Underline the digit tc 


the right of the tenth; 
di tenths place 


18.3279 


Because 7 is greater 


than or equal to 5, acd 
it 18.379 


delete 
add 1 


Rewrite the number, 


eclcany all digits to 
the 18.4 iths 


vu 


nlann 
Je ekeSo 


So, 18.379 rounded to 
the nearest tenth is 
18.4. 


® Round 18.379 to the 


naarnct tatrhala nismhaar 
ZLOEULYVE VVELUIY LLU. 


12.379 
Locate the ones place 
and mark it with an 


ones place 
ari | 
129.319 


Underline the digit tc 


the right of the ones 
ones place 
ple 


12.379 


Since 3 is not greater 
than or equal to 5, do 
18.379 


no ee 
Fol delete 
Rewrite the number, 
deleting all digits to 
8 


the 1 


UU 


nl aera 
JERE S0 


So 18.379 rounded to 
the nearest whole 
number is 18. 


Round 6.582 to the nearest ® hundredth © 
tenth © whole number. 


Round 15.2175 to the nearest @ thousandth 
® hundredth © tenth. 


@ 15.218 
(Or l5:22 
© 152 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Introduction to Decimal Notation 

¢ Write a Number in Decimal Notation from 
Words 

¢ Identify Decimals on the Number Line 

* Rounding Decimals 


¢ Writing a Decimal as a Simplified Fraction 


Key Concepts 


¢ Name a decimal number. 


Name the number to the left of the decimal 
point. Write “and” for the decimal point. Name 
the “number” part to the right of the decimal 
point as if it were a whole number. Name the 
decimal place of the last digit. 


Write a decimal number from its name. 


Look for the word “and”—it locates the decimal 
point. 

Place a decimal point under the word “and.” 
Translate the words before “and” into the 
whole number and place it to the left of the 
decimal point. 

If there is no “and,” write a “O” with a decimal 
point to its right. Mark the number of decimal 
places needed to the right of the decimal point 
by noting the place value indicated by the last 
word. Translate the words after “and” into the 
number to the right of the decimal point. Write 
the number in the spaces—putting the final 


digit in the last place. Fill in zeros for place 
holders as needed. 


Convert a decimal number to a fraction or 
mixed number. 


Look at the number to the left of the decimal. 
If it is zero, the decimal converts to a proper 
fraction. 

If it is not zero, the decimal converts to a mixed 
number. 

Write the whole number. Determine the place 
value of the final digit. Write the fraction. 
numerator—the ‘numbers’ to the right of the 
decimal point denominator—the place value 
corresponding to the final digit Simplify the 
fraction, if possible. 


Order decimals. 


Check to see if both numbers have the same 
number of decimal places. If not, write zeros at 
the end of the one with fewer digits to make 
them match. Compare the numbers to the right 
of the decimal point as if they were whole 
numbers. Order the numbers using the 
appropriate inequality sign. 


Round a decimal. 


Locate the given place value and mark it with 
an arrow. Underline the digit to the right of the 


given place value. Is this digit greater than or 
equal to 5? 

Yes - add 1 to the digit in the given place value. 
No - do not change the digit in the given place 
value Rewrite the number, removing all digits 
to the right of the given place value. 


Practice Makes Perfect 
Name Decimals 


In the following exercises, name each decimal. 


Ded 


five and five tenths 


7.8 


5.01 


five and one hundredth 


14.02 


8:71 


eight and seventy-one hundredths 


2.64 


0.002 


two thousandths 


0.005 


0.381 


three hundred eighty-one thousandths 


0.479 


= 17.9 


negative seventeen and nine tenths 


—31.4 


Write Decimals 


In the following exercises, translate the name into a 
decimal number. 


Eight and three hundredths 


8.03 


Nine and seven hundredths 


Twenty-nine and eighty-one hundredths 


29.81 


Sixty-one and seventy-four hundredths 


Seven tenths 


0.7 


Six tenths 


One thousandth 


0.001 


Nine thousandths 


Twenty-nine thousandths 


0.029 


Thirty-five thousandths 


Negative eleven and nine ten-thousandths 


— 11.0009 


Negative fifty-nine and two ten-thousandths 


Thirteen and three hundred ninety-five ten 
thousandths 


13.0395 


Thirty and two hundred seventy-nine 
thousandths 


Convert Decimals to Fractions or Mixed Numbers 


In the following exercises, convert each decimal to a 
fraction or mixed number. 


1.99 


199100 


D835 


15:7 


15710 


18.1 


07239 


2391000 


0.373 


O13 


13100 


0.19 


0.011 


111000 


0.049 


— 0.00007 


— 7100000 


— 0.00003 


6.4 


625 


ee 


7.05 


FI2Z0 


9.04 


4.006 


43500 


2.008 


10.25 


1014 


12.75 


1.324 
181250 
2.482 
14.125 
1418 


20.375 


Locate Decimals on the Number Line 


In the following exercises, locate each number on a 
number line. 


0.8 


—1.6 


Order Decimals 


In the following exercises, order each of the 
following pairs of numbers, using <or>. 


0.9_0.6 


0.7_0.8 


0.37 _0.63 


0.86_0.69 


0:60.59 


0.27_0.3 


0.91_ 0.901 


0.415_0.41 


=) 5.: = 0:5 


=0.1-—04 


='0.62.=0.619 


a eet eel 


Round Decimals 


In the following exercises, round each number to 
the nearest tenth. 


0.67 


0.7 


0.49 


2.84 


2.8 


4.63 


In the following exercises, round each number to 
the nearest hundredth. 


0.845 


0.85 


0.761 


5.7932 


5:79 


3.6284 


0.299 


0.30 


0.697 


4.098 


4.10 


7.096 


In the following exercises, round each number to 
the nearest @ hundredth © tenth © whole number. 


5.781 


@ 5.78 
® 5.8 
© 6 


1.638 


63.479 


@ 63.48 
® 63.5 
© 63 


84.281 


Everyday Math 


Salary Increase Danny got a raise and now 
makes $58,965.95 a year. Round this number to 
the nearest: 


@® dollar 


® thousand dollars 
© ten thousand dollars. 
@ $58,966 


® $59,000 
© $60,000 


New Car Purchase Selena’s new car cost 
$23,795.95. Round this number to the nearest: 


@® dollar 

® thousand dollars 

© ten thousand dollars. 

Sales Tax Hyo Jin lives in San Diego. She 
bought a refrigerator for $1624.99 and when 
the clerk calculated the sales tax it came out to 


exactly $142.186625. Round the sales tax to the 
nearest ® penny ® dollar. 


@ $142.19 
® $142 


Sales Tax Jennifer bought a $1,038.99 dining 
room set for her home in Cincinnati. She 
calculated the sales tax to be exactly 
$67.53435. Round the sales tax to the nearest 
@ penny © dollar. 


Writing Exercises 


How does your knowledge of money help you 
learn about decimals? 


Answers will vary. 


Explain how you write “three and nine 
hundredths” as a decimal. 


Jim ran a 100-meter race in 12.32 seconds. Tim 
ran the same race in 12.3 seconds. Who had the 
faster time, Jim or Tim? How do you know? 


Tim had the faster time. 12.3 is less than 12.32, 
so Tim had the faster time. 


Gerry saw a sign advertising postcards marked 
for sale at “10for0.99¢.” What is wrong with 


the advertised price? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 
in your road to success. In math, every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no—I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


equivalent decimals 
Two decimals are equivalent decimals if they 
convert to equivalent fractions. 


Decimal Operations 
By the end of this section, you will be able to: 


¢ Add and subtract decimals 

¢ Multiply decimals 

* Divide decimals 

* Use decimals in money applications 


Before you get started, take this readiness quiz. 


¢ Simplify 70100. 
If you missed this problem, review [link]. 


* Multiply 310-910. 

If you missed this problem, review [link]. 
* Divide —36+(-—9). 

If you missed this problem, review [link]. 


Add and Subtract Decimals 


Let’s take one more look at the lunch order from the 
start of Decimals, this time noticing how the 
numbers were added together. 


All three items (sandwich, water, tax) were priced in 
dollars and cents, so we lined up the dollars under 
the dollars and the cents under the cents, with the 
decimal points lined up between them. Then we just 
added each column, as if we were adding whole 
numbers. By lining up decimals this way, we can 
add or subtract the corresponding place values just 
as we did with whole numbers. 


Add or subtract decimals. 


Write the numbers vertically so the decimal points 
line up. Use zeros as place holders, as needed. Add 
or subtract the numbers as if they were whole 
numbers. Then place the decimal in the answer 


under the decimal points in the given numbers. 


Add: 3.7 + 12.4. 


Solution 


3.7+12,4 
Write the numbers 3.7 +12.4___ 
vertically so the 


decimal _peintstine-up. 
Place holders are not 
needed since both 
numbers have the same 


number of decimal 


nlanna 
pierrv. 


Add the numbers as if 31.7 +12.4 _—‘16.1 
they were whole 

numbers. Then place 

the decimal in the 

answer under the 

decimal points in the 

given numbers. 


Add: 5.7 + 11.9. 


Add: 18.32 + 14.79. 


Add: 23.5 + 41.38. 


Solution 


92 61A1 29 


miew |i Phew 


Write the numbers 

vertically so the 

de 23.5 nts line uo. 
+ 41.38 

Place 0 as a place 

holder after the 5 in 

23 23.50 t both 

+41.38 ye two 


Add the numbers as if 
they were whole 
numbers. Then place 
the decimal in the 


an 23.50erthe 
de _+ 41.38 nts in the 
gi, 64.88 vers. 


Add: 4.8 + 11.69. 


Add: 5.123 + 18.47. 


How much change would you get if you handed the 
cashier a $20 bill for a $14.65 purchase? We will 
show the steps to calculate this in the next example. 


Po 


Subtract: 20 — 14.65. 


Solution 


Write the numbers 
vertically so the 

de 20. line w. 
Re — 14.65 sa 
whole number, so 
place the decimal point 


aftar tha Nn 


Place two zeros after 
the decimal point in 
20 20.00 {ders so 
th: —14-65 ers 
have two decimal 


nlannac 
pierwey . 


Subtract the numbers 
as if they were whole 
nu 4 ww place 
the 20.09 the 

de 5.35 in the 
given numbers. 


Subtract: 


10> 9:53. 


Subtract: 


50 = 37.42: 


Subtract: 2.51 — 7.4. 


Solution 


If we subtract 7.4 from 2.51, the answer will 
be negative since 7.4> 2.51. To subtract easily, 
we can subtract 2.51 from 7.4. Then we will 
place the negative sign in the result. 


Write the numbers 

vertically so the 

de 7.4 »>ints line wu. 
— 2.51 

Place zero after the 4 

in 7.4 as a place 

ho 7.40 that both 

nu _— 2.51 ave two 


Subtract and place the 
decimal in the answer. 
7.40 
— 2.51 


A Qn 


TUS 


Remember that we are 2.51—7.4= —4.89 
really subtracting 

2.51 —7.4 so the 

answer is negative. 


Subtract: 4.77 — 6.3. 


Subtract: 8.12 —11.7. 


Multiply Decimals 


Multiplying decimals is very much like multiplying 
whole numbers—we just have to determine where 
to place the decimal point. The procedure for 
multiplying decimals will make sense if we first 
review multiplying fractions. 


Do you remember how to multiply fractions? To 
multiply fractions, you multiply the numerators and 
then multiply the denominators. 


So let’s see what we would get as the product of 
decimals by converting them to fractions first. We 
will do two examples side-by-side in [link]. Look for 
a pattern. 


A ap) 


(O 200.7) (O 210,46) 
Convert to (310)(710) (210)(46100) 
fractions. 
Miultiol:. 211900 921000 
Convert back to 0.21 0.092 


decimals. 


There is a pattern that we can use. In A, we 
multiplied two numbers that each had one decimal 
place, and the product had two decimal places. In B, 
we multiplied a number with one decimal place by a 
number with two decimal places, and the product 
had three decimal places. 


How many decimal places would you expect for the 
product of (0.01)(0.004)? If you said “five”, you 
recognized the pattern. When we multiply two 
numbers with decimals, we count all the decimal 
places in the factors—in this case two plus three—to 
get the number of decimal places in the product—in 
this case five. 


Once we know how to determine the number of 
digits after the decimal point, we can multiply 
decimal numbers without converting them to 


fractions first. The number of decimal places in the 
product is the sum of the number of decimal places 
in the factors. 


The rules for multiplying positive and negative 
numbers apply to decimals, too, of course. 


Multiplying Two Numbers 
hen multiplying two numbers, 


- if their signs are the same, the product is 
positive. 

- if their signs are different, the product is 
negative. 


When you multiply signed decimals, first determine 
the sign of the product and then multiply as if the 
numbers were both positive. Finally, write the 
product with the appropriate sign. 


Multiply decimal numbers. 


Determine the sign of the product. Write the 
numbers in vertical format, lining up the numbers 
on the right. Multiply the numbers as if they were 


whole numbers, temporarily ignoring the decimal 
points. Place the decimal point. The number of 
decimal places in the product is the sum of the 
number of decimal places in the factors. If needed, 
use zeros as placeholders. Write the product with 
the appropriate sign. 


Multiply: (3.9)(4.075). 


Solution 


CHOMAO75) 
Determine the sign of The product will be 
the product. The signs positive. 


arn tha aama 
UL LALLY VULLIWe 


Write the numbers in 
vertical format, lining 
up 4.075 he 
rig 3.9 


Multiply the numbers 
as if they were whole 
numbers, temporarily 
ignoring the decimal 


po 4.075 

x 3.9 

36675 
12225 


1480948 


a6 ow 


Place the decimal 
point. Add the number 
of 4.075 2 paces 
the 3-9 1 place 
Plz 36675 
12225 At 
158925 4 places | 


int 


The product is positive. (3.9)(4.075) = 15.8925 


Multiply: 4.5(6.107). 


27.4815 


Multiply: 10.79(8.12). 


87.6148 
Multiply: (—8.2)(5.19). 


Solution 


The signs are differert. 


Write in vertical 
format, lining up the 


aambhavd an tha viaht 
TiusttDCLO Var Ue 121611U, 


Multiply. 


Place the decimal point 3 places from the right. 
(-8. 25 -19) 


The Ste is 
negative. 


(fom 
u 


The product will be 


Q PACE 10) 


IG 


. 
naeratitra 
auc Huuve. 


Oa Se da as © rE 


mio X62 


A1E9 


pve 


5.19 x8.2._ 1038 
4152. 42.558 


1038 


(— 8.2)(5.19) = 
— 42.558 


Multiply: (4.63)(— 2.9). 


Multiply: (—7.78)(4.9). 


In the next example, we’ll need to add several 
placeholder zeros to properly place the decimal 
point. 


Multiply: (0.03)(0.045). 


Solution 


Tha nrandis te nncaiti 
baie proauct 1U poo k= 


Write in vertical 

format, lining up the 

nu 9.045; the right. 
x 0.03 


Multiply. 


0.045 it must be 5 places from the right. 
x 0.03 .. 
0.00135 
Ad MANN] is needed to 


FCs prAles: 
The product is positive. (0.03) 
(0.045) =0.00135 


Multiply: (0.04)(0.087). 


0.00348 


Multiply: (0.09)(0.067). 


0.00603 


Multiply by Powers of 10 


In many fields, especially in the sciences, it is 
common to multiply decimals by powers of 10. Let’s 
see what happens when we multiply 1.9436 by 
some powers of 10. 


Look at the results without the final zeros. Do you 
notice a pattern? 


1.9436(10) = 19.4361.9436(100) = 194.361.9436(1000) = - 
The number of places that the decimal point moved 


is the same as the number of zeros in the power of 
ten. [link] summarizes the results. 


Multiply by Number of Number of 


Zeros places decimal 

10 1 place to the 
riaht 

100 2 oblades to the 
riaht 

1,000 3 a hinces to the 
riaht 

10,000 4 4 biaces to the 
right 


We can use this pattern as a shortcut to multiply by 
powers of ten instead of multiplying using the 
vertical format. We can count the zeros in the power 
of 10 and then move the decimal point that same of 
places to the right. 


So, for example, to multiply 45.86 by 100, move the 
decimal point 2 places to the right. 


Sometimes when we need to move the decimal 
point, there are not enough decimal places. In that 
case, we use zeros as placeholders. For example, 
let’s multiply 2.4 by 100. We need to move the 
decimal point 2 places to the right. Since there is 
only one digit to the right of the decimal point, we 
must write a 0 in the hundredths place. 


Multiply a decimal by a power of 10. 


Move the decimal point to the right the same 


number of places as the number of zeros in the 
power of 10. Write zeros at the end of the number 
as placeholders if needed. 


Multiply 5.63 by factors of ©10 ©100©1000. 


Solution 


By looking at the number of zeros in the 
multiple of ten, we see the number of places 
we need to move the decimal to the right. 


(ey) 
WY 


EA 271N\ 
Yuemayvy 


There is 1 zero in 10, 


so 5.63 : decimal 
po \4 e to the 


. 
rin 
LAGBtLl- 


(nh) 
(h) 


There are 2 zeros in 
100, so move the 

de 5.63 t 2 places 
to 


vy¥ 


CN 
Y 


There are 3 zeros in 
aoe BS move the 
de?.63 3 places 


to \KM4 


A zero must be addec! 
at the end. 


56.3 


563 


EF 4271NNN\ 


vVevw\tyuvvV) 


5,630 


Multiply 2.58 by factors of @10 ©100 
©1000. 


@ 25.8 
® 258 
© 2,580 


Multiply 14.2 by factors of @10 ©100 
©1000. 


@ 142 
® 1,420 
© 14,200 


Divide Decimals 


Just as with multiplication, division of decimals is 
very much like dividing whole numbers. We just 
have to figure out where the decimal point must be 
placed. 


To understand decimal division, let’s consider the 
multiplication problem 
(0.2)(4) =0.8 


Remember, a multiplication problem can be 
rephrased as a division problem. So we can write 
0.8+4=0.2 


We can think of this as “If we divide 8 tenths into 
four groups, how many are in each group?” [link] 
shows that there are four groups of two-tenths in 
eight-tenths. So 0.8+4=0.2. 


Using long division notation, we would write 


Notice that the decimal point in the quotient is 
directly above the decimal point in the dividend. 


To divide a decimal by a whole number, we place 
the decimal point in the quotient above the decimal 
point in the dividend and then divide as usual. 
Sometimes we need to use extra zeros at the end of 
the dividend to keep dividing until there is no 
remainder. 


Divide a decimal by a whole number. 


Write as long division, placing the decimal point in 
the quotient above the decimal point in the 
dividend. Divide as usual. 


Divide sOni2= 73; 


Solution 


Oal2—-3 
Write as long division, 
placing the decimal 


point in the quotient 


ab 3) l 
po 


wV1iu, 


ere as usual. Since 
3 does not go into 0 or 


1 \; 0.04 
12 
ple? i: 
0 


0.12+3=0.04 


Divide: 0.28 + 4. 


Divide: 0.56 + 7. 


In everyday life, we divide whole numbers into 
decimals—money—to find the price of one item. For 
example, suppose a case of 24 water bottles cost 
$3.99. To find the price per water bottle, we would 
divide $3.99 by 24, and round the answer to the 
nearest cent (hundredth). 


Divide: $3.99 + 24. 


Solution 


$3:99--24 
Place the decimal point 
in the quotient above 


the 
Pa 24)3.99 


Divide as usual. When 
do we stop? Since this 
division involves 
money, we round it to 
the nearest cent 
(hundredth). To do 
this, we must carry the 


di, _0.166 
thc 24)3.990 
24 


159 
144 
150 
144 
6 
Round to the nearest $0.166 ~ $0.17 


Ville 


$3.99 + 24 = $0.17 


This means the price per bottle is 17 cents. 


Divide: $6.99 = 36. 


Divide: $4.99 +12. 


Divide a Decimal by Another Decimal 


So far, we have divided a decimal by a whole 
number. What happens when we divide a decimal 
by another decimal? Let’s look at the same 
multiplication problem we looked at earlier, but in a 
different way. 

(0.2)(4) =0.8 


Remember, again, that a multiplication problem can 
be rephrased as a division problem. This time we 
ask, “How many times does 0.2 go into 0.8?” 
Because (0.2)(4) =0.8, we can say that 0.2 goes into 
0.8 four times. This means that 0.8 divided by 0.2 is 
4. 

0.8+0.2=4 


We would get the same answer, 4, if we divide 8 by 
2, both whole numbers. Why is this so? Let’s think 
about the division problem as a fraction. 
0.80.2(0.8)10(0.2)10824 


We multiplied the numerator and denominator by 
10 and ended up just dividing 8 by 4. To divide 
decimals, we multiply both the numerator and 
denominator by the same power of 10 to make the 
denominator a whole number. Because of the 


Equivalent Fractions Property, we haven’t changed 
the value of the fraction. The effect is to move the 
decimal points in the numerator and denominator 
the same number of places to the right. 


We use the rules for dividing positive and negative 
numbers with decimals, too. When dividing signed 
decimals, first determine the sign of the quotient 
and then divide as if the numbers were both 
positive. Finally, write the quotient with the 
appropriate sign. 


It may help to review the vocabulary for division: 


Divide decimal numbers. 


Determine the sign of the quotient. Make the 
divisor a whole number by moving the decimal 
point all the way to the right. Move the decimal 
point in the dividend the same number of places to 
the right, writing zeros as needed. Divide. Place the 


decimal point in the quotient above the decimal 
point in the dividend. Write the quotient with the 
appropriate sign. 


Divide: —2.89+ (3.4). 


Solution 


Determine the sign of The quotient will be 


tha awsntiant naantita 
the-quotient: negative: 
Make the divisor the 

whole number by 

'm:3.4)2.89 

point all the way to tie 

right. 'Move' the 

decimal point in the 

dividend the same 

number of places to the 

right, 

Divide. Place the 


decimal point in the 
i" a 

: 34 .)28.90 
mw ° 272 

div ~ 170 

ne 170 

Mt 0 


aul 


Write the quotient with — 2.89 + (3.4) = —0.85 
the appropriate sign. 


Divide r= 19292510 


Divide: —2.04+5.1. 


Divide: —25.65+(—0.06). 


Solution 


OF eNO FU 


. 
nnoi1tiatw79 


Make the divisor a 
whole number by 
™'().06)25.65 

PO au wie way w wie 
right. 

"Move' the decimal 
point in the dividend 
the same number of 


LULL Ve 


Place the decimal point 
. 7.5 


a 006,) yi 
the 16 
—12 
45 
42 
30 
30 


Write the quotient with — 25.65 -+(—0.06) = 427. 
the appropriate sign. 


Divide: — 23.492 + (-— 0.04). 


Divide: —4.11+(-—0.12). 


Now we will divide a whole number by a decimal 
number. 


Divide: 4+ 0.05. 


Solution 


A-~ Nn NE 
1 


Vevyv 


The signs are the sare. The quotient is 
Make the divisor a 

whole number by 

™:0.05)4.00 


PO. all ule way LU LAC 


right. 

Move the decimal 
point in the dividend 
the same number of 
places, adding zeros as 


LLU 


Divide. 
Place the decimal point 
in 80. 
flit 5)400. 
the 40 
00 
On 


Write the quotient with4 + 0.05 =80 
the appropriate sign. 


We can relate this example to money. How 
many nickels are there in four dollars? Because 
4+0.05=80, there are 80 nickels in $4. 


Divide: 6+ 0.03. 


Divide: 7 + 0.02. 


Use Decimals in Money Applications 


We often apply decimals in real life, and most of the 
applications involving money. The Strategy for 
Applications we used in The Language of Algebra 
gives us a plan to follow to help find the answer. 
Take a moment to review that strategy now. 


Strategy for Applications 


. Identify what you are asked to find. 
. Write a phrase that gives the information to 
find it. 


. Translate the phrase to an expression. 

. Simplify the expression. 

. Answer the question with a complete 
sentence. 


Paul received $50 for his birthday. He spent 
$31.64 on a video game. How much of Paul’s 
birthday money was left? 


Solution 


What are you asked to How much did Paul 


FindAd 


LLLiuti.e 


VWAleita a nheanan 
VVLatY UW PrLitUdd. 


Tranclata 
bLULIVIULL. 


Cimnalifxr, 


Ulliipiiny. 


Write a sentence. 


haga laftd 
Le 


Luuve 1 
CEN lace C91 GA 
WuY 1tvvovD WoL. I 
EN 921 4A 

VU Uaevi 

190 94 


dUeVvY 


Paul has $18.36 left. 


Nicole earned $35 for babysitting her cousins, 
then went to the bookstore and spent $18.48 
on books and coffee. How much of her 
babysitting money was left? 


Amber bought a pair of shoes for $24.75 and a 
purse for $36.90. The sales tax was $4.32. 
How much did Amber spend? 


Jessie put 8 gallons of gas in her car. One 
gallon of gas costs $3.529. How much does 
Jessie owe for the gas? (Round the answer to 
the nearest cent.) 


Solution 


What are you asked to How much did Jessie 


FinAD aura Far all tha awaad 

LRLLANLe VVIe 2 ULE LLIN Uv. 

Write a phrase. 8 times the cost of one 
(Sy SSS we (op 

Tranclata or¢o2 £90 

RLULLVULIULLWe A eee 

Cimnlif, ¢90 999 

rene) pes )/ . WeVeaivei 


Round to the nearest $28.23 


rant 
Veit. 


Write a sentence. Jessie owes $28.23 for 
her gas purchase. 


Hector put 13 gallons of gas into his car. One 
gallon of gas costs $3.175. How much did 
Hector owe for the gas? Round to the nearest 
cent. 


Christopher bought 5 pizzas for the team. Each 
pizza cost $9.75. How much did all the pizzas 
cost? 


Four friends went out for dinner. They shared 
a large pizza and a pitcher of soda. The total 
cost of their dinner was $31.76. If they divide 
the cost equally, how much should each friend 


pay? 


Solution 


What are you asked to How much should each 


FinAd 
BLLAULS 


Write a phrase. 


Translate to an 
24S BALE KRvVuULVile 
Cimnalifxr 

ee eae / e 


Write a sentence. 


frinnada nar) 
dea puy : 


$31.76 divided equally 


Ffrinnda 


. 
amana tha fais Fri 
Urrrwttse LLL LYVUL LLLLVLIUIVD. 


$31.76+4 


C7OA 


Each friend should pay 
$7.94 for his share of 
the dinner. 


Six friends went out for dinner. The total cost 
of their dinner was $92.82. If they divide the 


bill equally, how much should each friend 
pay? 


Chad worked 40 hours last week and his 
paycheck was $570. How much does he earn 
per hour? 


Be careful to follow the order of operations in the 
next example. Remember to multiply before you 
add. 


Marla buys 6 bananas that cost $0.22 each and 


4 oranges that cost $0.49 each. How much is 
the total cost of the fruit? 


Solution 


What are you asked to How much is the total 


finAd 
BLL 


Write a phrase. 


Translate to an 


awnrncac 
Vapt CSSiCinm. 
Cimnalifr, 
Oilipilly . 


AAA 


LANL 


Write a sentence. 


enact af tha Frasitd 
RevVIve Vi LLY LLU 


6 times the cost of each 
banana plus 4 times 


tha anct af nanh a 
Labte BeVYVIE YI CULIIL Orange 


6($0.22) + 4($0.49) 


Marla's total cost for 
the fruit is $3.28. 


Suzanne buys 3 cans of beans that cost $0.75 
each and 6 cans of corn that cost $0.62 each. 
How much is the total cost of these groceries? 


Lydia bought movie tickets for the family. She 
bought two adult tickets for $9.50 each and 
four children’s tickets for $6.00 each. How 


much did the tickets cost Lydia in all? 


The Links to Literacy activity "Alexander Who Used 
to be Rich Last Sunday" will provide you with 
another view of the topics covered in this section. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Adding and Subtracting Decimals 
* Multiplying Decimals 

* Multiplying by Powers of Ten 

* Dividing Decimals 

¢ Dividing by Powers of Ten 


Key Concepts 
¢ Add or subtract decimals. 


Write the numbers vertically so the decimal 


points line up. Use zeros as place holders, as 
needed. Add or subtract the numbers as if they 
were whole numbers. Then place the decimal 
in the answer under the decimal points in the 
given numbers. 


Multiply decimal numbers. 


Determine the sign of the product. Write the 
numbers in vertical format, lining up the 
numbers on the right. Multiply the numbers as 
if they were whole numbers, temporarily 
ignoring the decimal points. Place the decimal 
point. The number of decimal places in the 
product is the sum of the number of decimal 
places in the factors. If needed, use zeros as 
placeholders. Write the product with the 
appropriate sign. 


Multiply a decimal by a power of 10. 


Move the decimal point to the right the same 
number of places as the number of zeros in the 
power of 10. Write zeros at the end of the 
number as placeholders if needed. 


Divide a decimal by a whole number. 
Write as long division, placing the decimal 


point in the quotient above the decimal point 
in the dividend. Divide as usual. 


* Divide decimal numbers. 


Determine the sign of the quotient. Make the 
divisor a whole number by moving the decimal 
point all the way to the right. Move the 
decimal point in the dividend the same number 
of places to the right, writing zeros as needed. 
Divide. Place the decimal point in the quotient 
above the decimal point in the dividend. Write 
the quotient with the appropriate sign. 


¢ Strategy for Applications 
Identify what you are asked to find. Write a 
phrase that gives the information to find it. 
Translate the phrase to an expression. Simplify 


the expression. Answer the question with a 
complete sentence. 


Practice Makes Perfect 
Add and Subtract Decimals 


In the following exercises, add or subtract. 


16:92:47 -56 


24.48 


13.37 +9.36 


256.37 — 85.49 
170.88 

248.25 —91.29 
21.76 — 30.99 
=9.23 

15.35 — 20.88 
So VAS a wan WA 
49.73 

38.6 +13.67 


=16.53 = 24:38 


— 40.91 


= 19.47 =32.58 


— 38.69 + 31.47 


= 722 


=29.83 19.76 


AD (= 9.3) 


=13,5 


—8.6-+( 3.6) 


100 — 64.2 


35.8 


100=63:83 


7Z.0 7100 


2759 


86.2 — 100 


IS+F.0:73 


15.73 


27 + 0.87 


2.51+ 40 


42.51 


9.38 + 60 


91.75 —(— 10.462) 


102.212 


94.69 —(— 12.678) 


50:01 = 3.7 

51.31 

59.08 — 4.6 

2.51—7.4 

— 4.89 

3.84—6.1 
Multiply Decimals 


In the following exercises, multiply. 


(0.3)(0.4) 


O12 


(0.6)(0.7) 


(0.24)(0.6) 


0.144 


(0.81)(0.3) 


(5.9)(7.12) 


42.008 


(2.3)(9.41) 


(8.52)(3.14) 


26.7528 


(5.32)(4.86) 


(— 4.3)(2.71) 


=1'1:653 


€—8:5)(1.69) 


(—5.18)(— 65.23) 


337.8914 


(—9.16)(— 68.34) 


(0.09)(24.78) 


2202 


(0.04)(36.89) 


(0.06)(21.75) 


1.305 


(0.08)(52.45) 


(9.24)(10) 


92.4 


(6.531)(10) 


(55.2)(1,000) 


95,200 


(99.4)(1,000) 


Divide Decimals 


In the following exercises, divide. 


0.15+5 


0.03 


0.27 +3 


4.75 +25 


0.19 


12.04+ 43 


$8.49 +12 


$0.71 


$16.99 +9 


$117.25+ 48 


$2.44 


$109.24 + 36 


0.6+0.2 


0.8+0.4 


1.44+(-0.3) 


—4.8 


1.25+(—0.5) 


= 15/5 =C 0.05) 


30 


—1.15+(—0.05) 


5.2+2.5 


2.08 


6.5+3.25 


12+0.08 


150 


5+0.04 


IT 0.55 


20 


14+0.35 


Mixed Practice 


In the following exercises, simplify. 


6(12.4 —9.2) 


1S 


3(15.7 — 8.6) 


24(0.5) + (0.3)2 


12.09 


35(0.2) + (0.9)2 


1.15(26.83 + 1.61) 


32.706 


1.18(46.22 + 3.71) 


$45 + 0.08($45) 


$48.60 


$63 + 0.18($63) 


18+ (0.75 + 0.15) 


20 


2/ (0:59 £0.35) 


(1.43 + 0.27) + (0.9 — 0.05) 


(1.5 —0.06) + (0.12 + 0.24) 


[$75.42 + 0.18($75.42)] +5 


$17.80 


[$56.31 + 0.22($56.31)] +4 


Use Decimals in Money Applications 


In the following exercises, use the strategy for 
applications to solve. 


Spending money Brenda got $40 from the 
ATM. She spent $15.11 on a pair of earrings. 
How much money did she have left? 


$24.89 


Spending money Marissa found $20 in her 
pocket. She spent $4.82 on a smoothie. How 
much of the $20 did she have left? 


Shopping Adam bought a t-shirt for $18.49 and 
a book for $8.92 The sales tax was $1.65. How 
much did Adam spend? 


$29.06 


Restaurant Roberto’s restaurant bill was 
$20.45 for the entrée and $3.15 for the drink. 
He left a $4.40 tip. How much did Roberto 
spend? 


Coupon Emily bought a box of cereal that cost 
$4.29. She had a coupon for $0.55 off, and the 
store doubled the coupon. How much did she 
pay for the box of cereal? 


$3.19 


Coupon Diana bought a can of coffee that cost 
$7.99. She had a coupon for $0.75 off, and the 
store doubled the coupon. How much did she 
pay for the can of coffee? 


Diet Leo took part in a diet program. He 
weighed 190 pounds at the start of the 
program. During the first week, he lost 4.3 
pounds. During the second week, he had lost 
2.8 pounds. The third week, he gained 0.7 
pounds. The fourth week, he lost 1.9 pounds. 
What did Leo weigh at the end of the fourth 
week? 


181.7 pounds 


Snowpack On April 1, the snowpack at the ski 
resort was 4 meters deep, but the next few days 
were very warm. By April 5, the snow depth 
was 1.6 meters less. On April 8, it snowed and 
added 2.1 meters of snow. What was the total 
depth of the snow? 


Coffee Noriko bought 4 coffees for herself and 
her co-workers. Each coffee was $3.75. How 
much did she pay for all the coffees? 


$15.00 


Subway Fare Arianna spends $4.50 per day on 
subway fare. Last week she rode the subway 6 
days. How much did she spend for the subway 
fares? 


Income Mayra earns $9.25 per hour. Last week 
she worked 32 hours. How much did she earn? 


$296.00 


Income Peter earns $8.75 per hour. Last week 


he worked 19 hours. How much did he earn? 


Hourly Wage Alan got his first paycheck from 
his new job. He worked 30 hours and earned 
$382.50. How much does he earn per hour? 


$1275 


Hourly Wage Maria got her first paycheck from 
her new job. She worked 25 hours and earned 
$362.50. How much does she earn per hour? 


Restaurant Jeannette and her friends love to 
order mud pie at their favorite restaurant. They 
always share just one piece of pie among 
themselves. With tax and tip, the total cost is 
$6.00. How much does each girl pay if the total 
number sharing the mud pie is 


@2? 
®3? 
©4? 
@5? 
©6? 


@ $3 
® $2 
© $1.50 
@ $1.20 
© $1 


Pizza Alex and his friends go out for pizza and 
video games once a week. They share the cost 
of a $15.60 pizza equally. How much does each 
person pay if the total number sharing the pizza 
is 

@2? 

®3? 

©4? 

@5? 

©6? 

Fast Food At their favorite fast food restaurant, 
the Carlson family orders 4 burgers that cost 


$3.29 each and 2 orders of fries at $2.74 each. 
What is the total cost of the order? 


$18.64 


Home Goods Chelsea needs towels to take with 
her to college. She buys 2 bath towels that cost 
$9.99 each and 6 washcloths that cost $2.99 
each. What is the total cost for the bath towels 
and washcloths? 


Zoo The Lewis and Chousmith families are 
planning to go to the zoo together. Adult tickets 
cost $29.95 and children’s tickets cost $19.95. 
What will the total cost be for 4 adults and 7 
children? 


$259.45 


Ice Skating Jasmine wants to have her birthday 
party at the local ice skating rink. It will cost 
$8.25 per child and $12.95 per adult. What will 
the total cost be for 12 children and 3 adults? 


Everyday Math 


Paycheck Annie has two jobs. She gets paid 
$14.04 per hour for tutoring at City College and 
$8.75 per hour at a coffee shop. Last week she 
tutored for 8 hours and worked at the coffee 


shop for 15 hours. 
@ How much did she earn? 


® If she had worked all 23 hours as a tutor 
instead of working both jobs, how much more 
would she have earned? 


@ $243.57 
® $79.35 


Paycheck Jake has two jobs. He gets paid 
$7.95 per hour at the college cafeteria and 
$20.25 at the art gallery. Last week he worked 
12 hours at the cafeteria and 5 hours at the art 
gallery. 


@ How much did he earn? 
©) If he had worked all 17 hours at the art 


gallery instead of working both jobs, how much 
more would he have earned? 


Writing Exercises 


In the 2010 winter Olympics, two skiers took 
the silver and bronze medals in the Men's 


Super-G ski event. The silver medalist's time 
was 1 minute 30.62 seconds and bronze 
medalist's time was 1 minute 30.65 seconds. 
Whose time was faster? Find the difference in 
their times and then write the name of that 
decimal. 


The difference: 0.03 seconds. Three hundredths 
of a second. 


Find the quotient of 0.12+0.04 and explain in 
words all the steps taken. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


©® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Decimals and Fractions 
By the end of this section, you will be able to: 


* Convert fractions to decimals 

¢ Order decimals and fractions 

¢ Simplify expressions using the order of 
operations 

¢ Find the circumference and area of circles 


Before you get started, take this readiness quiz. 


1. Divide: 0.24+8. 
If you missed this problem, review [link]. 


2. Order 0.64_0.6 using < or >. 

If you missed this problem, review [link]. 
27 Orden O)2e Oslatisiie —0n = 

If you missed this problem, review [link]. 


Convert Fractions to Decimals 


In Decimals, we learned to convert decimals to 
fractions. Now we will do the reverse—convert 
fractions to decimals. Remember that the fraction 
bar indicates division. So 45 can be written 4+5 or 


54. This means that we can convert a fraction to a 
decimal by treating it as a division problem. 


Convert a Fraction to a Decimal 

To convert a fraction to a decimal, divide the 
numerator of the fraction by the denominator of 
the fraction. 


Write the fraction 34 as a decimal. 


Solution 


A fraction bar means 

division, so we can 

WwW fraction 34 
=e 


. . 
1101nNe aw7m13lo.inn 
Mulls UAvVivitviLe 


Divide. 


So the fraction 34 is 
equal to 0.75. 


Write the fraction as a decimal: 14. 


Write the fraction as a decimal: 38. 


Write the fraction — 72 as a decimal. 


Solution 


The value of this 
fraction is negative. 
After dividing, the 
value of the decimal 


will be negative. We do 
the division ignoring 
the sign, and then 
write the negative sign 


i h 
in thn annotate 
2AL LLLY ULLIOVVEL. 


Divide 7 by 2. 


Write the fraction as a decimal: — 94. 


Write the fraction as a decimal: — 112. 


Repeating Decimals 


So far, in all the examples converting fractions to 
decimals the division resulted in a remainder of 
zero. This is not always the case. Let’s see what 
happens when we convert the fraction 43 toa 
decimal. First, notice that 43 is an improper 
fraction. Its value is greater than 1. The equivalent 
decimal will also be greater than 1. 


We divide 4 by 3. 


No matter how many more zeros we write, there 
will always be a remainder of 1, and the threes in 
the quotient will go on forever. The number 1.333... 
is called a repeating decimal. Remember that the 
“...” means that the pattern repeats. 


Repeating Decimal 


A repeating decimal is a decimal in which the last 
digit or group of digits repeats endlessly. 


How do you know how many ‘repeats’ to write? 
Instead of writing 1.333... we use a shorthand 
notation by placing a line over the digits that 
repeat. The repeating decimal 1.333... is written 
1.3-. The line above the 3 tells you that the 3 
repeats endlessly. So 1.333...=1.3- 


For other decimals, two or more digits might repeat. 
[link] shows some more examples of repeating 
decimals. 


1999 — ] 9 9 ja tha vananntina Aiait 
LbeVVYUWY re Sd viv Uli tepreaurs M16it 
A1444 —A 14 Bia tha vwannatina Aiait 

Te tWUWVee —~ Fret Viiv tli tepreatss Mr6it 
A141414 —A14 14 ia tha rannatina hlaals 
Te tWhWELVee en” Fret au bv tiiv fepreaeiss ViVveilr 
0.271271271... 271 is the repeating block 
= 0.271— 


Write 4322 as a decimal. 


Solution 


Divide 43 by 22. 


Notice that the differences of 120 and 100 
repeat, so there is a repeat in the digits of the 
quotient; 54 will repeat endlessly. The first 
decimal place in the quotient, 9, is not part of 
the pattern. So, 

4322 =1.954— 


Write as a decimal: 2711. 


Write as a decimal: 5122. 


2.318— 


It is useful to convert between fractions and 
decimals when we need to add or subtract numbers 
in different forms. To add a fraction and a decimal, 
for example, we would need to either convert the 
fraction to a decimal or the decimal to a fraction. 


Simplify: 78 + 6.4. 


Solution 


7O+EA 
Change 78 toa 0.875+6.4 
decimal. 


Add. 7.275 


Simplify: 38 + 4.9. 


Simplify: 5.7 + 1320. 


Order Decimals and Fractions 


In Decimals, we compared two decimals and 
determined which was larger. To compare a decimal 
to a fraction, we will first convert the fraction to a 
decimal and then compare the decimals. 


Order 38_0.4 using < or >. 


Solution 


Convert 38 toa 


RAUL LLLitile 


Camnaaran 1 OTE ta Ni Jl 
Vel 


SSNS) EASE Vevi Vv ty 


Rewrite with the 
original fraction. 


Order each of the following pairs of numbers, 
using < or >. 


172020.82 


Order each of the following pairs of numbers, 
using < or >. 


34_0.785 


When ordering negative numbers, remember that 
larger numbers are to the right on the number line 
and any positive number is greater than any 
negative number. 


Order —0:5. — 34 usine = or > 


Solution 


== 5 pare | 
UeV ul 


Convert — 34 toa — a 0.75 


1 
Compare —0.5 to —p:9>—0.75 
— 9.75. 
Rewrite the inequality —0.5>—34 
with the original 
fraction. 


Order each of the following pairs of numbers, 
using < or >: 


00.70.08 


Order each of the following pairs of numbers, 
using < or >: 


—Ut55 2 E26 


Write the numbers 1320,0.61,1116 in order 
from smallest to largest. 


Solution 


12900 9 61 1 


i 
Convert the fractions 0.65,0.61,0.6875 


tan Annimala 
ew Ucevsissiuiv. 


Write the smallest 0.61, 
Annimal niumhaw firct 


MBE 11Ua HCH: Ore ibe 


Write the next larger 0.61,0.65, 
decimal number in the 


14 
au 


3 


Tita piser: 


Write the last decimal 0.61,0.65,0.6875 
number (the larger) ia 


1 
RLLWY CLLLLL [PASS SS 


Rewrite the list with 0.61,1320,1116 
the original fractions. 


Write each set of numbers in order from 
smallest to largest: 78,45,0.82. 


45,0.82,78 


Write each set of numbers in order from 
smallest to largest: 0.835,1316,34. 


34,1316,0.835 


Simplify Expressions Using the Order of 
Operations 


The order of operations introduced in Use the 
Language of Algebra also applies to decimals. Do 
you remember what the phrase “Please excuse my 
dear Aunt Sally” stands for? 


Simplify the expressions: 


@7083-21-7} 


®23(8.3 —3.8) 
Solution 
@® 
7(12.3—21.7) 
Simplify inside 7(-3.4) 


JpASsS RLLLLIWIVe 


Multiply. — 23.8 


(hy 
wy 
9272 2—2. > 


aiY\VYUev 


Simplify inside 23(4.5) 


JpASss RALLLIWIVe 


Wirito A SS na a Ffrantin»a 929A £1) 
Uv UW 1LULLLY.. GUY PeuUay 

NAaalt3 ies aQ 

ae ee ea) / F7u 

Simplify. 3 


Simplify: ©8(14.6 — 37.5) ©35(9.6 —2.1). 


Simplify: @25(25.69 — 56.74) 
®27(11.9 —4.2). 


@=776.25 
® 2.2 


Simplify each expression: 


@6+0.6+ (0.2)4—(0.1)2 


®(110)2 + (3.5)(0.9) 


Solution 
(ey) 
WY 
B+=NALINONA _N1N9 
Vv VUeV I LUeasy 1 Lea yau 
Cimntlifer anwnannnta (EC TON TA NTL ON OPA fa 10%] 
Vittipiiny CApviiriity. Vu VeVi tl \YUeaery I Veva 
Niixrida INLINODNA_NN1 
wiviur.e bVUi il \Ueey 1 Veva 
NAaaltinler TNLAQAQ_NNI1 
AVELULLIP Ly. aVUil VUev Veva 
AAA TNQ—_NN1 
Laue Lue Veva 
Subtract. 10.79 
(hy 
LY 
f11NV\9O 179 EVN A) 
Lb bvya tt Wueusyuesy 
Cimntlifer anwnannnta 11NN 179 EVN AY 
Virttipiiny CAprviiriity. BEVYVY 1 CU eUIVesys 
NAaaltinles TINALAIE 
2avyv 1 Vveiny 


AVELULLUELP Lye 


Convert 1100 toa 0.01+3.15 


Add. 3.16 


Simplify: 9 + 0.9+ (0.4)3 — (0.2)2. 


Simplify: (12)2 + (0.3)(4.2). 


Find the Circumference and Area of 
Circles 


The properties of circles have been studied for over 
2,000 years. All circles have exactly the same shape, 
but their sizes are affected by the length of the 
radius, a line segment from the center to any point 
on the circle. A line segment that passes through a 
circle’s center connecting two points on the circle is 
called a diameter. The diameter is twice as long as 
the radius. See [link]. 


The size of a circle can be measured in two ways. 
The distance around a circle is called its 
circumference. 


Archimedes discovered that for circles of all 
different sizes, dividing the circumference by the 
diameter always gives the same number. The value 
of this number is pi, symbolized by Greek letter x 
(pronounced pie). However, the exact value of 1 
cannot be calculated since the decimal never ends or 
repeats (we will learn more about numbers like this 
in The Properties of Real Numbers.) 


Doing the Manipulative Mathematics activity Pi 


Lab will help you develop a better understanding 
of pi. 


If we want the exact circumference or area of a 
circle, we leave the symbol x in the answer. We can 
get an approximate answer by substituting 3.14 as 
the value of mz. We use the symbol = to show that 
the result is approximate, not exact. 


Properties of Circles 


ris the length of the radius.dis the length of the 
diameter. 


The circumference is2sr.C = 27rThe area 


ismr2.A = sr2 


Since the diameter is twice the radius, another way 
to find the circumference is to use the formula 
C=ad. 


Suppose we want to find the exact area of a circle of 
radius 10 inches. To calculate the area, we would 
evaluate the formula for the area when r=10 inches 
and leave the answer in terms of x. 
A=ar2A=7(102)A=27100 


We write x after the 100. So the exact value of the 
area is A=100zx square inches. 


To approximate the area, we would substitute 
w= 3.14. 
A = 100 x = 100: 3.14 = 314 square inches 


Remember to use square units, such as square 
inches, when you calculate the area. 


A circle has radius 10 centimeters. 
Approximate its © circumference and © area. 


Solution 


@ Find the 


circumference when 
r—T1N 


iL tWVe 


Write the formula for 


nmi rem faran rn 
VLC ULLILUL ULI 


Substitute 3.14 for 


ge 


ULiwn ty iv. 


Multiply. 


® Find the area when 


r—1N 


Lt -— Ve 


Write the formula for 


aran 
ULette 


Substitute 3.14 for a 


UsLiun AY ivi 


alent 


= Jar 
C= 2(3.14)(10) 


C= 62.8centimeters 


A= sir 2 


A= (3.14)(10)2 


A= 314square 
centimeters 


A circle has radius 50 inches. Approximate its 


@ circumference and © area. 


@ 314 in. 
© 7850 sq. in. 


A circle has radius 100 feet. Approximate its 
@ circumference and © area. 


@ 628 ft. 
© 31,400 sq. ft. 


A circle has radius 42.5 centimeters. 
Approximate its © circumference and © area. 


Solution 


@ Find the 
circumference when 


42-5. 
Write the formula for C=2zr 


ELUULLILELULIUVUG. 


Substitute 3.14 form C#=2(3.14)(42.5) 


ULL Paeeoey LVL Lb 


Multiply. C= 266.9centimeters 


® Find the area when 


r—AO EG 
LE det o WJe 


Write the formula for A=zr2 


aran 
ULUeUte 


Substitute 3.14 form A~(3.14)(42.5)2 


ULL Paeioty LW Le 


Multiply. A= 5671.625square 
centimeters 


A circle has radius 51.8 centimeters. 


Approximate its © circumference and © area. 


@ 325.304 cm 


© 8425.3736 sq. cm 


A circle has radius 26.4 meters. Approximate 
its @ circumference and © area. 


@ 165.792 m 
© 2188.4544 sq. m 


Approximate x with a Fraction 


Convert the fraction 227 to a decimal. If you use 
your calculator, the decimal number will fill up the 
display and show 3.14285714. But if we round that 
number to two decimal places, we get 3.14, the 
decimal approximation of a. When we have a circle 
with radius given as a fraction, we can substitute 
227 for x instead of 3.14. And, since 227 is also an 
approximation of 1, we will use the = symbol to 
show we have an approximate value. 


PO 


A circle has radius 1415 meter. Approximate 
its @ circumference and © area. 


Solution 


@ Find the 


circumference when 
-— 1415. 


Write the formula for C=2mr 


Substitute 227 form C=2(227)(1415) 


ULin tity tvyi ie 


Multiply. C= 8815meters 


® Find the area when 


r—T1ATE 
it ht ERY 


Write the formula for A=zsr2 


aran 
ULUeUte 


Substitute 227 form A~(227)(1415)2 


and-1415-fer-r, 
Multiply. A= 616225square 
meters 


A circle has radius 521 meters. Approximate 
its @ circumference and © area. 


@220147m 
©5503087sq. m 


A circle has radius 1033 inches. Approximate 
its @ circumference and © area. 


@4021in. 
©200693sq.in. 


CCESS ADDITIONAL ONLINE RESOURCES 


* Converting a Fraction to a Decimal - Part 2 
* Convert a Fraction to a Decimal (repeating) 


* Compare Fractions and Decimals using 
Inequality Symbols 

¢ Determine the Area of a Circle 

¢ Determine the Circumference of a Circle 


Key Concepts 


¢ Convert a Fraction to a Decimal To convert a 
fraction to a decimal, divide the numerator of 
the fraction by the denominator of the fraction. 

¢ Properties of Circles 


r is the length of the radius 

d is the length of the diameter 
The circumference is 2ar. C = 2ar 
The area is mr2. A=ar2 


Practice Makes Perfect 
Convert Fractions to Decimals 


In the following exercises, convert each fraction to a 
decimal. 


25 


0.4 


45 


= 38 


=0:375 


=5S 


1720 


0.85 


1320 


114 


275 


174 


= 31025 


—12.4 


— 28425 


59 


0.5- 


29 


15f1 


1.36— 


1811 


15111 


0.135— 


29411 
In the following exercises, simplify the expression. 


126. 


14+10.75 


2.4+58 


3.025 


3-9+920 


97371720 


10.58 


6.29 + 2140 


Order Decimals and Fractions 


In the following exercises, order each pair of 
numbers, using < or >. 


18__0.8 


30.20.35 


0.725__34 


—0.44__—920 


= 34 --—0,925 


23 = 0.632 


In the following exercises, write each set of numbers 
in order from least to greatest. 


30;916,0.55 


0:55;916,35 


38,720,0.36 


0.702,1320,58 


98, 1320,0.702 


O:15,;316,15 


=03 7.135, 720 
=720;—13,— 0.3 
=). 32016 


=34,=79,=0.7 


= 79, = 34; = 0.7 


=$9,—45,-—0.9 


Simplify Expressions Using the Order of 
Operations 


In the following exercises, simplify. 


10(25.1 — 43.8) 


= 137 


S084 =32,5) 


62(9.75 — 4.99) 


295.12 


42(8.45 — 5.97) 


34(12.4 — 4.2) 


6.15 


45(8.6 + 3.9) 


512(30.58 + 17.9) 


20.2 


916(21.96 — 9.8) 


10+0.1 +(1.8)4—(0.3)2 


107.11 


5 0.5-+(3:9)6—(0.7)2 


(37. 1-52.7) +255 62.5) 


449 


(11.44 16.2)+ (18 +60) 


(15)2 + (1.4)(6.5) 


9.14 


(12)2 + (2.1)(8.3) 


—910-819 +025 


=0:23 


— 38:1415+0.72 


Mixed Practice 


In the following exercises, simplify. Give the answer 
as a decimal. 


314-6.5 


= 3:25 


5200.70 


10.86 + 23 


16.29 


5.79 + 34 


78(103.48) + 112(361) 


632.045 


516(117.6) + 213(699) 


3.6(98 — 2.72) 


— 5.742 


9.1 (I 25=3:91) 


Find the Circumference and Area of Circles 


In the following exercises, approximate the © 
circumference and © area of each circle. If 
measurements are given in fractions, leave answers 
in fraction form. 


radius=5 in. 


@ 31.4 in 
® 78.5 sq.in. 


radius = 20 in. 


radius = 9 ft. 


@ 56.52. ft. 
© 254.34 sq.ft. 


radius = 4 ft. 


radius = 46 cm 


@ 288.88 cm 
® 6644.24 sq.cm 


radius = 38 cm 


radius = 18.6 m 


@ 116.808 m 
® 1086.3144 sq.m 


radius = 57.3 m 


radius = 710mile 


@225mile 
©7750sq.mile 


radius = 711mile 


radius = 38yard 


@3314yard 
©99224sq.yard 


radius = 512yard 


diameter = 56m 


@5521m 
®©275504sq.m 


diameter = 34m 


Everyday Math 


Kelly wants to buy a pair of boots that are on 
sale for 23 of the original price. The original 
price of the boots is $84.99. What is the sale 
price of the shoes? 


$56.66 


An architect is planning to put a circular mosaic 
in the entry of a new building. The mosaic will 
be in the shape of a circle with radius of 6 feet. 
How many square feet of tile will be needed for 
the mosaic? (Round your answer up to the next 
whole number.) 


Writing Exercises 


Is it easier for you to convert a decimal to a 
fraction or a fraction to a decimal? Explain. 


Answers will vary. 


Describe a situation in your life in which you 
might need to find the area or circumference of 
a circle. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Glossary 


circumference of a circle 
The distance around a circle is called its 
circumference. 


diameter of a circle 
A diameter of a circle is a line segment that 
passes through a circle’s center connecting 
two points on the circle. 


radius of a circle 


A radius of a circle is a line segment from the 
center to any point on the circle. 


repeating decimal 
A repeating decimal is a decimal in which the 
last digit or group of digits repeats endlessly. 


Solve Equations with Decimals 
By the end of this section, you will be able to: 


* Determine whether a decimal is a solution of 
an equation 

* Solve equations with decimals 

* Translate to an equation and solve 


Before you get started, take this readiness quiz. 


1. Evaluate x + 23whenx = — 14. 
If you missed this problem, review [link]. 


2. Evaluate 15—y when y= —5. 

If you missed this problem, review [link]. 
3. Solve n—7 = 42. 

If you missed this problem, review [link]. 


Determine Whether a Decimal is a 
Solution of an Equation 


Solving equations with decimals is important in our 
everyday lives because money is usually written 
with decimals. When applications involve money, 
such as shopping for yourself, making your family’s 


budget, or planning for the future of your business, 
you'll be solving equations with decimals. 


Now that we’ve worked with decimals, we are ready 
to find solutions to equations involving decimals. 
The steps we take to determine whether a number is 
a solution to an equation are the same whether the 
solution is a whole number, an integer, a fraction, 
or a decimal. We'll list these steps here again for 
easy reference. 


Determine whether a number is a solution to an 
equation. 


Substitute the number for the variable in the 
equation. Simplify the expressions on both sides of 


the equation. Determine whether the resulting 
equation is true. 


¢ If so, the number is a solution. 
¢ If not, the number is not a solution. 


Determine whether each of the following is a 
solution of x —0.7 =1.5: 


@x=1®x= —0.8©x=2.2 


Solution 


@) 
-—O7-=-LS§ 
1 ana?) 1ecary 
i-~ U./ — 1.J™~'* 
Subtract. 
0.34 1.5 


Since x= 1 does not result in a true equation, 1 
is not a solution to the equation. 


© 


<> 
a | 
= 
Cn 


et 


Subtract. 


—-15£1.5 


Since x = —0.8 does not result in a true 
equation, — 0.8 is not a solution to the 
equation. 


fo) 
g—OF-=-L§ 
a” ‘iT ? 1£ v 
ht —~——WV.l — Led Ladi, 
Subtract. 
15=15Vv 


Since x= 2.2 results in a true equation, 2.2 isa 
solution to the equation. 


Determine whether each value is a solution of 
the given equation. 


x—0.6=1.3:@x=0.7®x=1.9©x= — 0.7 


Determine whether each value is a solution of 
the given equation. 


y —0.4=1.7:@y =2.1@y =1.3© -1.3 


Solve Equations with Decimals 


In previous chapters, we solved equations using the 
Properties of Equality. We will use these same 
properties to solve equations with decimals. 


Properties of Equality 


Subtraction Property of Addition Property of 
Equality 

For any numbers 
a,b,andc, 


If a-—b, than je ble 


a I 


Equality 
For any numbers 


a,b,andc, 


Tr oa—h an a7 —h_per 


+h 
Wy WU Uu vv Le 


The Division Property 
of Equality 

For any numbers 
a,b,andc,andc #0 

If a=b, then ac=bc 


The Multiplication 
Property of Equality 
For any numbers 
a,b,andc, 

If a=b, then ac=bc 


When you add, subtract, multiply or divide the same 
quantity from both sides of an equation, you still 


have equality. 


po 


Solve: y+ 2.3 = — 4.7. 


Solution 


We will use the Subtraction Property of 
Equality to isolate the variable. 


Simplify. 
A — — 
Check: 
wit? - — 1 7 
J ecient 
mT | “A 4 ? A "7 
Simplify 


—47=>-47 Vv 


Since y= —7 makes y+ 2.3= — 4.7 a true 
statement, we know we have found a solution 
to this equation. 


Solved 4.2.) — >>: 


Solve: y+3.6= — 4.8. 


Solve: a—4.75= — 1.39. 


Solution 


We will use the Addition Property of Equality. 


"TS 120 
~ 


A ome 
+. _ Lew 


Add 4.75 to 


each side, to 


. 
ounhteantian 
VUVLLULLLVULL 


Simplify. 
Pees Me Fn 
w— J.J 
Check: 
a2—AAS = —1,20 
y Eee Fs A "Ts 19 
J un TI — “Le 


—1.39 = -1.39 V 


Since the result is a true statement, a= 3.36 is 
a solution to the equation. 


Solve: a— 3.93 = — 2.86. 


Solve: n— 3.47 = — 2.64. 


Solve: —4.8=0.8n. 


Solution 


We will use the Division Property of Equality. 


Use the Properties of Equality to find a value 
for n. 


—48=O08n 


We must divide 


both sides by 
0.48 _ 0.8” 


nr oO YO 
Vet U.eU 


Simplify. 


—4.8=-4.8Vv 


Since n= —6 makes —4.8=0.8n a true 
statement, we know we have a solution. 


Solve: —8.4=0.7b. 


Solve: —5.6=0.7c. 


Solve: p—1.8= —6.5. 


Solution 


We will use the Multiplication Property of 
Equality. 


Here, p is 
divided by 


m7 8(T8 i3)= —1.8(-6.5) 


— 1.8 to isolate 


P 
Multiply. 


p=117 
Check: 


-—6.5= -—6.5 ¥ 


A solution to p—1.8= —6.5 is p=11.7. 


Solve: c—2.6= —4.5. 


Solve: b—1.2= —5.4. 


Translate to an Equation and Solve 


Now that we have solved equations with decimals, 
we are ready to translate word sentences to 
equations and solve. Remember to look for words 
and phrases that indicate the operations to use. 


Translate and solve: The difference of n and 
4.3 is 2.1. 


Solution 


Translate. 


The difference of nand 4.3 is 2.1. 


~~ A”? > a | 
iin Ted _ rare 


Add 4.3 to bcth 
sides of the 


an 
“4 ee 


Simplify. 


n—4.34+43=21+4.3 


n—64 


Check: Is the 
difference of n 
and 4.3 equal 


149019 
LU aed e 


Let n=6.4: Is the 
difference of 
6.4 and 4.3 


anialtan—919 
Vyuus w aed. 


Translate. 


Simplify. 


2.1=2.1v 


Translate and solve: The difference of y and 
4.9 is 2.8. 


y — 4.9 = 2.8; y = 7.7 


Translate and solve: The difference of z and 
5.7 is 3.4. 


z—5.7 = 3.4;z2 = 9.1 


Translate and solve: The product of —3.1 and 
KS 5527- 


Solution 


Translate. 


The product of 3.1andx is 5.27. 


Divide both 
sides by —3.... 
=3.lx _ 5.27 
Simplify. 
seal? 
Check: Is the produci 
of —3.1 and x 


egual-te5.27? 

Let x= —1.7: Is the product 
of —3.1 and 
—1.7 equal to 
5.27? 


Translate. 


Simplify. 


5.27 =5.27 v 


Translate and solve: The product of — 4.3 and 
x is 12.04. 


—4.3x = 12.04;x = -—2.8 


Translate and solve: The product of —3.1 and 
m is 26.66. 


—3.1m = 26.66;m = —8.6 


Translate and solve: The quotient of p and 
— 2.4 is 6.5. 


Solution 


Translate. 


The quotient of pand-2.4 is 6.5. 


Multiply bott. 
sides by — 2.4. 


= 65 


P \ = ~2.4(6.5) 


A 
Prd 


-2.4(— 


Simplify. 


p=—l1564 


Check: Is the quotient 
of p and —2.4 
equal te 6.5? 

Let p= —15.6: Is the quotient 
of —15.6 and 
— 2.4 equal to 
6.5? 


Translate. 


Simplify. 


Translate and solve: The quotient of q and 
— 3.4 is 4.5. 


q—3.4=4.5;q= —15.3 


Translate and solve: The quotient of r and 
= 2015120: 


Translate and solve: The sum of n and 2.9 is 
aes 


Solution 


Translate. 


The sum of nand2.9 is 1.7. 


Subtract 2.9 
from each side. 


Simplify. 

Check: Is the sum n 
and 2.9 equal 
to 1.7? 

Let n= —1.2: Is the sum 
—1.2 and 2.9 
anni1491 tr 1°79 
eyucr LW Lele 

Translate. 

Simplify. 

17=17 v 


Translate and solve: The sum of j and 3.8 is 
2G, 


jt+3.8=26;j = -1.2 


Translate and solve: The sum of k and 4.7 is 
0.3. 


k + 4.7 = 0.3;k = —4. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Solving One Step Equations Involving 
Decimals 

* Solve a One Step Equation With Decimals by 
Adding and Subtracting 

¢ Solve a One Step Equation With Decimals by 
Multiplying 

* Solve a One Step Equation With Decimals by 
Dividing 


Key Concepts 


¢ Determine whether a number is a solution 
to an equation. 


© Substitute the number for the variable in 
the equation. 

© Simplify the expressions on both sides of 
the equation. 

© Determine whether the resulting equation 
is true. 
If so, the number is a solution. 
If not, the number is not a solution. 


* Properties of Equality 


Subtraction Property of Addition Property of 


Taa1 
“4 


alit«x, LDaaanlitxr 
enue ay Cause 


For any numbers a, b, aid For any numbers a, b, and 
Cc, C, 


Tfa —h thana _n—h__o Tfa —h thana tnr—h ina 
24u 7 wy w1iwiiUs ve wv vv is Oe © ee Os we © Oe Ok Scie > ee 


Division of Property of Multiplication Property 


Tana 
“4 


alit«x, nf Daasolitxr 
enue eS Rr 


‘J J 
For any numbers a, b, aid For any numbers a, b, and 
c#0, C, 


Ifa= b thenac = be Ifa = b thena:c = b:c 


Practice Makes Perfect 


Determine Whether a Decimal is a Solution of an 
Equation 


In the following exercises, determine whether each 
number is a solution of the given equation. 


x—0.8=2.3 
@x=2@®x= —1.5©x=3.1 


@ no 
® no 
© yes 


y+0.6=-3.4 
@y= —4@y= —-2.8©y=2.6 


h1.5= —4.3 
@h=6.45®@h= —6.45©h= — 2.1 


@ no 
® yes 
© no 


0.75k = — 3.6 
@k= —0.48®k= —4.8©k= — 2.7 


Solve Equations with Decimals 


In the following exercises, solve the equation. 


y+2.9=5.7 


y = 2.8 


m+ 4.6=6.5 


f+3.45=2.6 


f = -0.85 


h+ 4.37 =3.5 


a+6.2=—1.7 


a= -7.9 


DEES —2.3 


e+115==3.5 


c = —4.65 
d+2.35= — 4.8 
n—2.6=1.8 
n= 4.4 
p—3.6=1.7 
x—0.4= —3.9 
c= =—3.5 
y—0.6= —4.5 
j—1.82=—-6.5 


k—3.19= — 4.6 


m-—0.25= — 1.67 


m= —1.42 


q—0.47 = —-1.53 


0-5x=3.5 


~75=1.5y 


0.24x=4.8 


x = 20 


0.18n=5.4 


—3.4z= —9.18 


Zo ee, 


—2.7u= — 9.72 


a= —8 
b0.3= —9 
x0.7= — 0.4 
x = —0.28 
y0.8 = —0.7 
p=5=— 1.65 
p = 8.25 
q-4=-—5.92 
F=1,.2==6 


r= F722 


s-15=-3 


Mixed Practice 


In the following exercises, solve the equation. Then 
check your solution. 


p+23=112 


— 4.2m = — 33.6 


q+56=112 


q=—34 


8.615= —d 


78m =110 


m= 435 


y= —2524 


s—1.75= —-3.2 


1120= —f 


f= —1120 


— 3.6b= 2.52 


— 4,2a=3.36 
a= —0.8 
—9.1n= — 63.7 
r=1.25=—2.7 
r= —1.45 
14n=710 
h-3=—-8 

h = 24 
y—7.82=—16 


Translate to an Equation and Solve 


In the following exercises, translate and solve. 


The difference of n and 1.9 is 3.4. 


n—-1.9=3.435.3 


The difference n and 1.5 is 0.8. 


The product of —6.2 and x is — 4.96. 


—6.2x = — 4.96; 0.8 


The product of —4.6 and x is —3.22. 


The quotient of y and —1.7 is —5. 


y—1.7=—5;8.5 


The quotient of z and — 3.6 is 3. 


The sum of n and —7.3 is 2.4. 


n+ (-—7.3) = 2.4; 9.7 


The sum of n and —5.1 is 3.8. 


Everyday Math 


Shawn bought a pair of shoes on sale for $78. 
Solve the equation 0.75p= 78 to find the 
original price of the shoes, p. 


$104 


Mary bought a new refrigerator. The total price 
including sales tax was $1,350. Find the retail 
price, r, of the refrigerator before tax by solving 
the equation 1.08r=1,350. 


Writing Exercises 


Think about solving the equation 1.2y =60, but 
do not actually solve it. Do you think the 
solution should be greater than 60 or less than 
60? Explain your reasoning. Then solve the 
equation to see if your thinking was correct. 


Answers will vary. 


Think about solving the equation 0.8x = 200, 
but do not actually solve it. Do you think the 
solution should be greater than 200 or less than 
200? Explain your reasoning. Then solve the 
equation to see if your thinking was correct. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Averages and Probability 
By the end of this section, you will be able to: 


¢ Calculate the mean of a set of numbers 
¢ Find the median of a set of numbers 

¢ Find the mode of a set of numbers 

¢ Apply the basic definition of probability 


Before you get started, take this readiness quiz. 


1. Simplify: 4+9+ 23. 

If you missed this problem, review [link]. 
2. Simplify: 4(8) + 6(3). 

If you missed this problem, review [link]. 
3. Convert 52 to a decimal. 

If you missed this problem, review [link]. 


One application of decimals that arises often is 
finding the average of a set of numbers. What do you 
think of when you hear the word average? Is it your 
grade point average, the average rent for an 
apartment in your city, the batting average of a 
player on your favorite baseball team? The average 
is a typical value in a set of numerical data. 
Calculating an average sometimes involves working 
with decimal numbers. In this section, we will look 


at three different ways to calculate an average. 


Calculate the Mean of a Set of Numbers 


The mean is often called the arithmetic average. It is 
computed by dividing the sum of the values by the 
number of values. Students want to know the mean 
of their test scores. Climatologists report that the 
mean temperature has, or has not, changed. City 
planners are interested in the mean household size. 


Suppose Ethan’s first three test scores were 
85,88,and94. To find the mean score, he would add 
them and divide by 3. 

85 + 88 + 943267389 


His mean test score is 89 points. 


The Mean 
The mean of a set of n numbers is the arithmetic 


average of the numbers. 
mean =sum of values in data setn 


Calculate the mean of a set of numbers. 


Write the formula for the mean 


mean = sum of values in data setn Find the sum of 
all the values in the set. Write the sum in the 
Numerator. Count the number, n, of values in the 
set. Write this number in the denominator. Simplify 
the fraction. Check to see that the mean is 
reasonable. It should be greater than the least 
number and less than the greatest number in the 
set. 


Find the mean of the numbers 8,12,15,9,and6. 


Solution 


Write the formula for mean =sum of all the 


tha mann: niaimbharan 
ULL LLL CULL LLULIEYeLvIL 


Write the sum of the mean=8+12+154+9+6n 
numbers in the 


niimoaratar 
LLULLIVLULUL. 


Count how many mean=8+12+15+9+6 
numbers are in the set. 
There are 5 numbers in 


tha ant an n—E 
LLLe VEL, VY 11 Ue 


Add the numbers in themean = 505 


niimaratar 
SBLUEULLLALVLULVYLe 


dixrida nan —1N 


Th an m™m 
LLL ULVIUL. 11LN-UL1 — LU 


Check to see that the The mean is 10. 
mean is 'typical': 10 is 

neither less than 6 nor 

greater than 15. 


Find the mean of the numbers: 8,9,7,12,10,5. 


Find the mean of the numbers: 9,13,11,7,5. 


The ages of the members of a family who got 


together for a birthday celebration were 
16,26,53,56,65,70,93,and97 years. Find the 
mean age. 


Solution 


Write the formula for mean=sum of all the 
the-mean: numbersn 

Write the sum of the mean=16+26+53+56 
numbers in the 

niimaratar 

Count how many mean= 16+ 26+53+56 
numbers are in the set. 

Call this n and write it 

in the denominator. 


frantian — ATLO 


Cimntlife, tha 
Wialtipiiny Uie 114LLULU11. Tisai — rvuy 


mean =59.5 


Is 59.5 ‘typical’? Yes, it is neither less than 16 
nor greater than 97. The mean age is 59.5 
years. 


65 +7 


65 +7 


The ages of the four students in Ben’s carpool 
are 25,18,21,and22. Find the mean age of the 
students. 


21.5 years years 


Yen counted the number of emails she 
received last week. The numbers were 
4,9,15,12,10,12,and8. Find the mean number 
of emails. 


Did you notice that in the last example, while all the 
numbers were whole numbers, the mean was 59.5, a 
number with one decimal place? It is customary to 
report the mean to one more decimal place than the 
original numbers. In the next example, all the 
numbers represent money, and it will make sense to 
report the mean in dollars and cents. 


PO 


For the past four months, Daisy’s cell phone 
bills were $42.75,$50.12,$41.54,$48.15. Find 
the mean cost of Daisy’s cell phone bills. 


Solution 


Write the formula for mean=sum of all the 
the-mean: nunrbersn 

Count how many mean =sum of all the 
numbers are in the set. numbers4 

Call this n and write it 


in tha donaminoatar 
Write the sum of all mean = 42.75+ 50.124+ 411544 < 
ne oS in the 

rata 


frantinan mann 


Cimnalifie, tha 
Oilnpilly LLL LLULLLVIILe ALLN 7uL — — wa 


mean = 45.64. 


Does $45.64 seem ‘typical’ of this set of 
numbers? Yes, it is neither less than $41.54 
nor greater than $50.12. 


The mean cost of her cell phone bill was 
$45.64 


Last week Ray recorded how much he spent 
for lunch each workday. He spent $6.50,$7.25, 
$4.90,$5.30,and$12.00. Find the mean of how 
much he spent each day. 


Lisa has kept the receipts from the past four 
trips to the gas station. The receipts show the 
following amounts: $34.87,$42.31,$38.04,and 
$43.26. Find the mean. 


Find the Median of a Set of Numbers 


When Ann, Bianca, Dora, Eve, and Francine sing 
together on stage, they line up in order of their 
heights. Their heights, in inches, are shown in 


[link]. 


A ane Msi... Mana. Tern eee 
FALL DIidatIita VMuLia Live BL ALIcisiwvc 


59 60 65 68 70 


Dora is in the middle of the group. Her height, 65”, 
is the median of the girls’ heights. Half of the heights 
are less than or equal to Dora’s height, and half are 
greater than or equal. The median is the middle 
value. 


Median 
The median of a set of data values is the middle 
value. 


* Half the data values are less than or equal to 
the median. 

¢ Half the data values are greater than or equal 
to the median. 


What if Carmen, the pianist, joins the singing group 
on stage? Carmen is 62 inches tall, so she fits in the 
height order between Bianca and Dora. Now the 
data set looks like this: 

59,60,62,65,68,70 


There is no single middle value. The heights of the 
six girls can be divided into two equal parts. 


Statisticians have agreed that in cases like this the 
median is the mean of the two values closest to the 
middle. So the median is the mean of 

62and65,62 + 652. The median height is 63.5 
inches. 


Notice that when the number of girls was 5, the 
median was the third height, but when the number 
of girls was 6, the median was the mean of the third 
and fourth heights. In general, when the number of 
values is odd, the median will be the one value in 
the middle, but when the number is even, the 
median is the mean of the two middle values. 


Find the median of a set of numbers. 


List the numbers from smallest to largest. Count 
lhow many numbers are in the set. Call this n. Is n 
odd or even? 


¢ If n is an odd number, the median is the 
middle value. 

¢ If nis an even number, the median is the 
mean of the two middle values. 


Find the median of 12,13,19,9,11,15,and18. 


Solution 


List the numbers in 9,/11, 12, 13, 15, 18, 
order from smallest to 19 


laranat 


Count how many n=7 


numbers are in the set. 
Call thia n 


ULL LLLLOD Ile 


Ta n AAdA Aw arrand 
dv 41 VU YI evVelis 


The median is the 


(ooh 
cL 


© 


mi median 


9, 11, 12, 13; 15, 18, 19 


2 helaw 2 ahnve 
The middle is the So the median of the 
number in the 4th data is 13. 
position. 


Find the median of the data set: 
43,38,51,40,46. 


Find the median of the data set: 
15,35,20,45,50,25.30: 


Kristen received the following scores on her 
weekly math quizzes: 


83,79,85,86,92,100,76,90,88,and64. Find her 
median score. 


Solution 


Find the median of 83, 
79, 85, 86, 92, 100, 76, 


AN OQ andl GA 


ad) Vw > ULI YY ile 


List the numbers in 64, 76, 79, 83, 85, 86, 
order from smallest to 88, 90, 92, 100 


lavanct 
1uLHrve. 


Count the number of n=10 


data values in the set. 
Call thia n 


WUdLkL LILLvD Ie 


Ta n AAdA Aw arrand aAtIAnN 
dv 44 VUE YL Ye VY LLe wevwilL 


The median is the 


mean of the two 
mi 64: 76, 79, 83, 85, 86, 88, 90, 92, 100 


an Cl numbhare Cf ntmbhare 
ULL Stine Sirens 


Find the mean of 85 mean=85+862 


O4 


and 
Ulin Wve 


mann —OL £ 
ALLvULL U uv 


Kristen's median score 
is 85.5. 


Find the median of the data set: 8,7,5,10,9,12. 


Find the median of the data set: 
21251917 .2218,20,24: 


Identify the Mode of a Set of Numbers 


The average is one number in a set of numbers that 


is somehow typical of the whole set of numbers. The 
mean and median are both often called the average. 
Yes, it can be confusing when the word average 
refers to two different numbers, the mean and the 
median! In fact, there is a third number that is also 
an average. This average is the mode. The mode of 
a set of numbers is the number that occurs the most. 
The frequency, is the number of times a number 
occurs. So the mode of a set of numbers is the 
number with the highest frequency. 


Mode 


The mode of a set of numbers is the number with 
the highest frequency. 


Suppose Jolene kept track of the number of miles 
she ran since the start of the month, as shown in 
link]. 


If we list the numbers in order it is easier to identify 
the one with the highest frequency. 
2,3,5,8,8,8,15 


Jolene ran 8 miles three times, and every other 
distance is listed only once. So the mode of the data 
is 8 miles. 


Identify the mode of a set of numbers. 


List the data values in numerical order. Count the 


number of times each value appears. The mode is 
the value with the highest frequency. 


The ages of students in a college math class 


are listed below. Identify the mode. 


18,18,18,18,19,19,19,20,20,20,20,20,20,20,21,29, 22,25 


Solution 


The ages are already listed in order. We will 
make a table of frequencies to help identify the 
age with the highest frequency. 


Now look for the highest frequency. The 
highest frequency is 7, which corresponds to 


the age 20. So the mode of the ages in this 
class is 20 years. 


The number of sick days employees used last 
year: 3,6,2,3,7,5,6,2,4,2. Identify the mode. 


The number of handbags owned by women in 
a book club: 5,6,3,1,5,8,1,5,8,5. Identify the 
mode. 


The data lists the heights (in inches) of 
students in a statistics class. Identify the mode. 


cel ¢c1l| 69| ¢6al col cal cal co 
Vv wos vu wit vu vu vi wi 
Oo 66 eA ec) ee ea 
Vv Va vu wit vu vu vi 71u 
60169) 69.) cA) 6 P-o-  -to  e 2, 
wv vu vu wit vu vu vi f t 
61 63 64 65 66 67 += 67 


Solution 


List each number with its frequency. 


Now look for the highest frequency. The 
highest frequency is 6, which corresponds to 
the height 67 inches. So the mode of this set of 
heights is 67 inches. 


The ages of the students in a statistics class are 
listed here: 19, 20, 23, 23, 38, 21, 19, 21, 19, 
Al AU atey, PAU rey I Pal alin PAD PAS Noes Vas 
What is the mode? 


Students listed the number of members in their 
household as follows: 6, 2, 5, 6, 3, 7, 5, 6, 5, 3, 


4,4, 5, 7, 6, 4, 5, 2, 1, 5. What is the mode? 


Some data sets do not have a mode because no 
value appears more than any other. And some data 
sets have more than one mode. In a given set, if two 
or more data values have the same highest 
frequency, we say they are all modes. 


Use the Basic Definition of Probability 


The probability of an event tells us how likely that 
event is to occur. We usually write probabilities as 
fractions or decimals. 


For example, picture a fruit bowl that contains five 
pieces of fruit - three bananas and two apples. 


If you want to choose one piece of fruit to eat for a 
snack and don’t care what it is, there is a 35 
probability you will choose a banana, because there 
are three bananas out of the total of five pieces of 


fruit. The probability of an event is the number of 
favorable outcomes divided by the total number of 
outcomes. 


Probability 

The probability of an event is the number of 
favorable outcomes divided by the total number of 
outcomes possible. 

Probability = number of favorable outcomestotal 
number of outcomes 


Converting the fraction 35 to a decimal, we would 
say there is a 0.6 probability of choosing a banana. 
Probability of choosing a banana=35Probability of 
choosing a banana =0.6 


This basic definition of probability assumes that all 
the outcomes are equally likely to occur. If you 
study probabilities in a later math class, you'll learn 
about several other ways to calculate probabilities. 


Po 


The ski club is holding a raffle to raise money. 
They sold 100 tickets. All of the tickets are 
placed in a jar. One ticket will be pulled out of 
the jar at random, and the winner will receive 
a prize. Cherie bought one raffle ticket. 


@ Find the probability she will win the prize. 


© Convert the fraction to a decimal. 


Solution 


(ey) 
YY 


What are you asked to The probability Cherie 


FinAD ean rt tha nvrinn 


LLbiuse vv lilo t4te prsiare 


What is the number cf 1, because Cherie has 1 


° 
faxrrarahla asrstenamacd tinlsat 
LUVULUVLLY VULLUIIILED. LLUEALEL. 


Use the definition of | Probability of an 

probability. event = number of 
favorable 
outcomestotal number 


af nustanmoac 
Vl VULUVILIILYVU 


Substitute into the Probability Cherie 
numerator and wins = 1100 
denominator. 


©) 
Convert the fraction to 


Write the probability Probability =1100 


£. . 
nan trartinn 
uv U 11ULLLVdL 


Convert the fraction to Probability =0.01 
a decimal. 


Ignaly is attending a fashion show where the 
guests are seated at tables of ten. One guest 
from each table will be selected at random to 
receive a door prize. @ Find the probability 
Ignaly will win the door prize for her table. © 
Convert the fraction to a decimal. 


Hoang is among 20 people available to sit on a 
jury. One person will be chosen at random 


from the 20. @ Find the probability Hoang 
will be chosen. © Convert the fraction to a 
decimal. 


Three women and five men interviewed for a 
job. One of the candidates will be offered the 
job. 


@ Find the probability the job is offered to a 
woman. 


© Convert the fraction to a decimal. 


Solution 


(ey) 
What are you asked to The probability the job 


FinAd qa affarnd ta a cAL am 


an 
LLLiutie ZU VALUE LeU wou VUALLiUile 


What is the number of 3, because there are 


faxrarahla aitrenm acd) thraao TATAM™mNAN 
AUMUVVYLUYIYS YVULUVILIV. LLU VV VWLbivile 


What are the total 8, because 8 people 


h f 5 i i ra 
niim ar m aiintanmoac. intariw721atralTaA 
2LULLIVOEL VI YVULLUYVIIILD. 2LLIUL VEWVVUCU 


Use the definition of | Probability of an 

probability. event = number of 
favorable 
outcomestotal number 


aft aAt1teamoac 
Vl VULUVILILIYVD 


Substitute into the Probability = 38 
numerator and 
denominator. 


(A) 


Ye 


Convert the fraction to 


dari 1 
nn APIMmaA 
A UBL 1111U de 


Write the probability Probability =38 


. 
na a frantinn 
uv UU 11ULLUVdiL 


Convert the fraction to Probability =0.375 
a decimal. 


A bowl of Halloween candy contains 5 
chocolate candies and 3 lemon candies. Tanya 
will choose one piece of candy at random. @ 
Find the probability Tanya will choose a 
chocolate candy. © Convert the fraction to a 
decimal. 


Dan has 2 pairs of black socks and 6 pairs of 


blue socks. He will choose one pair at random 
to wear tomorrow. @ Find the probability Dan 
will choose a pair of black socks © Convert 
the fraction to a decimal. 


CCESS ADDITIONAL ONLINE RESOURCES 


Mean, Median, and Mode 
Find the Mean of a Data Set 
Find the Median of a Data Set 
Find the Mode of a Data Set 


Key Concepts 


Calculate the mean of a set of numbers. 


Write the formula for the mean mean=sum of 
values in data setn Find the sum of all the 
values in the set. Write the sum in the 
numerator. Count the number, n, of values in 
the set. Write this number in the denominator. 
Simplify the fraction. Check to see that the 
mean is reasonable. It should be greater than 
the least number and less than the greatest 
number in the set. 


Find the median of a set of numbers. 


List the numbers from least to greatest. Count 
how many numbers are in the set. Call this n. Is 
n odd or even? 

If n is an odd number, the median is the middle 
value. 

If n is an even number, the median is the mean 


of the two middle values 
* Identify the mode of a set of numbers. 


List the data values in numerical order. Count 
the number of times each value appears. The 
mode is the value with the highest frequency. 


Practice Makes Perfect 
Calculate the Mean of a Set of Numbers 


In the following exercises, find the mean. 


Oy Oi ines OD 


6, 1, 9, 3, 4, 7 


65, 13,.48,.32, 19, 33 


35 


34, 45, 29, 61, and 41 


202, 241, 265, 274 


245.5 


520; 932, 998, 574 


12-49; 42.99; 10:50;..1125.9,99.-12.72 


11.65 


28:8; 32.9; 32:9, 27.9, 30,4;32:5, 31.6, 32.7 


Four girls leaving a mall were asked how much 
money they had just spent. The amounts were 
$0, $14.95, $35.25, and $25.16. Find the mean 
amount of money spent. 


$18.84 


Juan bought 5 shirts to wear to his new job. 
The costs of the shirts were $32.95, $38.50, 
$30.00, $17.45, and $24.25. Find the mean 
cost. 


The number of minutes it took Jim to ride his 
bike to school for each of the past six days was 
21, 18, 16, 19, 24, and 19. Find the mean 
number of minutes. 


19.5 minutes 


Norris bought six books for his classes this 
semester. The costs of the books were $74.28, 
$120.95, $52.40, $10.59, $35.89, and $59.24. 
Find the mean cost. 


The top eight hitters in a softball league have 
batting averages of .373, .360, .321, .321, .320, 
.312, .311, and .311. Find the mean of the 
batting averages. Round your answer to the 
nearest thousandth. 


0.329 


The monthly snowfall at a ski resort over a six- 
month period was 60.3, 79.7, 50.9, 28.0, 47.4, 
and 46.1 inches. Find the mean snowfall. 


Find the Median of a Set of Numbers 


In the following exercises, find the median. 


24, 19, 18, 29, 21 


21 


48, 51, 46, 42, 50 


65, 56, 35, 34, 44, 39, 55, 52, 45 


45 


121, 115; 135,/209;-136;147,.127, 119, 110 


4,8, 1,5, 14, 3,1, 12 


4.5 


3595-25 65-20, 35:0, 10 


99.2, 101.9;-98.6; 99.5,.100:8;:99:8 


99:05 


28:05 Go. 9 acy 21) USA, Oy DIAOy Ole) 


Last week Ray recorded how much he spent for 
lunch each workday. He spent $6.50, $7.25, 
$4.90, $5.30, and $12.00. Find the median. 


$6.50 


Michaela is in charge of 6 two-year olds at a 
daycare center. Their ages, in months, are 25, 
24, 28, 32, 29, and 31. Find the median age. 


Brian is teaching a swim class for 6 three-year 
olds. Their ages, in months, are 
38,41,45,36,40,and42. Find the median age. 


40.5 months 


Sal recorded the amount he spent for gas each 
week for the past 8 weeks. The amounts were 
$38.65, $32.18, $40.23, $51.50, $43.68, 
$30.96, $41.37, and $44.72. Find the median 
amount. 


Identify the Mode of a Set of Numbers 


In the following exercises, identify the mode. 


yag Sad itn afl pier’ ph a ae | 


6505. Os Pek lio F oly Set 


18; 22,17, 20; 19;.20,.22; 19, 29) 18,23; 25; 
223° 2A, 29522, 10, 20, 22,:20 


22 


42, 28, 32, 35, 24, 32, 48, 32, 32, 24, 35, 28, 
30, 35, 45, 32, 28, 32, 42, 42, 30 


The number of children per house on one block: 
TA 28 2s Ope As 2 Oo: 


2 children 


The number of movies watched each month last 
year? 2,.0;.3,-0, 0,8; 6,°5;0; 1,2,.3: 


The number of units being taken by students in 
one class: 12, 5, 11, 10, 10, 11, 5, 11, 11, 11, 
10;-12; 


11 units 


The number of hours of sleep per night for the 
past two weeks: 8, 5 , 7, 8, 8, 6, 6, 6, 6, 9, 7, 8, 
8, 8. 


Use the Basic Definition of Probability 


In the following exercises, express the probability as 
both a fraction and a decimal. (Round to three 
decimal places, if necessary.) 


Josue is in a book club with 20 members. One 
member is chosen at random each month to 
select the next month’s book. Find the 
probability that Josue will be chosen next 
month. 


120,0.05 


Jessica is one of eight kindergarten teachers at 
Mandela Elementary School. One of the 
kindergarten teachers will be selected at 


random to attend a summer workshop. Find the 
probability that Jessica will be selected. 


There are 24 people who work in Dane’s 
department. Next week, one person will be 
selected at random to bring in doughnuts. Find 
the probability that Dane will be selected. 
Round your answer to the nearest thousandth. 


124,0.0416-~=0.042 


Monica has two strawberry yogurts and six 
banana yogurts in her refrigerator. She will 
choose one yogurt at random to take to work. 
Find the probability Monica will choose a 
strawberry yogurt. 


Michel has four rock CDs and six country CDs 
in his car. He will pick one CD to play on his 
way to work. Find the probability Michel will 
pick a rock CD. 


410,0.4 


Noah is planning his summer camping trip. He 
can’t decide among six campgrounds at the 


beach and twelve campgrounds in the 
mountains, so he will choose one campground 
at random. Find the probability that Noah will 
choose a campground at the beach. 


Donovan is considering transferring to a 4-year 
college. He is considering 10 out-of state 
colleges and 4 colleges in his state. He will 
choose one college at random to visit during 
spring break. Find the probability that Donovan 
will choose an out-of-state college. 


1014,0.714285———_ = 0.714 


There are 258,890,850 number combinations 
possible in the Mega Millions lottery. One 
winning jackpot ticket will be chosen at 
random. Brent chooses his favorite number 
combination and buys one ticket. Find the 
probability Brent will win the jackpot. Round 
the decimal to the first digit that is not zero, 
then write the name of the decimal. 


Everyday Math 


Joaquin gets paid every Friday. His paychecks 
for the past 8 Fridays were $315, $236.25, 


$236.25, $236.25$315, $315, $236.25, 
$393.75. Find the ® mean, © median, and © 
mode. 


@ $285.47 
® $275.63 
© $236.25 


The cash register receipts each day last week at 
a coffee shop were $1,845, $1,520, $1,438, 
$1,682, $1,850, $2,721, $2,539. Find the @ 
mean, © median, and © mode. 


Writing Exercises 


Explain in your own words the difference 
between the mean, median, and mode of a set 
of numbers. 


Answers will vary. 


Make an example of probability that relates to 
your life. Write your answer as a fraction and 

explain what the numerator and denominator 

represent. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After looking at the checklist, do you think you 
are well prepared for the next section? Why or why 
not? 


Glossary 


mean 
The mean of a set of n numbers is the 
arithmetic average of the numbers. The 
formula is mean=sum of values in data setn 


median 
The median of a set of data values is the 
middle value. 


¢ Half the data values are less than or 
equal to the median. 

¢ Half the data values are greater than or 
equal to the median. 


mode 
The mode of a set of numbers is the number 
with the highest frequency. 


Ratios and Rate 
By the end of this section, you will be able to: 


¢ Write a ratio as a fraction 

¢ Write a rate as a fraction 

¢ Find unit rates 

¢ Find unit price 

¢ Translate phrases to expressions with fractions 


Before you get started, take this readiness quiz. 


. Simplify: 1624. 

If you missed this problem, review [link]. 
Divides 2.76. les: 

If you missed this problem, review [link]. 
. Simplify: 112234. 

If you missed this problem, review [link]. 


Write a Ratio as a Fraction 


When you apply for a mortgage, the loan officer will 
compare your total debt to your total income to 
decide if you qualify for the loan. This comparison 
is called the debt-to-income ratio. A ratio compares 


two quantities that are measured with the same 
unit. If we compare a and Db, the ratio is written as 
atob,ab,ora:b. 


Ratios 
A ratio compares two numbers or two quantities 


that are measured with the same unit. The ratio of 
a to b is written atob,ab,ora:b. 


In this section, we will use the fraction notation. 
When a ratio is written in fraction form, the fraction 
should be simplified. If it is an improper fraction, 
we do not change it to a mixed number. Because a 
ratio compares two quantities, we would leave a 
ratio as 41 instead of simplifying it to 4 so that we 
can see the two parts of the ratio. 


Write each ratio as a fraction: 
@15to27®©45tol18. 


Solution 


@ 
+5 -te-27 
Write as a fraction 1527 
with the first number 
in the numerator and 
the second in the 
AnnAminatar 


Simplify the fraction. 59 


&) 

45-t+6-18 
Write as a fraction 4518 
with the first number 
in the numerator and 
the second in the 


. 
danaminatar 
MAR LIVIAILLILIULYdie 


Simplify. 52 


We leave the ratio in © as an improper 
fraction. 


Write each ratio as a fraction: 


@21to56®48to32. 


Write each ratio as a fraction: 
@27to72®©51to34. 


Ratios Involving Decimals 


We will often work with ratios of decimals, 
especially when we have ratios involving money. In 
these cases, we can eliminate the decimals by using 
the Equivalent Fractions Property to convert the 
ratio to a fraction with whole numbers in the 
numerator and denominator. 


For example, consider the ratio 0.8to0.05. We can 


write it as a fraction with decimals and then 
multiply the numerator and denominator by 100 to 
eliminate the decimals. 


Do you see a shortcut to find the equivalent 
fraction? Notice that 0.8=810 and 0.05=5100. The 
least common denominator of 810 and 5100 is 100. 
By multiplying the numerator and denominator of 
0.80.05 by 100, we ‘moved’ the decimal two places 
to the right to get the equivalent fraction with no 
decimals. Now that we understand the math behind 
the process, we can find the fraction with no 
decimals like this: 


"Move" the decimal 2 805 


nlanna 
piacwrv- 


Simplify. 161 


You do not have to write out every step when you 
multiply the numerator and denominator by powers 
of ten. As long as you move both decimal places the 
same number of places, the ratio will remain the 
same. 


Write each ratio as a fraction of whole 
numbers: 


@4.8to11.2 

®2.7to0.54 

Solution 

AA 8to 11,2 

Write as a fraction A.911,9 
Rewrite as an 48112 


equivalent fraction 


without decimals, by 
moving both decimal 
points 1 place to the 
wviaht 
T1LSBitt- 


Simplify. 37 


So 4.8to11.2 is equivalent to 37. 


© 

The numerator has one 
decimal place and the 
denominator has 2. To 
clear both decimals we 
need to move the 
decimal 2 places to the 
right. 

2:7460.54 


VWAlvita aaa Frantinn QO TAEA 
Hei Vevl 


Move both decimals 27054 
1 
right cVVw\Y J EAS 


Simplify. 51 


So 2.7to0.54 is equivalent to 51. 


Write each ratio as a fraction: 
@4.6to11.5®2.3to0.69. 


Write each ratio as a fraction: 
@3.4to15.3@©3.4to0.68. 


Some ratios compare two mixed numbers. 
Remember that to divide mixed numbers, you first 
rewrite them as improper fractions. 


Write the ratio of 114to238 as a fraction. 


Solution 


VWAlvita aa a Frantinan 
VVLELUU UD U LLULLLULILL. 


Convert the numerator 
and denominator to 


. . 
IMArANAYr Franti ana 
BALA LUY Per 1L1LUCULYILDe 


Rewrite as a division 0f54 +198 


. 
frantinna 
LLULLULUIIDL. 


Invert the divisor anc! 54-819 


muiltinls: 
mee eet ea )/ . 


Simplify. 1019 


Write each ratio as a fraction: 134to258. 


Write each ratio as a fraction: 118to234. 


Applications of Ratios 


One real-world application of ratios that affects 
many people involves measuring cholesterol in 
blood. The ratio of total cholesterol to HDL 
cholesterol is one way doctors assess a person's 
overall health. A ratio of less than 5 to 1 is 
considered good. 


Hector's total cholesterol is 249 mg/dl and his 
HDL cholesterol is 39 mg/dl. @ Find the ratio 


of his total cholesterol to his HDL cholesterol. 
© Assuming that a ratio less than 5 to 1 is 
considered good, what would you suggest to 
Hector? 


Solution 


@) First, write the words that express the ratio. 
We want to know the ratio of Hector's total 
cholesterol to his HDT. cholesterol. 


Write as a fraction. total cholesterolHDL 


ehoalactarol 
R11 LEVEL VA 


Substitute t tha vraliac JNQAQA2QQ 


RLLULEW LELWY V ULL a&i I4~VWY 


Simplify. 8313 


© Is Hector's cholesterol ratio ok? If we divide 
83 by 13 we obtain approximately 6.4, so 
8313 ~ 6.41. Hector's cholesterol ratio is high! 
Hector should either lower his total cholesterol 
or raise his HDL cholesterol. 


Find the patient's ratio of total cholesterol to 
HDL cholesterol using the given information. 


Total cholesterol is 185 mg/dL and HDL 
cholesterol is 40 mg/dL. 


Find the patient’s ratio of total cholesterol to 
HDL cholesterol using the given information. 


Total cholesterol is 204 mg/dL and HDL 
cholesterol is 38 mg/dL. 


Ratios of Two Measurements in Different Units 


To find the ratio of two measurements, we must 
make sure the quantities have been measured with 
the same unit. If the measurements are not in the 
same units, we must first convert them to the same 
units. 


We know that to simplify a fraction, we divide out 
common factors. Similarly in a ratio of 
measurements, we divide out the common unit. 


The Americans with Disabilities Act (ADA) 
Guidelines for wheel chair ramps require a 


maximum vertical rise of 1 inch for every 1 
foot of horizontal run. What is the ratio of the 
rise to the run? 


Solution 


In a ratio, the measurements must be in the 
same units. We can change feet to inches, or 
inches to feet. It is usually easier to convert to 
the smaller unit, since this avoids introducing 
more fractions into the problem. 


Write the words that express the ratio. 


Ratio of the rise to the 


rin 
bus 


Write the ratio asa riserun 


. 
frantian 
LLUVLLULUILe 


Substitute in the given 1 inch1 foot 


wraliasanc 
VULLLUVe 


Convert 1 foot to 1 inch12 inches 


. 
innhana 
ALLL L1IwVe 


Simplify, dividing ou: 112 
common factors and 
units. 


So the ratio of rise to run is 1 to 12. This 
means that the ramp should rise 1 inch for 
every 12 inches of horizontal run to comply 
with the guidelines. 


Find the ratio of the first length to the second 
length: 32 inches to 1 foot. 


Find the ratio of the first length to the second 
length: 1 foot to 54 inches. 


Write a Rate as a Fraction 


Frequently we want to compare two different types 
of measurements, such as miles to gallons. To make 
this comparison, we use a rate. Examples of rates 
are 120 miles in 2 hours, 160 words in 4 minutes, 
and $5 dollars per 64 ounces. 


Rate 


A rate compares two quantities of different units. A 
rate is usually written as a fraction. 


When writing a fraction as a rate, we put the first 
given amount with its units in the numerator and 
the second amount with its units in the 
denominator. When rates are simplified, the units 
remain in the numerator and denominator. 


Bob drove his car 525 miles in 9 hours. Write 
this rate as a fraction. 


Solution 


EXE milaa in OA hase 


Vey Li111ev tba yy L1iVvuULiv 


Write as a fraction, 525 miles9 hours 
with 525 miles in the 
numerator and 9 hours 


° ° 
in tha dnnaminatar 
BAL ULLLU UL1L1U111111U LULL 


175 miles3 hours 


So 525 miles in 9 hours is equivalent to 175 
miles3 hours. 


Write the rate as a fraction: 492 miles in 8 
hours. 


123 miles2 hours 


Write the rate as a fraction: 242 miles in 6 
hours. 


121 miles3 hours 


Find Unit Rates 


In the last example, we calculated that Bob was 


driving at a rate of 175 miles3 hours. This tells us 
that every three hours, Bob will travel 175 miles. 
This is correct, but not very useful. We usually want 
the rate to reflect the number of miles in one hour. 
A rate that has a denominator of 1 unit is referred to 
as a unit rate. 


Unit Rate 
A unit rate is a rate with denominator of 1 unit. 


Unit rates are very common in our lives. For 
example, when we say that we are driving at a 
speed of 68 miles per hour we mean that we travel 
68 miles in 1 hour. We would write this rate as 68 
miles/hour (read 68 miles per hour). The common 
abbreviation for this is 68 mph. Note that when no 
number is written before a unit, it is assumed to be 
1 


So 68 miles/hour really means 68 miles/1 hour. 


Two rates we often use when driving can be written 
in different forms, as shown: 


Teen eeeeeT iw N24 VWATa.2 42 ALL.«. 24h 2.2.4 
bAdILpl CGC AXCLLOE VV LLELU MALPVLEV. atm uau 


68 miles) 68 miles1 68 miles/ 68 mph 68 miles 


in-l-hour—heur heur perheour 
36 miles 36 miles1 36 miles/ 36 mpg 36 miles 
to 1 gallon gallon per gallon 
gallon 


Another example of unit rate that you may already 
know about is hourly pay rate. It is usually 
expressed as the amount of money earned for one 
hour of work. For example, if you are paid $12.50 
for each hour you work, you could write that your 
hourly (unit) pay rate is $12.50/hour (read $12.50 
per hour.) 


To convert a rate to a unit rate, we divide the 
numerator by the denominator. This gives us a 
denominator of 1. 


Anita was paid $384 last week for working 32 
hours. What is Anita’s hourly pay rate? 


Solution 


Start with a rate of $384 last week for 32 


dollars to hours. Then hours 
dAixnidaa 


MEL V LULL. 


VAlvita aa an rata 
VV¥LLUY Uv U LULL. 


¢20 
Divide the numerator $121 hour 


hw tha denominator 
eA y/ C22 UULIAVLLLLISL Uitwle 


Rewrite as a rate. $12/hour 


Anita’s hourly pay rate is $12 per hour. 


Find the unit rate: $630 for 35 hours. 


$18.00/hour 


Find the unit rate: $684 for 36 hours. 


$19.00/hour 


Sven drives his car 455 miles, using 14 gallons 
of gasoline. How many miles per gallon does 
his car get? 


Solution 


Start with a rate of miles to gallons. Then 
divide. 


455 miles to 14 gallons 


af waa 
vw. (ope 


Wirita naa rata ALE mi ilaet A zallens 
ZL UN UU LULL. PUY 1411100 


Divide 455 by 14to 32.5 milesl Sen 
get the unit rate. 


Sven’s car gets 32.5 miles/gallon, or 32.5 mpg. 


Find the unit rate: 423 miles to 18 gallons of 
gas. 


Find the unit rate: 406 miles to 14.5 gallons of 
gas. 


Find Unit Price 


Sometimes we buy common household items ‘in 
bulk’, where several items are packaged together 
and sold for one price. To compare the prices of 
different sized packages, we need to find the unit 
price. To find the unit price, divide the total price 
by the number of items. A unit price is a unit rate 
for one item. 


Unit price 


A unit price is a unit rate that gives the price of 
one item. 


The grocery store charges $3.99 for a case of 
24 bottles of water. What is the unit price? 


Solution 
What are we asked to find? We are asked to 


find the unit price, which is the price per 
bottle. 


VWAleita aac a rata €9 QQYNA hattac 
Vviierw uv wueyvyot VULULD 


Divide to find the unit $0.166251 bottle 


UU LULwve 


Round the result to the $0.171 bottle 
nearest penny. 


The unit price is approximately $0.17 per 
bottle. Each bottle costs about $0.17. 


Find the unit price. Round your answer to the 
nearest cent if necessary. 


24-pack of juice boxes for $6.99 


$0.29/box 


Find the unit price. Round your answer to the 
nearest cent if necessary. 


24-pack of bottles of ice tea for $12.72 


$0.53/bottle 


Unit prices are very useful if you comparison shop. 
The better buy is the item with the lower unit price. 
Most grocery stores list the unit price of each item 
on the shelves. 


Paul is shopping for laundry detergent. At the 
grocery store, the liquid detergent is priced at 
$14.99 for 64 loads of laundry and the same 
brand of powder detergent is priced at $15.99 
for 80 loads. 


Which is the better buy, the liquid or the 
powder detergent? 


Solution 


To compare the prices, we first find the unit 
price for each type of detergent. 


Darwardar 
huUVVULL 


VWleita aa a vata C1/A QQGA landa €1E AQAQN lasnda 
VVELLULY UD ULL. Ye Pevvyu I tyUUuUMNO ype yoUY 1tUUUD 


Find the unit $0.234...1 loid$0.199...1 load 


Round tothe $0.23/load(23 $0.20/load(20 
nearest cent. cents per load.) cents per load) 


Now we compare the unit prices. The unit 
price of the liquid detergent is about $0.23 per 
load and the unit price of the powder 
detergent is about $0.20 per load. The powder 
is the better buy. 


Find each unit price and then determine the 


better buy. Round to the nearest cent if 
necessary. 


Brand A Storage Bags, $4.59 for 40 count, or 
Brand B Storage Bags, $3.99 for 30 count 


Brand A costs $0.12 per bag. Brand B costs 
$0.13 per bag. Brand A is the better buy. 


Find each unit price and then determine the 
better buy. Round to the nearest cent if 
necessary. 


Brand C Chicken Noodle Soup, $1.89 for 26 
ounces, or Brand D Chicken Noodle Soup, 
$0.95 for 10.75 ounces 


Brand C costs $0.07 per ounce. Brand D costs 
$0.09 per ounce. Brand C is the better buy. 


Notice in [link] that we rounded the unit price to 
the nearest cent. Sometimes we may need to carry 
the division to one more place to see the difference 


between the unit prices. 


Translate Phrases to Expressions with 
Fractions 


Have you noticed that the examples in this section 
used the comparison words ratio of, to, per, in, for, 
on, and from? When you translate phrases that 
include these words, you should think either ratio or 
rate. If the units measure the same quantity (length, 
time, etc.), you have a ratio. If the units are 
different, you have a rate. In both cases, you write a 
fraction. 


Translate the word phrase into an algebraic 
expression: 


@427 miles per h hours 


®x students to 3 teachers 


©y dollars for 18 hours 


Solution 


(ey 
VY 


A Ce hay / milas narhhaiuire 


bes £44htev Pperi1gULty 


Write as a rate. 427 mileshhours 
® 
xstudents te 3 teachers 
Write as a rate. xstudents3 teachers 
©) 


yvdollars far 1 Q haute 


wiiemiv tvi 12 11VULDYD 


Write as a rate. $y18 hours 


Translate the word phrase into an algebraic 
expression. 


@689 miles per h hours © y parents to 22 
students © d dollars for 9 minutes 


@ 689 mi/h hours 
® y parents/22 students 
© $d/9 min 


Translate the word phrase into an algebraic 
expression. 


@ m miles per 9 hours © x students to 8 buses 
© y dollars for 40 hours 


@®mmi/9h 
® x students/8 buses 
© $y/40 h 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Ratios 

¢ Write Ratios as a Simplified Fractions 
Involving Decimals and Fractions 

¢ Write a Ratio as a Simplified Fraction 

* Rates and Unit Rates 


* Unit Rate for Cell Phone Plan 


Practice Makes Perfect 
Write a Ratio as a Fraction 


In the following exercises, write each ratio as a 
fraction. 


20 to 36 


59 


20 10°32 


42 to 48 


78 


45 to 54 


49 to 21 


73 


56 to 16 


84 to 36 


re 


6.4 to 0.8 


0.56 to 2.8 


15 


1.26 to 4.2 


123 to 256 


1017 


134 to 258 


416 to 313 


34 


930't0'335 


$18 to $63 


27 


$16 to $72 


$1.21 to $0.44 


114 


$1.38 to $0.69 


28 ounces to 84 ounces 


13 


32 ounces to 128 ounces 


12 feet to 46 feet 


623 


15 feet to 57 feet 


246 milligrams to 45 milligrams 


8215 


304 milligrams to 48 milligrams 


total cholesterol of 175 to HDL cholesterol of 
45 


359 


total cholesterol of 215 to HDL cholesterol of 
55 


27 inches to 1 foot 


94 


28 inches to 1 foot 


Write a Rate as a Fraction 


In the following exercises, write each rate as a 
fraction. 


140 calories per 12 ounces 


35 calories3 ounces 


180 calories per 16 ounces 


8.2 pounds per 3 square inches 


41 |bs15 sq. in. 


9.5 pounds per 4 square inches 


488 miles in 7 hours 


488 miles7 hours 


527 miles in 9 hours 


$595 for 40 hours 


$1198 hours 


$798 for 40 hours 


Find Unit Rates 


In the following exercises, find the unit rate. Round 
to two decimal places, if necessary. 


140 calories per 12 ounces 


11.67 calories/ounce 


180 calories per 16 ounces 


8.2 pounds per 3 square inches 


2.73 lbs./sq. in. 


9.5 pounds per 4 square inches 


488 miles in 7 hours 


69.71 mph 


527 miles in 9 hours 


$595 for 40 hours 


$14.88/hour 


$798 for 40 hours 


576 miles on 18 gallons of gas 


32 mpg 


435 miles on 15 gallons of gas 


43 pounds in 16 weeks 


2.69 lbs./week 


57 pounds in 24 weeks 


46 beats in 0.5 minute 


92 beats/minute 


54 beats in 0.5 minute 


The bindery at a printing plant assembles 
96,000 magazines in 12 hours. How many 
magazines are assembled in one hour? 


8,000 


The pressroom at a printing plant prints 
540,000 sections in 12 hours. How many 
sections are printed per hour? 


Find Unit Price 


In the following exercises, find the unit price. Round 
to the nearest cent. 


Soap bars at 8 for $8.69 


$1.09/bar 


Soap bars at 4 for $3.39 


Women’s sports socks at 6 pairs for $7.99 


$1.33/pair 


Men’s dress socks at 3 pairs for $8.49 


Snack packs of cookies at 12 for $5.79 


$0.48/pack 


Granola bars at 5 for $3.69 


CD-RW discs at 25 for $14.99 


$0.60/disc 


CDs at 50 for $4.49 


The grocery store has a special on macaroni and 
cheese. The price is $3.87 for 3 boxes. How 
much does each box cost? 


$1.29/box 


The pet store has a special on cat food. The 
price is $4.32 for 12 cans. How much does each 
can cost? 


In the following exercises, find each unit price and 
then identify the better buy. Round to three decimal 
places. 


Mouthwash, 50.7-ounce size for $6.99 or 33.8- 
ounce size for $4.79 


The 50.7-ounce size costs $0.138 per ounce. 
The 33.8-ounce size costs $0.142 per ounce. 
The 50.7-ounce size is the better buy. 


Toothpaste, 6 ounce size for $3.19 or 7.8-ounce 
size for $5.19 


Breakfast cereal, 18 ounces for $3.99 or 14 
ounces for $3.29 


The 18-ounce size costs $0.222 per ounce. The 
14-ounce size costs $0.235 per ounce. The 18- 
ounce size is a better buy. 


Breakfast Cereal, 10.7 ounces for $2.69 or 14.8 
ounces for $3.69 


Ketchup, 40-ounce regular bottle for $2.99 or 
64-ounce squeeze bottle for $4.39 


The regular bottle costs $0.075 per ounce. The 
squeeze bottle costs $0.069 per ounce. The 
squeeze bottle is a better buy. 


Mayonnaise 15-ounce regular bottle for $3.49 
or 22-ounce squeeze bottle for $4.99 


Cheese $6.49 for 1 lb. block or $3.39 for 12 Ib. 
block 


The half-pound block costs $6.78/lb, so the 1- 
Ib. block is a better buy. 


Candy $10.99 for a 1 lb. bag or $2.89 for 14 Ib. 
of loose candy 


Translate Phrases to Expressions with Fractions 


In the following exercises, translate the English 
phrase into an algebraic expression. 


793 miles per p hours 


793 milesphours 


78 feet per r seconds 


$3 for 0.5 lbs. 


$30.5 lbs. 


j beats in 0.5 minutes 


105 calories in x ounces 


105 caloriesxounces 


400 minutes for m dollars 


the ratio of y and 5x 


yox 


the ratio of 12x and y 


Everyday Math 


One elementary school in Ohio has 684 
students and 45 teachers. Write the student-to- 
teacher ratio as a unit rate. 


15.2 students per teacher 


The average American produces about 1,600 
pounds of paper trash per year (365 days). How 
many pounds of paper trash does the average 
American produce each day? (Round to the 
nearest tenth of a pound.) 


A popular fast food burger weighs 7.5 ounces 
and contains 540 calories, 29 grams of fat, 43 


grams of carbohydrates, and 25 grams of 
protein. Find the unit rate of @ calories per 
ounce © grams of fat per ounce © grams of 
carbohydrates per ounce @ grams of protein 
per ounce. Round to two decimal places. 


@ 72 calories/ounce 

© 3.87 grams of fat/ounce 
© 5.73 grams carbs/once 

@ 3.33 grams protein/ounce 


A 16-ounce chocolate mocha coffee with 
whipped cream contains 470 calories, 18 grams 
of fat, 63 grams of carbohydrates, and 15 grams 
of protein. Find the unit rate of @ calories per 
ounce © grams of fat per ounce © grams of 
carbohydrates per ounce @ grams of protein 
per ounce. 


Writing Exercises 


Would you prefer the ratio of your income to 
your friend’s income to be 3/1 or 1/3? Explain 
your reasoning. 


Answers will vary. 


The parking lot at the airport charges $0.75 for 
every 15 minutes. @ How much does it cost to 
park for 1 hour? © Explain how you got your 
answer to part @. Was your reasoning based on 
the unit cost or did you use another method? 


Kathryn ate a 4-ounce cup of frozen yogurt and 
then went for a swim. The frozen yogurt had 
115 calories. Swimming burns 422 calories per 
hour. For how many minutes should Kathryn 
swim to burn off the calories in the frozen 
yogurt? Explain your reasoning. 


Answers will vary. 


Mollie had a 16-ounce cappuccino at her 
neighborhood coffee shop. The cappuccino had 
110 calories. If Mollie walks for one hour, she 
burns 246 calories. For how many minutes must 
Mollie walk to burn off the calories in the 
cappuccino? Explain your reasoning. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Glossary 


ratio 
A ratio compares two numbers or two 
quantities that are measured with the same 
unit. The ratio of a to b is written a to b, ab, 
or a:b. 


rate 
A rate compares two quantities of different 
units. A rate is usually written as a fraction. 


unit rate 
A unit rate is a rate with denominator of 1 
unit. 


unit price 
A unit price is a unit rate that gives the price 
of one item. 


Simplify and Use Square Roots 
By the end of this section, you will be able to: 


¢ Simplify expressions with square roots 

* Estimate square roots 

* Approximate square roots 

¢ Simplify variable expressions with square roots 
* Use square roots in applications 


Before you get started, take this readiness quiz. 


i simiplity:(—9)2. 

If you missed this problem, review [link]. 
2. Round 3.846 to the nearest hundredth. 

If you missed this problem, review [link]. 
3. Evaluate 12d for d=80. 

If you missed this problem, review [link]. 


Simplify Expressions with Square Roots 


To start this section, we need to review some 
important vocabulary and notation. 


Remember that when a number n is multiplied by 


itself, we can write this as n2, which we read aloud 
as “nsquared.” For example, 82 is read as 
“8squared.” 


We call 64 the square of 8 because 82 = 64. 


Similarly, 121 is the square of 11, because 
112=121. 


Square of a Number 
If n2=m, then m is the square of n. 


Modeling Squares 


Do you know why we use the word square? If we 
construct a square with three tiles on each side, the 
total number of tiles would be nine. 


This is why we say that the square of three is nine. 
32=9 


The number 9 is called a perfect square because it is 
the square of a whole number. 


Doing the Manipulative Mathematics activity 
Square Numbers will help you develop a better 


understanding of perfect square numbers 


The chart shows the squares of the counting 
numbers 1 through 15. You can refer to it to help 
you identify the perfect squares. 


Perfect Squares 
A perfect square is the square of a whole number. 


What happens when you square a negative number? 
(—8)2=(-—8)(-— 8)=64 


When we multiply two negative numbers, the 
product is always positive. So, the square of a 
negative number is always positive. 


The chart shows the squares of the negative integers 
from —1 to —15. 


Did you notice that these squares are the same as 
the squares of the positive numbers? 


Square Roots 


Sometimes we will need to look at the relationship 
between numbers and their squares in reverse. 
Because 102=100, we say 100 is the square of 10. 
We can also say that 10 is a square root of 100. 


Square Root of a Number 
A number whose square is m is called a square root 


of m. 
If n2=m, then n is a square root of m. 


Notice (— 10)2=100 also, so —10 is also a square 
root of 100. Therefore, both 10 and —10 are square 
roots of 100. 


So, every positive number has two square roots: one 
positive and one negative. 


What if we only want the positive square root of a 
positive number? The radical sign, 0, stands for the 
positive square root. The positive square root is also 
called the principal square root. 


Square Root Notation 
m is read as “the square root of m.” 
Ifm =n2,thenm =nforn= 0. 


We can also use the radical sign for the square root 
of zero. Because 02 =0,0=0. Notice that zero has 
only one square root. 


The chart shows the square roots of the first 15 
perfect square numbers. 


Simplify: ®@25®121. 


Solution 


GY 
(a) 


ae 
Since 52=25 5 
&) 

7} 
Since 112=121 —11 


Simplify: @36©169. 


Simplify: ©16©196. 


Every positive number has two square roots and the 
radical sign indicates the positive one. We write 
100=10. If we want to find the negative square root 
of a number, we place a negative in front of the 
radical sign. For example, —100= — 10. 


Simplify. © -9® — 144. 


Solution 


® 

=f} 
The negative is in front —3 
of the radical sign. 


MW) 
wy 


L 
The negative is in front —12 
of the radical sign. 


Simplify: © —4® — 225. 


Simplify: @ —81® — 64. 


Square Root of a Negative Number 


Can we simplify — 25? Is there a number whose 
square is — 25? 
Q2= — 25? 


None of the numbers that we have dealt with so far 
have a square that is — 25. Why? Any positive 
number squared is positive, and any negative 
number squared is also positive. In the next chapter 
we will see that all the numbers we work with are 
called the real numbers. So we say there is no real 
number equal to — 25. If we are asked to find the 
square root of any negative number, we say that the 
solution is not a real number. 


Simplify: @ —169® — 121. 


Solution 


@) There is no real number whose square is 
— 169. Therefore, — 169 is not a real number. 


© The negative is in front of the radical sign, 
so we find the opposite of the square root of 
1210 


os eda | 
Lt 


9 
The negative is in front —11 
of the radical. 


Simplify: @ —196® — 81. 


@ not a real number 


Ore 


Simplify: @ —49® — 121. 


@ —7 


® not a real number 


Square Roots and the Order of Operations 


When using the order of operations to simplify an 
expression that has square roots, we treat the radical 
sign as a grouping symbol. We simplify any 
expressions under the radical sign before performing 
other operations. 


Simplify: ©25+144@25 +144. 


Solution 


@ Use the order of 


aAnnratin 
vpCt GULULIO. 


imn 
Simpl RU LL LULU, 


Add. 


9 
ced 
uv 
1 


® Use the order of 


aAnnratin 
SSA EAS GULULIO. 


Add under the radical 169 


Simplify. 13 


Simplify: ©9+16©9 +16. 


Simplify: @64 + 225@64 + 225. 


Notice the different answers in parts @ and ® of 
[link]. It is important to follow the order of 


operations correctly. In @, we took each square root 
first and then added them. In ©, we added under 
the radical sign first and then found the square root. 


Estimate Square Roots 


So far we have only worked with square roots of 
perfect squares. The square roots of other numbers 
are not whole numbers. 


We might conclude that the square roots of numbers 
between 4 and 9 will be between 2 and 3, and they 
will not be whole numbers. Based on the pattern in 
the table above, we could say that 5 is between 2 
and 3. Using inequality symbols, we write 

2=9=3 


Estimate 60 between two consecutive whole 
numbers. 


Solution 


Think of the perfect squares closest to 60. 
Make a small table of these perfect squares 
and their squares roots. 


Number Square root 


Locate 60 between two 49 < 60 < 64 
consecutive perfect 


ani1194aTrd.d 
AS [ees RVe 


60is between their 7<60<8 
square roots. 


Estimate 38 between two consecutive whole 
numbers. 


63367 


Estimate 84 between two consecutive whole 
numbers. 


9<84<10 


Approximate Square Roots with a 
Calculator 


There are mathematical methods to approximate 
square roots, but it is much more convenient to use 
a calculator to find square roots. Find the 0 or x key 
on your calculator. You will to use this key to 
approximate square roots. When you use your 
calculator to find the square root of a number that is 
not a perfect square, the answer that you see is not 


the exact number. It is an approximation, to the 
number of digits shown on your calculator’s display. 
The symbol for an approximation is = and it is read 
approximately. 


Suppose your calculator has a 10-digit display. 
Using it to find the square root of 5 will give 
2.236067977. This is the approximate square root of 
5. When we report the answer, we should use the 
“approximately equal to” sign instead of an equal 
sign. 

5 = 2.236067978 


You will seldom use this many digits for 
applications in algebra. So, if you wanted to round 5 
to two decimal places, you would write 

5 = 2.24 


How do we know these values are approximations 
and not the exact values? Look at what happens 
when we square them. 

2.2360679782 = 5.0000000022.242 = 5.0176 


The squares are close, but not exactly equal, to 5. 


Round 17 to two decimal places using a 
calculator. 


Solution 


im ay / 
Use the calculator 4.123105626 


T 
PAS [ee avve DS )/ * 


Round to two decimal 4.12 


17=4.12 


Round 11 to two decimal places. 


Round 13 to two decimal places. 


LT 


Simplify Variable Expressions with 
Square Roots 


Expressions with square root that we have looked at 
so far have not had any variables. What happens 
when we have to find a square root of a variable 
expression? 


Consider 9x2, where x= 0. Can you think of an 
expression whose square is 9x2? 
(?)2 = 9x2(3x)2 = 9x2s09x2 = 3x 


When we use a variable in a square root expression, 
for our work, we will assume that the variable 
represents a non-negative number. In every example 
and exercise that follows, each variable in a square 
root expression is greater than or equal to zero. 


Simplify: x2. 


Solution 


Think about what we would have to square to 
get x2. Algebraically, (?)2=x2 


Since (x)2=x2 x 


Simplify: y2. 


Simplify: 16x2. 


Solution 


Since(4x)2 = 16x2 


Simplify: 64x2. 


Simplify: 169y2. 


Simplify: — 81y2. 


Solution 


Since(9y)2 = 81y2 


Simplify: —121y2. 


Simplify: —100p2. 


Simplify: 36x2y2. 


Solution 


9479179 


Seer a) 


Since(6xy)2=36x2yZ 6xy 


Simplify: 100a2b2. 


Simplify: 225m2n2. 


Use Square Roots in Applications 


As you progress through your college courses, you'll 
encounter several applications of square roots. Once 
again, if we use our strategy for applications, it will 
give us a plan for finding the answer! 


Use a strategy for applications with square roots. 


Identify what you are asked to find. Write a phrase 


that gives the information to find it. Translate the 
phrase to an expression. Simplify the expression. 
Write a complete sentence that answers the 
question. 


Square Roots and Area 


We have solved applications with area before. If we 
were given the length of the sides of a square, we 
could find its area by squaring the length of its 
sides. Now we can find the length of the sides of a 
square if we are given the area, by finding the 
square root of the area. 


If the area of the square is A square units, the length 


of a side is A units. See [link]. 


| ee PP ee eee ee Pe | T wae wt ml ALAR F22-25421N 
fALTCa yoyuare ULLILD) Lt tet Vl o1ue (LULLILO) 
a a.—.2 

gf Fz Aw 
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Mike and Lychelle want to make a square 
patio. They have enough concrete for an area 


of 200 square feet. To the nearest tenth of a 
foot, how long can a side of their square patio 
be? 


Solution 


We know the area of the square is 200 square 
feet and want to find the length of the side. If 
the area of the square is A square units, the 
length of a side is A units. 


What are you asked to The length of each side 


FindAd afin aninaKra natin 
LLL Vi uw oyuue puny 
VAI vita a nhencaoa Tha lanath af a caida 
VVERLEW UL [eA ASO Be OS CS Qe Vai U VILL 


Translate to an A 
expression: 

Evaluate A when 200 
A=2909, 


TTea TAA11" realaulatar 
wuowe of “eee RULALULULYVLe 


1 1 
Round to one decimal 14.1 feet 


nl Lewara\ 
i geniecomaeeae 


Write a sentence. Each side of the patio 
should be 14.1 feet. 


Katie wants to plant a square lawn in her front 
yard. She has enough sod to cover an area of 
370 square feet. To the nearest tenth of a foot, 
how long can a side of her square lawn be? 


19.2 feet 


Sergio wants to make a square mosaic as an 


inlay for a table he is building. He has enough 
tile to cover an area of 2704 square 
centimeters. How long can a side of his mosaic 
be? 


52 centimeters 


Square Roots and Gravity 


Another application of square roots involves gravity. 
On Earth, if an object is dropped from a height of h 
feet, the time in seconds it will take to reach the 
ground is found by evaluating the expression h4. 
For example, if an object is dropped from a height 
of 64 feet, we can find the time it takes to reach the 
ground by evaluating 644. 


LAA 
vit 


Take the square root of — 84 


BA 
Ute 


Simplify the fraction. re 


It would take 2 seconds for an object dropped from 


a height of 64 feet to reach the ground. 


Christy dropped her sunglasses from a bridge 


400 feet above a river. How many seconds 
does it take for the sunglasses to reach the 
river? 


Solution 


What are you asked to The number of seconds 
find? it takes for the 
sunglasses to reach the 


. 
wrarwar 
hivet 


Write a phrase. The time it will take to 


° 
waaah tha virtrar 
21 ULL LIveL 


Translate to an h4 


aAwnranacann 
Vapt RKvVuilvVitle 


Evaluate h4 when 4004 


h—An0 


rUuvVe 


Find the square root of 204 


ANN 


rwvVve 


Cimn 1ifi, [= 


eS Vv 


Write a sentence. It will take 5 seconds 


for the sunglasses to 
reach the river. 


A helicopter drops a rescue package from a 
height of 1296 feet. How many seconds does it 
take for the package to reach the ground? 


9 seconds 


A window washer drops a squeegee from a 
platform 196 feet above the sidewalk. How 
many seconds does it take for the squeegee to 
reach the sidewalk? 


Square Roots and Accident Investigations 


Police officers investigating car accidents measure 
the length of the skid marks on the pavement. Then 
they use square roots to determine the speed, in 
miles per hour, a car was going before applying the 
brakes. According to some formulas, if the length of 
the skid marks is d feet, then the speed of the car 
can be found by evaluating 24d. 


After a car accident, the skid marks for one car 


measured 190 feet. To the nearest tenth, what 
was the speed of the car (in mph) before the 
brakes were applied? 


Solution 


What are you asked to The speed of the car 


find? before the brakes were 
eT ee 

VVELUEY OU purase. wale vp VU Su ares CULL 

Translate to an 24d 


aAwnrancainn 
Vapt RvVuilVitle 
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Write a sentence. The speed of the car 
was approximately 
67.5 miles per hour. 


An accident investigator measured the skid 
marks of a car and found their length was 76 
feet. To the nearest tenth, what was the speed 
of the car before the brakes were applied? 


The skid marks of a vehicle involved in an 


accident were 122 feet long. To the nearest 
tenth, how fast had the vehicle been going 
before the brakes were applied? 


The Links to Literacy activity "Sea Squares" will 
provide you with another view of the topics 
covered in this section. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Introduction to Square Roots 
¢ Estimating Square Roots with a Calculator 


Key Concepts 


¢ Square Root Notation m is read ‘the square 
root of m’ 
If m=n2, then m=n, for n=0. 


radical sign ——> ¥m—~—-radicand 


* Use a strategy for applications with square 
roots. 


© Identify what you are asked to find. 

© Write a phrase that gives the information 
to find it. 

© Translate the phrase to an expression. 

© Simplify the expression. 


© Write a complete sentence that answers 
the question. 


Section Exercises 


Practice Makes Perfect 
Simplify Expressions with Square Roots 


In the following exercises, simplify. 


36 


64 


144 


==] 


=121 


= 121 


not a real number 


236 


ae 


not a real number 


25+ 144 


97.16 


25+ 144 


Estimate Square Roots 


In the following exercises, estimate each square root 
between two consecutive whole numbers. 


70 


$=70<9 


S15) 


200 


14<200<15 


172 


Approximate Square Roots with a Calculator 


In the following exercises, use a calculator to 
approximate each square root and round to two 
decimal places. 


19 


4.36 


21 


33 


7.20 


47 


Simplify Variable Expressions with Square Roots 


In the following exercises, simplify. (Assume all 
variables are greater than or equal to zero.) 


y2 


49x2 
7X 
100y2 
— 64a2 
3a 
— 25x2 


144x2y2 


12xy 


196a2b2 


Use Square Roots in Applications 


In the following exercises, solve. Round to one 
decimal place. 


Landscaping Reed wants to have a square 

garden plot in his backyard. He has enough 
compost to cover an area of 75 square feet. 
How long can a side of his garden be? 


8.7 feet 


Landscaping Vince wants to make a square 
patio in his yard. He has enough concrete to 
pave an area of 130 square feet. How long can 
a side of his patio be? 


Gravity An airplane dropped a flare from a 
height of 1,024 feet above a lake. How many 
seconds did it take for the flare to reach the 
water? 


8 seconds 


Gravity A hang glider dropped his cell phone 
from a height of 350 feet. How many seconds 
did it take for the cell phone to reach the 
ground? 


Gravity A construction worker dropped a 
hammer while building the Grand Canyon 
skywalk, 4,000 feet above the Colorado River. 
How many seconds did it take for the hammer 
to reach the river? 


15.8 seconds 


Accident investigation The skid marks from a 
car involved in an accident measured 54 feet. 
What was the speed of the car before the brakes 
were applied? 


Accident investigation The skid marks from a 
car involved in an accident measured 216 feet. 
What was the speed of the car before the brakes 
were applied? 


72 mph 


Accident investigation An accident 
investigator measured the skid marks of one of 
the vehicles involved in an accident. The length 
of the skid marks was 175 feet. What was the 
speed of the vehicle before the brakes were 
applied? 


Accident investigation An accident 
investigator measured the skid marks of one of 
the vehicles involved in an accident. The length 
of the skid marks was 117 feet. What was the 
speed of the vehicle before the brakes were 
applied? 


53.0 mph 


Everyday Math 


Decorating Denise wants to install a square 
accent of designer tiles in her new shower. She 
can afford to buy 625 square centimeters of the 
designer tiles. How long can a side of the accent 
be? 


Decorating Morris wants to have a square 
mosaic inlaid in his new patio. His budget 
allows for 2,025 tiles. Each tile is square with 
an area of one square inch. How long can a side 
of the mosaic be? 


45 inches 


Writing Exercises 


Why is there no real number equal to — 64? 


What is the difference between 92 and 9? 


Answers will vary. 92 reads: “nine squared” and 
means nine times itself. The expression 9 reads: 
“the square root of nine” which gives us the 
number such that if it were multiplied by itself 
would give you the number inside of the square 
root. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next Chapter? 
Why or why not? 


Chapter Review Exercises 


Decimals 
Name Decimals 


In the following exercises, name each decimal. 


0.8 
0.375 
three hundred seventy-five thousandths 


0.007 


5.24 


five and twenty-four hundredths 


12-5632 


— 4.09 


negative four and nine hundredths 


Write Decimals 


In the following exercises, write as a decimal. 


three tenths 


nine hundredths 


0.09 


twenty-seven hundredths 


ten and thirty-five thousandths 


10.035 


negative twenty and three tenths 


negative five hundredths 


=0:05 


Convert Decimals to Fractions or Mixed Numbers 


In the following exercises, convert each decimal to a 
fraction. Simplify the answer if possible. 


0.43 


0.825 


3340 


OF 


3.64 


31625 


Locate Decimals on the Number Line 


@0.6 
®—0.9 
©2.2 
@-1.3 


Order Decimals 


In the following exercises, order each of the 
following pairs of numbers, using < or >. 


0.6__0.8 

— 

0.20.15 
0.803___0.83 
a 


= 0.56... :—0,562 


Round Decimals 
In the following exercises, round each number to 


the nearest: © hundredth © tenth © whole 
number. 


12.529 


@ 12.53 
® 12.5 
© 13 


4.8447 


5.897 


@ 5.90 
® 5.9 
© 6 


Decimal Operations 
Add and Subtract Decimals 


In the following exercises, add or subtract. 


5.79 + 8.46 


32.09= 8:22 


24.67 


24 —19.31 


10.2+ 14.631 


24.831 


—6.4+(— 2.9) 


1.83 —4.2 


237 


Multiply Decimals 


In the following exercises, multiply. 


(0.3)(0.7) 


(—6.4)(0.25) 


= 1.0 


(=3.35)(—12:7) 


(15.4)(1000) 


15,400 


Divide Decimals 


In the following exercises, divide. 


0.48+6 


4.32 +24 


0.18 


$6.29 +12 


(—0.8)+(—0.2) 


1.65+0.15 
9+0.045 
200 


Use Decimals in Money Applications 


In the following exercises, use the strategy for 
applications to solve. 


Miranda got $40 from her ATM. She spent 
$9.32 on lunch and $16.99 on a book. How 
much money did she have left? Round to the 
nearest cent if necessary. 


Jessie put 8 gallons of gas in her car. One 
gallon of gas costs $3.528. How much did 
Jessie owe for all the gas? 


$28.22 


A pack of 16 water bottles cost $6.72. How 
much did each bottle cost? 


Alice bought a roll of paper towels that cost 
$2.49. She had a coupon for $0.35 off, and the 
store doubled the coupon. How much did Alice 
pay for the paper towels? 


$1.79 


Decimals and Fractions 
Convert Fractions to Decimals 


In the following exercises, convert each fraction to a 
decimal. 


35 


78 


0.875 


— 1920 


—214 


O20 
13 
611 


0.54— 


Order Decimals and Fractions 


In the following exercises, order each pair of 
numbers, using < or >. 


12. 20-2 
35:0. 

= 

—78__— 0.84 
S517; = 0.42 


0.625__ 1320 


0.33__516 


In the following exercises, write each set of numbers 
in order from least to greatest. 


23,1720,0.65 


79,0.75,1115 


1115,0:75;79 


Simplify Expressions Using the Order of 
Operations 


In the following exercises, simplify 


4(10.3 —5.8) 


34(15.44 — 7.4) 


6.03 


30+ (0.45 + 0.15) 


1.6+38 


1.975 


52(0.5) + (0.4)2 


—25:910+ 0.14 


=0.22 


Find the Circumference and Area of Circles 


In the following exercises, approximate the @ 
circumference and © area of each circle. 


radius = 6 in. 


radius = 3.5 ft. 


@ 21.98 ft. 
© 38.465 sq.ft. 


radius = 733m 


diameter=11 cm 


@ 34.54 cm 
© 379.94 sq.cm 


Solve Equations with Decimals 


Determine Whether a Decimal is a Solution of an 
Equation 


In the following exercises, determine whether the 
each number is a solution of the given equation. 


x—0.4=2.1 
@x=1.7 ©x=2.5 


y+3.2=—-1.5 
@y=1.7®@y= —4.7 


@ no 
® yes 


u2.5= -—12.5 
@u= —5@u= —31.25 


0.45v= — 40.5 
@v= —18.225®v= —90 


@ no 
® yes 


Solve Equations with Decimals 


In the following exercises, solve. 


m+3.8=7.5 


h+5.91=2.4 


h= —3.51 


at+2.26=—-1.1 


p—4.3=—1.65 


p = 2.65 


x—0.24= —8.6 


j-7.42=-3.7 


j = 3.72 


0.6p = 13.2 


— 8.6x = 34.4 


x= -—4 


— 22.32 = —2.4z 


a0.3= — 24 


s—2:5=—10 


5 = 25 


Translate to an Equation and Solve 


In the following exercises, translate and solve. 


The difference of n and 15.2 is 4.4. 


The product of —5.9 and x is —3.54. 


—5.9x = —3.54;x = 0.6 


The quotient of y and —1.8 is —9. 


The sum of m and —4.03 is 6.8. 


m + (—4.03) = 6.8; m = 0.83 


Averages and Probability 
Find the Mean of a Set of Numbers 


In the following exercises, find the mean of the 
numbers. 


2,4,1,0,1,and1 


$270, $310.50, $243.75, and $252.15 


$269.10 


Each workday last week, Yoshie kept track of 
the number of minutes she had to wait for the 
bus. She waited 3,0,8,1,and8 minutes. Find the 
mean 


In the last three months, Raul’s water bills were 
$31.45,$48.76,and$42.60. Find the mean. 


$40.94 


Find the Median of a Set of Numbers 


In the following exercises, find the median. 


41, 45, 32, 60, 58 


295, 20, 245 20, 29, 1918, 32 


24.5 


The ages of the eight men in Jerry’s model train 
club are 52,63,45,51,55,75,60,and59. Find the 
median age. 


The number of clients at Miranda’s beauty salon 
each weekday last week were 

18,7,12,16,and20. Find the median number of 
clients. 


16 clients 


Find the Mode of a Set of Numbers 


In the following exercises, identify the mode of the 
numbers. 


6, 4, 4,5, 6,6, 4, 4, 4, 3,5 


The number of siblings of a group of students: 
2; 0; 3; 2; 4,156; 5,°4,.1,:2;3 


Use the Basic Definition of Probability 


In the following exercises, solve. (Round decimals to 


three places.) 


The Sustainability Club sells 200 tickets to a 
raffle, and Albert buys one ticket. One ticket 
will be selected at random to win the grand 
prize. Find the probability Albert will win the 
grand prize. Express your answer as a fraction 
and as a decimal. 


Luc has to read 3 novels and 12 short stories for 
his literature class. The professor will choose 
one reading at random for the final exam. Find 
the probability that the professor will choose a 
novel for the final exam. Express your answer 
as a fraction and as a decimal. 


15;0.2 


Ratios and Rate 
Write a Ratio as a Fraction 


In the following exercises, write each ratio as a 
fraction. Simplify the answer if possible. 


28 to 40 


56 to 32 


74 


3.5 to 0.5 


1.2 to 1.8 


23 


134to158 


213to514 


49 


64 ounces to 30 ounces 


28 inches to 3 feet 


79 


Write a Rate as a Fraction 


In the following exercises, write each rate as a 
fraction. Simplify the answer if possible. 


180 calories per 8 ounces 


90 pounds per 7.5 square inches 


90pounds7.5square inches 


126 miles in 4 hours 


$612.50 for 35 hours 


$612.5035hours 


Find Unit Rates 


In the following exercises, find the unit rate. 


180 calories per 8 ounces 


90 pounds per 7.5 square inches 


12 pounds/sq.in. 


126 miles in 4 hours 


$612.50 for 35 hours 


$17.50/hour 


Find Unit Price 


In the following exercises, find the unit price. 


t-shirts: 3 for $8.97 


Highlighters: 6 for $2.52 


$0.42 


An office supply store sells a box of pens for 
$11. The box contains 12 pens. How much does 
each pen cost? 


Anna bought a pack of 8 kitchen towels for 
$13.20. How much did each towel cost? Round 
to the nearest cent if necessary. 


$1.65 


In the following exercises, find each unit price and 
then determine the better buy. 


Shampoo: 12 ounces for $4.29 or 22 ounces for 
$7.29? 


Vitamins: 60 tablets for $6.49 or 100 for 
$11.99? 


$0.11, $0.12; 60 tablets for $6.49 


Translate Phrases to Expressions with Fractions 


In the following exercises, translate the English 
phrase into an algebraic expression. 


535 miles per hhours 


a adults to 45 children 


aadults45children 


the ratio of 4y and the difference of x and 10 


the ratio of 19 and the sum of 3 andn 


193+n 


Simplify and Use Square Roots 
Simplify Expressions with Square Roots 


In the following exercises, simplify. 


64 


144 


12 


= 29 


— 36 

not a real number 
644+ 225 

644+ 225 


17 


Estimate Square Roots 


In the following exercises, estimate each square root 
between two consecutive whole numbers. 


28 
155 


12 Too=Is 


Approximate Square Roots 


In the following exercises, approximate each square 
root and round to two decimal places. 


15 
a7 


199 


Simplify Variable Expressions with Square Roots 


In the following exercises, simplify. (Assume all 
variables are greater than or equal to zero.) 


q2 

64b2 

8b 
—121a2 
225m2n2 
15mn 


—100q2 


49y2 


1y 


4a2b2 


P2ie2d2 


1llcd 


Use Square Roots in Applications 


In the following exercises, solve. Round to one 
decimal place. 


Art Diego has 225 square inch tiles. He wants 
to use them to make a square mosaic. How long 
can each side of the mosaic be? 


Landscaping Janet wants to plant a square 
flower garden in her yard. She has enough 
topsoil to cover an area of 30 square feet. How 
long can a side of the flower garden be? 


5.5 feet 


Gravity A hiker dropped a granola bar from a 
lookout spot 576 feet above a valley. How long 
did it take the granola bar to reach the valley 
floor? 


Accident investigation The skid marks of a car 
involved in an accident were 216 feet. How fast 
had the car been going before applying the 
brakes? 


72 mph 


Chapter Practice Test 


Write six and thirty-four thousandths as a 
decimal. 


Write 1.73 as a fraction. 
173100 


Write 58 as a decimal. 


Round 16.749 to the nearest © tenth © 
hundredth © whole number 


@ 16.7 
© 16.75 
© 17 


Write the numbers 45, — 0.1,0.804,29, 
— 7.4,0.21 in order from smallest to largest. 


In the following exercises, simplify each expression. 


15.4+ 3.02 


18.42 


20=3:7 1 


(0.64)(0.3) 


0.192 


(— 4.2)(100) 


0.96 +(—12) 


—0.08 


=5= 0.025 


—0.6+(—0.3) 


(0.7)2 


24 + (0.1 + 0.02) 


200 


4(10.3 —5.8) 


1266-38 


1.975 


23(14.65 — 4.6) 


In the following exercises, solve. 


m+3.7=2.5 

= 1:2 
h0.5 = 4.38 
—6.5y = — 57.2 
8.8 
1.94=a—-2.6 


Three friends went out to dinner and agreed to 
split the bill evenly. The bill was $79.35. How 
much should each person pay? 


$26.45 


A circle has radius 12. Find the © 
circumference and © area. [Use3.14forz. ] 


The ages, in months, of 10 children in a 
preschool class are: 

Dd, 99, 50, 51, 52, 50, 53, 51, 55, 49 
Find the ® mean ® median © mode 


@ 59 
® 51.5 
© 55 


Of the 16 nurses in Doreen’s department, 12 are 
women and 4 are men. One of the nurses will 
be assigned at random to work an extra shift 
next week. @ Find the probability a woman 
nurse will be assigned the extra shift. © 
Convert the fraction to a decimal. 


Find each unit price and then the better buy. 
Laundry detergent: 64 ounces for $10.99 or 48 
ounces for $8.49 


64 ounces for $10.99 is the better buy 
In the following exercises, simplify. 


36+ 64 


144n2 


12n 


Estimate 54 to between two whole numbers. 


Yanet wants a square patio in her backyard. She 
has 225 square feet of tile. How long can a side 
of the patio be? 


15 feet 


Introduction to Percents 
class = "introduction" Banks provide money for 
savings and charge money for loans. The interest on 
savings and loans is usually given as a percent. 
(credit: Mike Mozart, Flickr) 


When you deposit money in a savings account at a 
bank, it earns additional money. Figuring out how 
your money will grow involves understanding and 
applying concepts of percents. In this chapter, we 
will find out what percents are and how we can use 
them to solve problems. 


Understand Percent 
By the end of this section, you will be able to: 


* Use the definition of percent 
* Convert percents to fractions and decimals 
* Convert decimals and fractions to percents 


Before you get started, take this readiness quiz. 


1. Translate “the ratio of 33 to 5” into an 
algebraic expression. 
If you missed this problem, review [link]. 
. Write 35 as a decimal. 
If you missed this problem, review [link]. 
. Write 0.62 as a fraction. 
If you missed this problem, review [link]. 


Among every 100 community college students, 57 
are female. 


Use the Definition of Percent 


How many cents are in one dollar? There are 100 
cents in a dollar. How many years are in a century? 
There are 100 years in a century. Does this give you 
a clue about what the word “percent” means? It is 


really two words, “per cent,” and means per one 
hundred. A percent is a ratio whose denominator is 
100. We use the percent symbol %, to show percent. 


Percent 
A percent is a ratio whose denominator is 100. 


According to data from the American Association of 
Community Colleges (2015), about 57% of 
community college students are female. This means 
57 out of every 100 community college students are 
female, as [link] shows. Out of the 100 squares on 
the grid, 57 are shaded, which we write as the ratio 
57100. 


Similarly, 25% means a ratio of 25100,3% means a 
ratio of 3100 and 100% means a ratio of 100100. In 
words, "one hundred percent" means the total 100% 
is 100100, and since 100100 =1, we see that 100% 


means 1 whole. 


According to the Public Policy Institute of 
California (2010),44% of parents of public 
school children would like their youngest child 
to earn a graduate degree. Write this percent 
as a ratio. 


Solution 


The amount we want 44% 


tn RnaAnitrart ia AANA 
Ly CYLLVELE LO FT 17s Ue 


Write the percent as a 44100 
ratio. Remember that 
percent means per 100. 


Write the percent as a ratio. 


According to a survey, 89% of college students 
have a smartphone. 


Write the percent as a ratio. 


A study found that 72% of U.S. teens send text 
messages regularly. 


In 2007, according to a U.S. Department of 
Education report, 21 out of every 100 first- 
time freshmen college students at 4-year 
public institutions took at least one remedial 
course. Write this as a ratio and then as a 


percent. 


Solution 


The amount we want 21 out of 100 
to convert is 21 out of 


100. 

Write as-a-ratic. 21100 
Convert the 21 per 100 21% 
to percent. 


Write as a ratio and then as a percent: The 
American Association of Community Colleges 
reported that 62 out of 100 full-time 
community college students balance their 
studies with full-time or part time 
employment. 


62100,62% 


Write as a ratio and then as a percent: In 
response to a student survey, 41 out of 100 
Santa Ana College students expressed a goal of 
earning an Associate's degree or transferring to 
a four-year college. 


41100,41% 


Convert Percents to Fractions and 
Decimals 


Since percents are ratios, they can easily be 
expressed as fractions. Remember that percent 
means per 100, so the denominator of the fraction is 
100. 


Convert a percent to a fraction. 


Write the percent as a ratio with the denominator 
100. Simplify the fraction if possible. 


Convert each percent to a fraction: 


@36% 
®125% 


Solution 


G) 
(a) 


Write as a ratio with 


minatar 1NN 


GCnCMmiiaLoL LuV. 


Simplify. 


a 
wy 


Write as a ratio with 
minatar 1NN 


GCnCmi111a LoL LvuUV-. 


Simplify. 


Convert each percent to a fraction: 


@48% 


®©110% 


Convert each percent to a fraction: 


@64% 
®150% 


The previous example shows that a percent can be 
greater than 1. We saw that 125% means 125100, 
or 54. These are improper fractions, and their values 
are greater than one. 


Convert each percent to a fraction: 


@24.5% 
©3313% 


Solution 


AY 

ar 4 
NA EOA 
aeusu 


Write asaratio with 24.5100 


donominoateor TNN 
ALVALLLLLIULUL LUV. 


Clear the decimal by 24.5(10)100(10) 
multiplying numeratoz 
and denominator by 


1 on. 

Multiply 2451900 
Rewrite showing 5495-200 
eommen-facters 

Simplify. 49200 


© 


2291204 
GSL970 


Write asaratio with 3313100 


denominator TAN 
BLVELLLIELIULUL LUV. 


Write the numerator as 1003100 


imnranar frantin 
or era ae Sd) pS aL Weurern: 


Rewrite as fraction 1003 +1001 
division, replacing 160 


with-1001, 

Multiply by the 1003-1100 
reciprocal. 

Simplify. 13 


Convert each percent to a fraction: 


@64.4% 
©6623% 


@161250 
®23 


Convert each percent to a fraction: 


@42.5% 
®©834% 


@113250 
®780 


In Decimals, we learned how to convert fractions to 
decimals. To convert a percent to a decimal, we first 
convert it to a fraction and then change the fraction 
to a decimal. 


Convert a percent to a decimal. 


Write the percent as a ratio with the denominator 
100. Convert the fraction to a decimal by dividing 
the numerator by the denominator. 


Convert each percent to a decimal: 


@6% 
®©78% 


Solution 


Because we want to change to a decimal, we 
will leave the fractions with denominator 100 
instead of removing common factors. 


(ey) 
YY 


B04, 


wiv 


Write as aratio with 6100 


Annaminatar 1NN 
WALLY ALLL LU 


Change the fraction to 0.06 
a decimal by dividing 

the numerator by the 
denominator. 


a 

Ww 
T7O0A 
ruse 


Write as aratio with 78100 


dnnaminatar 1NN 
MA LIVIlitilL amatlvilt LUV 


Change the fraction to 0.78 
a decimal by dividing 

the numerator by the 
denominator. 


Convert each percent to a decimal: 


@9% 
®©87% 


Convert each percent to a decimal: 


@3% 
®©91% 


@ 0.03 
® 0.91 


Convert each percent to a decimal: 


@135% 
@©12.5% 


Solution 


(ey) 
YY 


abuwvs/vu 


Write asaratio with 135100 


donominoater TNN 
ALVALLLLLIULUL LUV. 


Change the fraction to 1.35 
a decimal by dividing 

the numerator by the 
denominator. 


MW) 
wy 
Laoevsvu 


Write as aratio with 12.5100 


denominator TAN 
BLVELLLELIULUL LUV. 


Change the fraction to 0.125 
a decimal by dividing 

the numerator by the 
denominator. 


Convert each percent to a decimal: 


@115% 
©23.5% 


Convert each percent to a decimal: 


@123% 


©16.8% 


Let's summarize the results from the previous 
examples in [link], and look for a pattern we could 
use to quickly convert a percent number to a 
decimal number. 


Nn... ~ and M2... .1 
©FCLUCIIL MVWULCLILIAL 
04 ANA 

wiv Wersv 
TO04A A "79 
f1wsrvu Vet VW 
19EL04 1T0O0C 
aduvwuvs/v hers 
12.5% 0.125 


Do you see the pattern? 


To convert a percent number to a decimal number, 
we move the decimal point two places to the left 
and remove the % sign. (Sometimes the decimal 
point does not appear in the percent number, but 


just like we can think of the integer 6 as 6.0, we can 
think of 6% as 6.0%.) Notice that we may need to 
add zeros in front of the number when moving the 
decimal to the left. 


[link] uses the percents in [link] and shows visually 
how to convert them to decimals by moving the 
decimal point two places to the left. 


Among a group of business leaders, 77% 
believe that poor math and science education 
in the U.S. will lead to higher unemployment 
rates. 


Convert the percent to: @ a fraction © a 
decimal 


Solution 


@® 
PAG 

Write as aratio with 77100 

denominator 100. 


Ch) 
wy 
TI710NN 
fl hvVvv 


Change the fraction to 0.77 
a decimal by dividing 

the numerator by the 
denominator. 


Convert the percent to: © a fraction and © a 
decimal 


Twitter's share of web traffic jumped 24% 


when one celebrity tweeted live on air. 


Convert the percent to: © a fraction and © a 
decimal 


The U.S. Census estimated that in 2013,44% of 
the population of Boston age 25 or older have 
a bachelor's or higher degrees. 


There are four suits of cards in a deck of cards 
—hearts, diamonds, clubs, and spades. The 
probability of randomly choosing a heart from 
a shuffled deck of cards is 25%. Convert the 


percent to: 


@ a fraction 
® a decimal 


(credit: Riles32807, Wikimedia Commons) 


Solution 


AN 
VY 
9E0A 
ai /U 


Write as aratio with 25100 


LULL 


Simplify. 14 


(hy 1A 
Y ait 


Change the fraction to 0.25 
a decimal by dividing 


the numerator by the 
denominator. 


Convert the percent to: @ a fraction, and © a 
decimal 


The probability that it will rain Monday is 
30%. 


Convert the percent to: @ a fraction, and © a 
decimal 


The probability of getting heads three times 
when tossing a coin three times is 12.5%. 


@12.5100 


®0.125 


Convert Decimals and Fractions to 
Percents 


To convert a decimal to a percent, remember that 
percent means per hundred. If we change the 
decimal to a fraction whose denominator is 100, it is 
easy to change that fraction to a percent. 


Convert a decimal to a percent. 


Write the decimal as a fraction. If the denominator 
of the fraction is not 100, rewrite it as an 
equivalent fraction with denominator 100. Write 
this ratio as a percent. 


Convert each decimal to a percent: ©0.05 
©0.83 


Solution 


ay 
Ne, 
ANE 


ols 


Write as a fraction. The5100 


danaminatanr ia 1 0, 
RAE LAVALLILLIELULEWYE LU 


Write this ratio as a 5% 


percent. 


(A) 
(h) 


The denominator is 
1NN 


twvUVe 


Write this ratio as a 
percent. 


Convert each decimal to a percent: ©0.01 


®©0.17. 


Convert each decimal to a percent: ©0.04 
©0.41 


To convert a mixed number to a percent, we first 
write it as an improper fraction. 


Convert each decimal to a percent: ©1.05 
©0.075 


Solution 


(ey 
VY 


VWAlvita aa a Ffrantian 
VVLLUU Uv U LLULLLULIL. 


Write as an improper 
fraction. The 


dannminatar ica 1NN 
RAE LAVALLE LY LY Ve 


Write this ratio as a 105% 
percent. 


Notice that since 1.05>1, the result is more 
than 100%. 


AY 
fb) 


A ATE 


Vervsl Vv 


Write as a fraction. The751,000 


dAnnaminatar ia 1 NNN 
WBE ALU ALLLLIULY LL LD LU 


Divide the numerator 7.5100 
and denominator by 
10, so that the 


Annaminatar ic 1NN 
WALLY bv LU 


Write this ratio as a 7.5% 
percent. 


Convert each decimal to a percent: @1.75 
©0.0825 


@ 175% 
© 8.25% 


Convert each decimal to a percent: @2.25 
©0.0925 


@ 225% 
© 9.25% 


Let's summarize the results from the previous 
examples in [link] so we can look for a pattern. 


WM ~ 22... 1 Mw... 2 
GFULLCLIL 


away tA 
VevVvy wis/vu 
0.99 220/, 
VevVy wus 
AS 1504 
tdevVvvyv auwvsvu 
0.075 7.9% 


Do you see the pattern? To convert a decimal to a 
percent, we move the decimal point two places to 
the right and then add the percent sign. 


[link] uses the decimal numbers in [link] and shows 
visually to convert them to percents by moving the 
decimal point two places to the right and then 
writing the % sign. 


In Decimals, we learned how to convert fractions to 
decimals. Now we also know how to change 
decimals to percents. So to convert a fraction to a 
percent, we first change it to a decimal and then 
convert that decimal to a percent. 


Convert a fraction to a percent. 


Convert the fraction to a decimal. Convert the 
decimal to a percent. 


Convert each fraction or mixed number to a 
percent: @34 ©118 ©215 


Solution 


To convert a fraction to a decimal, divide the 
numerator by the denominator. 


AY 
Ne, 


NMILULL SEY ty UA ULL. 


Write as a percent by 
moving the decimal 


trarll. ~ena 
ucvv eRe 


iq) 
BRS 


75% 


(A) 


we 


Chanaa ta a danimal 119 
411116 LY UW UcLiiiUL, Liv 


Write as a percent by 
moving the decimal 
trari ow rac 


137.5% 


@ 
Write as animproper 215 


. 
frantian 
SALULLIVIlLe 


Ghaneze-te-a-deeimal;—HE 
Write as a percent. 
2.20, 
220% 


Notice that we needed to add zeros at the end 
of the number when moving the decimal two 
places to the right. 


Convert each fraction or mixed number to a 
percent: @ 58 © 114 © 325 


@ 62.5% 
© 275% 
© 340% 


Convert each fraction or mixed number to a 
percent: @78 ©94 ©135 


@ 87.5% 
© 225% 
© 160% 


Sometimes when changing a fraction to a decimal, 
the division continues for many decimal places and 
we will round off the quotient. The number of 
decimal places we round to will depend on the 
situation. If the decimal involves money, we round 
to the hundredths place. For most other cases in this 
book we will round the number to the nearest 
thousandth, so the percent will be rounded to the 
nearest tenth. 


Convert(o7 fo a percent. 
Solution 


To change a fraction to a decimal, we divide 
the numerator by the denominator. 


C7 
Change to a decimal-- 0.714 
rounding to the nearest 


thaiuicandth 
L1Ly USULLULLILe 


Write as a percent. 71.4% 


Convert the fraction to a percent: 37 


Convert the fraction to a percent: 47 


When we first looked at fractions and decimals, we 
saw that fractions converted to a repeating decimal. 
When we converted the fraction 43 to a decimal, we 
wrote the answer as 1.3°. We will use this same 
notation, as well as fraction notation, when we 
convert fractions to percents in the next example. 


An article in a medical journal claimed that 


approximately 13 of American adults are 
obese. Convert the fraction 13 to a percent. 


Solution 


be 
ig) 


Change to a decimal. 


Write as arepeating 0.333... 
i 1 


aneIima 


Write as a percent. 3313% 


We could also write the percent as 33.3_%. 


Convert the fraction to a percent: 


According to the U.S. Census Bureau, about 19 
of United States housing units have just 1 
bedroom. 


11.1-%,or1119% 


Convert the fraction to a percent: 


According to the U.S. Census Bureau, about 16 


of Colorado residents speak a language other 
than English at home. 


16.6—%,0r1623% 


Key Concepts 
* Convert a percent to a fraction. 


Write the percent as a ratio with the 
denominator 100. Simplify the fraction if 
possible. 


* Convert a percent to a decimal. 


Write the percent as a ratio with the 
denominator 100. Convert the fraction to a 
decimal by dividing the numerator by the 
denominator. 


* Convert a decimal to a percent. 


Write the decimal as a fraction. If the 
denominator of the fraction is not 100, rewrite 
it as an equivalent fraction with denominator 
100. Write this ratio as a percent. 


* Convert a fraction to a percent. 


Convert the fraction to a decimal. Convert the 
decimal to a percent. 


Practice Makes Perfect 
Use the Definition of Percents 


In the following exercises, write each percent as a 
ratio. 


In 2014, the unemployment rate for those with 
only a high school degree was 6.0%. 


6100 


In 2015, among the unemployed, 29% were 
long-term unemployed. 


The unemployment rate for those with 
Bachelor's degrees was 3.2% in 2014. 


321000 


The unemployment rate in Michigan in 2014 
was 7.3%. 


In the following exercises, write as 


@ aratio and 
® a percent 


57 out of 100 nursing candidates received their 
degree at a community college. 


@57100 
®©57% 


80 out of 100 firefighters and law enforcement 
officers were educated at a community college. 


42 out of 100 first-time freshmen students 
attend a community college. 


@42100 
©42% 


71 out of 100 full-time community college 


faculty have a master's degree. 


Convert Percents to Fractions and Decimals 


In the following exercises, convert each percent to a 
fraction and simplify all fractions. 


4% 


125 


8% 


17% 


17100 


19% 


52% 


1325 


78% 


125% 


54 


135% 


37.9% 


38 


42.5% 


18.4% 


23125 


46.4% 


912% 


19200 


812% 


513% 


475 


623% 


In the following exercises, convert each percent to a 
decimal. 


5% 


0.05 


9% 


1% 


0.01 


2% 


63% 


0.63 


71% 


40% 


0.4 


50% 


250% 


21.4% 


0.214 


39.3% 


7.8% 


0.078 


6.4% 


In the following exercises, convert each percent to 


@ a simplified fraction and 
® a decimal 


In 2010,1.5% of home sales had owner 
financing. (Source: Bloomberg Businessweek, 
5/23-29/2011) 


@3200 


®0.015 


In 2000,4.2% of the United States population 
was of Asian descent. (Source: www.census.gov) 


According to government data, in 2013 the 
number of cell phones in India was 70.23% of 
the population. 


@702310,000 
®©0.7023 


According to the U.S. Census Bureau, among 
Americans age 25 or older who had doctorate 
degrees in 2014,37.1% are women. 


A couple plans to have two children. The 
probability they will have two girls is 25%. 


@14 
®0.25 


Javier will choose one digit at random from 0 


through 9. The probability he will choose 3 is 
10%. 


According to the local weather report, the 
probability of thunderstorms in New York City 
on July 15 is 60%. 


@35 
®©0.6 


A club sells 50 tickets to a raffle. Osbaldo 
bought one ticket. The probability he will win 
the raffle is 2%. 


Convert Decimals and Fractions to Percents 


In the following exercises, convert each decimal to a 
percent. 


0.01 


1% 


0.03 


0.18 


18% 


OTS 


1235 


135% 


300% 


0.008 


0.0875 


8.75% 


0.0625 


ABs, 


150% 


2.2 


2.254 


225.4% 


2317 


In the following exercises, convert each fraction to a 
percent. 


14 


25% 


15 


38 


37.5% 


38 


74 


175% 


98 


645 


680% 


514 


912 


41.7% 


1112 


223 


266.6-—% 


123 


a7 


42.9% 


67 


59 


55.6% 


49 


In the following exercises, convert each fraction to a 
percent. 


14 of washing machines needed repair. 


2570 


15 of dishwashers needed repair. 


In the following exercises, convert each fraction to a 
percent. 


According to the National Center for Health 
Statistics, in 2012,720 of American adults were 
obese. 


35% 


The U.S. Census Bureau estimated that in 
2013,85% of Americans lived in the same house 
as they did 1 year before. 


In the following exercises, complete the table. 


Te 248 M.~ 2... 1 i wn ant 
LLACLULUILI MVUCLILIGAL GFULUCLIL 
19 
So) 
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1004 
awusvu 
19 
aw 
A NANG 
VeltIVVUYV 
Tanne nti nae MA 42... 21 N Ana. 22 
ELACLULUVII MVWUCLILIGAL GFULUCLIL 
1A 
ist 
ray ~ 
WertsJvuv 
9904 
alae /U 
92 
ad 
A ANNA 
Versvuvi il 


Everyday Math 


Sales tax Felipa says she has an easy way to 
estimate the sales tax when she makes a 
purchase. The sales tax in her city is 9.05%. She 
knows this is a little less than 10%. 


@ Convert 10% to a fraction. 
© Use your answer from @ to estimate the 
sales tax Felipa would pay on a $95 dress. 


@110 
®approximately $9.50 


Savings Ryan has 25% of each paycheck 
automatically deposited in his savings account. 


@ Write 25% as a fraction. 

® Use your answer from ©@ to find the 
amount that goes to savings from Ryan's 
$2,400 paycheck. 


Amelio is shopping for textbooks online. He 
found three sellers that are offering a book he 
needs for the same price, including shipping. To 
decide which seller to buy from he is comparing 


their customer satisfaction ratings. The ratings 
are given in the chart. 


ec.n11.. NM 42.2. — 
VCLITL ANCLULILES 
A A/C 

rat “TT 

Dp 2E/A 
vy Yes Tt 
C 85% 


Write seller C’s rating as a fraction and a 
decimal. 


1720;0.85 


Write seller B’s rating as a percent and a 
decimal. 


Write seller A’s rating as a percent and a 
decimal. 


80%; 0.8 


Which seller should Amelio buy from and why? 


Writing Exercises 


Convert 25%,50%,75%,and100% to fractions. 
Do you notice a pattern? Explain what the 
pattern is. 


14,12,34,1. 


Convert 110,210,310,410,510,610,710,810, 
and 910 to percents. Do you notice a pattern? 
Explain what the pattern is. 


When the Szetos sold their home, the selling 
price was 500% of what they had paid for the 
house 30 years ago. Explain what 500% means 
in this context. 


The Szetos sold their home for five times what 
they paid 30 years ago. 


According to cnn.com, cell phone use in 2008 
was 600% of what it had been in 2001. Explain 
what 600% means in this context. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 
in your road to success. In math, every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no—I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 


situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


percent 
A perfecnt is a ratio whose denominator is 
100. 


Solve General Applications of Percent 
By the end of this section, you will be able to: 


* Translate and solve basic percent equations 
* Solve applications of percent 
¢ Find percent increase and percent decrease 


Before you get started, take this readiness quiz. 


1. Translate and solve: 34 of x is 24. 

If you missed this problem, review [link]. 
2. Simplify: (4.5)(2.38). 

If you missed this problem, review [link]. 
3. Solve: 3.5=0.7n. 

If you missed this problem, review [link]. 


A 20% tip for an $80 restaurant bill comes out to 
$16. 


Translate and Solve Basic Percent 
Equations 


We will solve percent equations by using the 
methods we used to solve equations with fractions 
or decimals. In the past, you may have solved 
percent problems by setting them up as proportions. 


That was the best method available when you did 
not have the tools of algebra. Now as a prealgebra 
student, you can translate word sentences into 

algebraic equations, and then solve the equations. 


We'll look at a common application of percent—tips 
to a server at a restaurant—to see how to set up a 
basic percent application. 


When Aolani and her friends ate dinner at a 
restaurant, the bill came to $80. They wanted to 
leave a 20% tip. What amount would the tip be? 


To solve this, we want to find what amount is 20% 
of $80. The $80 is called the base. The amount of 
the tip would be 0.20(80), or $16 See . To find 
the amount of the tip, we multiplied the percent by 
the base. 


In the next examples, we will find the amount. We 
must be sure to change the given percent to a 
decimal when we translate the words into an 
equation. 


What number is 35% of 90? 


Solution 


Translate into algebra. 


Let n=the number. 
What number ‘is (35% of 90? 


n = 0.35 ‘ 90 


Multiply. 


31.5 is 35% of 90 


What number is 45% of 80? 


What number is 55% of 60? 


125% of 28 is what number? 


Solution 


Translate into algebra. 

Let a=the number. 
125% of 28 is what number? 
1.95 22 = a 


Multiply. 


ll 
$2 


125% of 28 is 35. 


Remember that a percent over 100 is a number 
greater than 1. We found that 125% of 28 is 
35, which is greater than 28. 


150% of 78 is what number? 


175% of 72 is what number? 


In the next examples, we are asked to find the base. 


PO 


Translate and solve: 36 is 75% of what 
number? 


Solution 


Translate. Let b= the: 


number. 
36 is 75% of what number? 
50 = UTD. D 
Divide both sides by 
0°75: 


36 _ 0.75b 
675-—6:75 


Simplify. 


48 = b 
36 is 75% of 48. 


17 is 25% of what number? 


40 is 62.5% of what number? 


6.5% of what number is $1.17? 


Solution 


Translate. Let b= the 
number. 
6.5% of what number i 
0.005 b 
Divide both sides by 
0.065. 


Simplify. 


6.5% of $18 is $1.17. 


7.5% of what number is $1.95? 


8.5% of what number is $3.06? 


In the next examples, we will solve for the percent. 


What percent of 36 is 9? 


Solution 


Translate into algebra. 


Let p= the percent. 
What percent of 36 is 9? 


-\- 


i QL ra 
P “yp — | 7 
Divide by 36. 
36p_ 9 
25— 36 
Simplify. 
ee 
4 
Convert to decimal 
form. 
p= 025 
Convert to percent. 
P =25% 


25% of 36 is 9. 


What percent of 76 is 57? 


What percent of 120 is 96? 


144 is what percent of 96? 


Solution 


Translate into algebra. 


Let p= the percent. 
144 is, whatpercent of 96? 
= p - 


1AA 
it 


Divide by 96. 


144 _ 96p 


as faa 
yo yu 


Simplify. 


1S = 


n 
r 


Convert to percent. 


150% = p 
144 is 150% of 96. 


110 is what percent of 88? 


126 is what percent of 72? 


Solve Applications of Percent 


Many applications of percent occur in our daily 
lives, such as tips, sales tax, discount, and interest. 


To solve these applications we'll translate to a basic 
percent equation, just like those we solved in the 
previous examples in this section. Once you 
translate the sentence into a percent equation, you 
know how to solve it. 


We will update the strategy we used in our earlier 


applications to include equations now. Notice that 
we will translate a sentence into an equation. 


Solve an application 


Identify what you are asked to find and choose a 
ariable to represent it. Write a sentence that gives 


the information to find it. Translate the sentence 
into an equation. Solve the equation using good 
algebra techniques. Check the answer in the 
problem and make sure it makes sense. Write a 
complete sentence that answers the question. 


Now that we have the strategy to refer to, and have 
practiced solving basic percent equations, we are 
ready to solve percent applications. Be sure to ask 
yourself if your final answer makes sense—since 
many of the applications we'll solve involve 
everyday situations, you can rely on your own 
experience. 


Dezohn and his girlfriend enjoyed a dinner at 
a restaurant, and the bill was $68.50. They 


want to leave an 18% tip. If the tip will be 
18% of the total bill, how much should the tip 
be? 


Solution 


What are you asked to the amount of the tip 
finAd 


LELIUI. 


Choose a variable to Let t= amount of tip. 


nannrnannt it 
SS oN ile 
Write a sentence that The tip is 18% of the 
give the information to total bill. 
find-it. 
Translate the sentence 
into an equation. 

The tip is 18% of $68.50. 

+ = O18 $6850 


Multiply. 


t = 12.33 


Check. Is this answer 
rannannna 1 Pw) 


LeUVVLIUYIL. 


If we approximate the 


bill to $70 and the 
percent to 20%, we 
would have a tip of 
$14. 

So a tip of $12.33 


Vevey LEeUVIV1LI1UYiwve 


Write a complete The couple should 
sentence that answer; leave a tip of $12.33. 
the question. 


Cierra and her sister enjoyed a special dinner 

in a restaurant, and the bill was $81.50. If she 
wants to leave 18% of the total bill as her tip, 
how much should she leave? 


Kimngoc had lunch at her favorite restaurant. 
She wants to leave 15% of the total bill as her 
tip. If her bill was $14.40, how much will she 
leave for the tip? 


$2.16 


The label on Masao's breakfast cereal said that 


one serving of cereal provides 85 milligrams 
(mg) of potassium, which is 2% of the 
recommended daily amount. What is the total 
recommended daily amount of potassium? 


Solution 


What are you asked to the total amount of 
find? potassium 


LeVVLLL LE LIU 


Choose a variable to Let a= total amount of 


. . 
ranracant it natacoa11m 
2eprrvuwiie ic. PY t4vviui. 


Write a sentence that 85 mg is 2% of the 


gives the information total amount. 
find it 


LLLIUE Le 


tn 
w 


Translate the sentence 
into an equation. 
85mg is 2% of a? 
85 = 0M a 


Divide both sides by 
0.02. 
85 — 0.02a 
UUZL UUL 
Simplify 
4,250 = a 


Check: Is this answer 


LeUVVLIUYILe 


Yes. 2% is a small 


percent and 85 isa 
amall nart af A OEN 


VLLIULL PUL YL Tee 


Write a complete The amount of 

sentence that answer; potassium that is 

the question. recommended is 4250 
mg. 


One serving of wheat square cereal has 7 


grams of fiber, which is 29% of the 
recommended daily amount. What is the total 
recommended daily amount of fiber? 


24.1 grams 


One serving of rice cereal has 190 mg of 
sodium, which is 8% of the recommended 
daily amount. What is the total recommended 
daily amount of sodium? 


Mitzi received some gourmet brownies as a 
gift. The wrapper said each brownie was 480 
calories, and had 240 calories of fat. What 
percent of the total calories in each brownie 
comes from fat? 


Solution 


What are you asked to the percent of the total 


findAd ralariac fram fat 
pe OS RULE Eee £iViist LELL 


Choose a variable to Let p= percent from 


. 
ranracant it fat 
2epirvowiie it. LULL 


Write a sentence that What percent of 480 is 


gives the information 240? 
to find it 


mom 
ey LALAXLL Lhe 


Translate the sentence 


into an equation. 
What percent of 480 is 240? 


iM 480 = 240 
Divide both sides by 
480. 
p= 20 
Simplify. 


Convert to percent 
form. 


Check. Is this answer 


LeUVVLIUYIve 


Yes. 240 is half of 480, 


VY VV /YU LELAND VJRLIVIve 


Write a complete Of the total calories in 
sentence that answers each brownie, 50% is 
the question. fat. 


Veronica is planning to make muffins from a 
mix. The package says each muffin will be 230 
calories and 60 calories will be from fat. What 
percent of the total calories is from fat? 
(Round to the nearest whole percent.) 


The brownie mix Ricardo plans to use says 
that each brownie will be 190 calories, and 70 
calories are from fat. What percent of the total 
calories are from fat? 


Find Percent Increase and Percent 
Decrease 


People in the media often talk about how much an 


amount has increased or decreased over a certain 
period of time. They usually express this increase or 
decrease as a percent. 


To find the percent increase, first we find the 
amount of increase, which is the difference between 
the new amount and the original amount. Then we 
find what percent the amount of increase is of the 
original amount. 


Find Percent Increase. 
Step 1. Find the amount of increase. 


* increase =new amount -— original amount 


Step 2. Find the percent increase as a percent of 
the original amount. 


In 2011, the California governor proposed 
raising community college fees from $26 per 
unit to $36 per unit. Find the percent increase. 
(Round to the nearest tenth of a percent.) 


Solution 


What are you asked to the percent increase 
findAd 


LLLinttes 


Choose a variable to Let p= percent. 


. 
ranracant 1+ 
2Ueprrvueiie it. 


Find the amount of 


increase. 
36 - 2 = 10 
new original increase 
Find the percent The increase is what 
increase. percent of the original 


amaiui1ntd 
CALLLWUULLILe 


Translate to an 


equation. 
10 is what percent of 26? 


1m —, _ AL 


iv F ° aU 
Divide both sides by 
26. 

10 _ 26p 

56-26 
Round to the nearest 
thousandth. 


vVevutTr— 


Convert to percent 
form. 


2WAG—n 


Write a complete The new fees represent 
sentence. a 38.4% increase over 
the old fees. 


In 2011, the IRS increased the deductible 
mileage cost to 55.5 cents from 51 cents. Find 
the percent increase. (Round to the nearest 
tenth of a percent.) 


In 1995, the standard bus fare in Chicago was 
$1.50. In 2008, the standard bus fare was 
$2.25. Find the percent increase. (Round to 
the nearest tenth of a percent.) 


Finding the percent decrease is very similar to 
finding the percent increase, but now the amount of 
decrease is the difference between the original 
amount and the final amount. Then we find what 
percent the amount of decrease is of the original 
amount. 


Find percent decrease. 
Find the amount of decrease. 
* decrease = original amount — new amount 


Find the percent decrease as a percent of the 
original amount. 


The average price of a gallon of gas in one city 
in June 2014 was $3.71. The average price in 
that city in July was $3.64. Find the percent 
decrease. 


Solution 


What are you asked to the percent decrease 
AD 


n 
LLLinuti.e 


Choose a variable to Let p= percent. 
nannnannt it 

Bea] Ps een Ble 

Find the amount of 

decrease. 


3.71 - 364 = 0.07 


original new increase 


oo ne es eS ee eT 


CATIIwUsiit GAIEIWUIt 


Find the percent of The decrease is what 
decrease. percent of the original 


amaiuintd 
ULttvuLte. 


Translate to an 
equation. 
0.07, is, what percent, of 3.71: 


non — — “a 
vv = F ° Jel 


Divide both sides by 


3.71. 

0.07 = 3.71p 

Ji J./1 
Round to the nearest 
thousandth. 


10... 
VvVevis—yp 


1 
1 


Convert to percent 


form. 

10% =p 
Write a complete The price of gas 
sentence. decreased 1.9%. 


The population of one city was about 672,000 
in 2010. The population of the city is projected 
to be about 630,000 in 2020. Find the percent 
decrease. (Round to the nearest tenth of a 


percent.) 


Last year Sheila's salary was $42,000. Because 
of furlough days, this year her salary was 
$37,800. Find the percent decrease. (Round to 
the nearest tenth of a percent.) 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Percent Increase and Percent Decrease 
Visualization 


Key Concepts 


* Solve an application. 


Identify what you are asked to find and choose 
a variable to represent it. Write a sentence that 
gives the information to find it. Translate the 
sentence into an equation. Solve the equation 
using good algebra techniques. Write a 
complete sentence that answers the question. 
Check the answer in the problem and make 
sure it makes sense. 


¢ Find percent increase. 
Find the amount of increase: 
increase = new amount — original amount Find 
the percent increase as a percent of the original 
amount. 

¢ Find percent decrease. 
Find the amount of decrease. 
decrease = original amount — new amount Find 


the percent decrease as a percent of the original 
amount. 


Practice Makes Perfect 


Translate and Solve Basic Percent Equations 


In the following exercises, translate and solve. 


What number is 45% of 120? 


34 


What number is 65% of 100? 


What number is 24% of 112? 


26.88 


What number is 36% of 124? 


250% of 65 is what number? 


162-5 


150% of 90 is what number? 


800% of 2,250 is what number? 


18,000 


600% of 1,740 is what number? 


28 is 25% of what number? 


112 


36 is 25% of what number? 


81 is 75% of what number? 


108 


93 is 75% of what number? 


8.2% of what number is $2.87? 


$35 


6.4% of what number is $2.88? 


11.5% of what number is $108.10? 


$940 


12.3% of what number is $92.25? 


What percent of 260 is 78? 


30% 


What percent of 215 is 86? 


What percent of 1,500 is 540? 


36% 


What percent of 1,800 is 846? 


30 is what percent of 20? 


150% 


50 is what percent of 40? 


840 is what percent of 480? 


175% 


790 is what percent of 395? 


Solve Applications of Percents 


In the following exercises, solve the applications of 
percents. 


Geneva treated her parents to dinner at their 
favorite restaurant. The bill was $74.25. She 
wants to leave 16% of the total bill as a tip. 
How much should the tip be? 


$11.88 


When Hiro and his co-workers had lunch at a 
restaurant the bill was $90.50. They want to 
leave 18% of the total bill as a tip. How much 
should the tip be? 


Trong has 12% of each paycheck automatically 
deposited to his savings account. His last 
paycheck was $2,165. How much money was 


deposited to Trong's savings account? 


$259.80 


Cherise deposits 8% of each paycheck into her 
retirement account. Her last paycheck was 
$1,485. How much did Cherise deposit into her 
retirement account? 


One serving of oatmeal has 8 grams of fiber, 
which is 33% of the recommended daily 
amount. What is the total recommended daily 
amount of fiber? 


24.2 grams 


One serving of trail mix has 67 grams of 
carbohydrates, which is 22% of the 
recommended daily amount. What is the total 
recommended daily amount of carbohydrates? 


A bacon cheeseburger at a popular fast food 
restaurant contains 2,070 milligrams (mg) of 
sodium, which is 86% of the recommended 
daily amount. What is the total recommended 
daily amount of sodium? 


2,407 grams 


A grilled chicken salad at a popular fast food 
restaurant contains 650 milligrams (mg) of 
sodium, which is 27% of the recommended 
daily amount. What is the total recommended 
daily amount of sodium? 


The nutrition fact sheet at a fast food restaurant 
says the fish sandwich has 380 calories, and 
171 calories are from fat. What percent of the 
total calories is from fat? 


45% 


The nutrition fact sheet at a fast food restaurant 
says a small portion of chicken nuggets has 190 
calories, and 114 calories are from fat. What 
percent of the total calories is from fat? 


Emma gets paid $3,000 per month. She pays 
$750 a month for rent. What percent of her 
monthly pay goes to rent? 


25% 


Dimple gets paid $3,200 per month. She pays 
$960 a month for rent. What percent of her 
monthly pay goes to rent? 


Find Percent Increase and Percent Decrease 


In the following exercises, find the percent increase 
or percent decrease. 


Tamanika got a raise in her hourly pay, from 
$15.50 to $17.55. Find the percent increase. 


13.2% 


Ayodele got a raise in her hourly pay, from 
$24.50 to $25.48. Find the percent increase. 


Annual student fees at the University of 
California rose from about $4,000 in 2000 to 
about $9,000 in 2014. Find the percent 
increase. 


125% 


The price of a share of one stock rose from 
$12.50 to $50. Find the percent increase. 


According to Time magazine (7/19/2011) 
annual global seafood consumption rose from 
22 pounds per person in 1960 to 38 pounds per 
person today. Find the percent increase. (Round 
to the nearest tenth of a percent.) 


72.7% 


In one month, the median home price in the 
Northeast rose from $225,400 to $241,500. 
Find the percent increase. (Round to the nearest 
tenth of a percent.) 


A grocery store reduced the price of a loaf of 
bread from $2.80 to $2.73. Find the percent 
decrease. 


2.9% 


The price of a share of one stock fell from $8.75 
to $8.54. Find the percent decrease. 


Hernando's salary was $49,500 last year. This 
year his salary was cut to $44,055. Find the 
percent decrease. 


11% 


From 2000 to 2010, the population of Detroit 
fell from about 951,000 to about 714,000. Find 
the percent decrease. (Round to the nearest 
tenth of a percent.) 


In one month, the median home price in the 
West fell from $203,400 to $192,300. Find the 
percent decrease. (Round to the nearest tenth of 
a percent.) 


5.040 


Sales of video games and consoles fell from 
$1,150 million to $1,030 million in one year. 
Find the percent decrease. (Round to the 
nearest tenth of a percent.) 


Everyday Math 


Tipping At the campus coffee cart, a medium 
coffee costs $1.65. MaryAnne brings $2.00 with 
her when she buys a cup of coffee and leaves 
the change as a tip. What percent tip does she 
leave? 


21.2% 


Late Fees Alison was late paying her credit 
card bill of $249. She was charged a 5% late 
fee. What was the amount of the late fee? 


Writing Exercises 


Without solving the problem “44 is 80% of 
what number”, think about what the solution 
might be. Should it be a number that is greater 
than 44 or less than 44? Explain your 
reasoning. 


The original number should be greater than 
44.80% is less than 100%, so when 80% is 
converted to a decimal and multiplied to the 
base in the percent equation, the resulting 
amount of 44 is less. 44 is only the larger 
number in cases where the percent is greater 
than 100%. 


Without solving the problem “What is 20% of 
300?” think about what the solution might be. 
Should it be a number that is greater than 300 
or less than 300? Explain your reasoning. 


After returning from vacation, Alex said he 
should have packed 50% fewer shorts and 
200% more shirts. Explain what Alex meant. 


Alex should have packed half as many shorts 
and twice as many shirts. 


Because of road construction in one city, 
commuters were advised to plan their Monday 
morning commute to take 150% of their usual 
commuting time. Explain what this means. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Glossary 


percent increase 
The percent increase is the percent the 
amount of increase is of the original amount. 


percent decrease 
The percent decrease is the percent the 
amount of decrease is of the original amount. 


Solve Sales Tax, Commission, and Discount 
Applications 
By the end of this section, you will be able to: 


* Solve sales tax applications 
* Solve commission applications 


* Solve discount applications 
* Solve mark-up applications 


Before you get started, take this readiness quiz. 


1. Solve 0.0875(720) through multiplication. 


If you missed this problem, review [link]. 
2. Solve 12.96 + 0.04 through division. 
If you missed this problem, review [link]. 


The sales tax is calculated as a percent of the 
purchase price. 


Solve Sales Tax Applications 


Sales tax and commissions are applications of 
percent in our everyday lives. To solve these 
applications, we will follow the same strategy we 
used in the section on decimal operations. We show 
it again here for easy reference. 


Solve an application 


Identify what you are asked to find and choose a 
variable to represent it. Write a sentence that gives 


the information to find it. Translate the sentence 
into an equation. Solve the equation using good 
algebra techniques. Check the answer in the 
problem and make sure it makes sense. Write a 
complete sentence that answers the question. 


Remember that whatever the application, once we 
write the sentence with the given information (Step 
2), we can translate it to a percent equation and 
then solve it. 


Do you pay a tax when you shop in your city or 
state? In many parts of the United States, sales tax is 
added to the purchase price of an item. See [link]. 
The sales tax is determined by computing a percent 
of the purchase price. 


To find the sales tax multiply the purchase price by 
the sales tax rate. Remember to convert the sales tax 
rate from a percent to a decimal number. Once the 
sales tax is calculated, it is added to the purchase 
price. The result is the total cost—this is what the 
customer pays. 


Sales Tax 

The sales tax is a percent of the purchase price. 
Sales Tax = Tax Rate-Purchase PriceTotal 

Cost = Purchase Price + Sales Tax 


Cathy bought a bicycle in Washington, where 
the sales tax rate was 6.5% of the purchase 
price. What was 


@ the sales tax and 
® the total cost of a bicycle if the purchase 
price of the bicycle was $392? 


Solution 


(ey) 
Y 


Identify what you are. What is the sales tax? 
LAA ta find 


ana 
UAVIAAY EL LY LidLittie 


Choose a variable to Let t= sales tax. 


. 
ranranannt 1+ 
PEPLCvVErie ite 


Write a sentence that The sales tax is 6.5% of 
gives the information the purchase price. 


tan find it 
Lu Lites ite 


Translate into an 


equation. (Remember 

the $392 
to The sales tax is 6.5% of purchase price. 
tn ; — : : ; 


Simplify. 


- an6s 209 
—y ~ ea 


+ — 96 AO 


Check: Is this answer 


LUEQDVULIUU LE 


Yes, pecaeee the sales 
tax amount is less than 


10% of the purchase 


. 
nrIiANn 
Pt Levee 


Write a complete 


sentence that answers 


the question. 


RY 


Y 


Identify what you are: 


aalznd ta fin 
CAAIIALU LY LIlitle 


Choose a variable to 


ranraannt it 
a pt Revert it. 


Write a sentence that 


gives the information 
tran find it 


Ly LALILV Le 


Translate into an 


The sales tax is $25.48. 


What is the total cost 


hi evel oe? 
a 


tha 
oi Lit Vit. 


Let c= total cost of 
hi evela, 


Wit, Ah 


The total cost is the 
purchase price plus the 


ealna taw 
VU. LUA. 


equation. 
The total 
cost is $392 plus $25.48 
c = 32 + 25.48 
Simplify. 


-»_— A17 AQ 


Check: Is this answer 


LUEGQUDVULIUY Le 


Yes, eee the tota: 


cost is a little more 
than the purchase 


rnrIAN 


Write a complete The total cost of the 
sentence that answer; bicycle is $417.48. 
the question. 


Find @ the sales tax and © the total cost: 
Alexandra bought a television set for $724 in 
Boston, where the sales tax rate was 6.25% of 
the purchase price. 


@ $45.25 
© $769.25 


Find @ the sales tax and © the total cost: Kim 
bought a winter coat for $250 in St. Louis, 
where the sales tax rate was 8.2% of the 


purchase price. 


@ $20.50 
© $270.50 


Evelyn bought a new smartphone for $499 

plus tax. She was surprised when she got the 
receipt and saw that the tax was $42.42. What 
was the sales tax rate for this purchase? 


Solution 


Identify what you are: 


Lad ta find 


ana 
CAVAAY LL LY LELiite 


Choose a variable to 


. 
rannranannt 1+ 
PUEpPtCverie ite 


Write a sentence that 
gives the information 


tra Find it 
Lu Liss 1te 


Translate into an 


equation. 
the $499 
What percent of 


499 = 


Divide. 


price is 


What is the sales tax 


ratnd 
LUI. 


Let r= sales tax. 


What percent of the 
price is the sales tax? 


the $42.42 
tax? 


42.42 


499r _ 42.42 
499 499 


Simplify. 


-~— manor 


Check. Is this answer 
rannanna 1 Pew) 


Yes, because 8.5% is 
close to 10%. 
10% of $500 is $50, 


which is close to 
¢ AYN AD 


Tato T aule 


Write a complete The sales tax rate is 
sentence that answer; 8.5%. 
the question. 


Diego bought a new car for $26,525. He was 
surprised that the dealer then added 
$2,387.25. What was the sales tax rate for this 


purchase? 


What is the sales tax rate if a $7,594 purchase 
will have $569.55 of sales tax added to it? 


Solve Commission Applications 


Sales people often receive a commission, or percent 
of total sales, for their sales. Their income may be 
just the commission they earn, or it may be their 
commission added to their hourly wages or salary. 
The commission they earn is calculated as a certain 
percent of the price of each item they sell. That 
percent is called the rate of commission. 


Commission 
A commission is a percentage of total sales as 


determined by the rate of commission. 
commission = rate of commission-total sales 


To find the commission on a sale, multiply the rate 


of commission by the total sales. Just as we did for 
computing sales tax, remember to first convert the 
rate of commission from a percent to a decimal. 


Helene is a realtor. She receives 3% 


commission when she sells a house. How much 
commission will she receive for selling a house 
that costs $260,000? 


Solution 


Identify what you are. What is the 


° . . 
aalznd ta fin PAmmiacinnyd 
CAAVIJIALU LY LIlitle REVI iVile 


Choose a variable to Let c= the 


. . . 
ranroaannt 1+ ePAmmiaann 
PEP rverie 1. RU LLL LV die 


Write a sentence that The commission is 3% 
gives the information of the price. 


tran Find it 
Ly Litt ite 


Translate into an 


equation. 
the $260,000 
The commission is, 3% of _ price, _ 


= 


= UUS. Z6U ,UUU 


Simplify. 


~— 70nn 
c 


= rou 


Change to percent 
form. 


~— 2 &07 


Check. Is this answer 


wananannahlad 
LeUVVLIUYIve 


Yes. 1% of $260,000 is 
$2,600, and $7,800 is 


thean timac C9 ENN 


LLALUY LLY Wegvvve 


Write a complete Helene will receive a 
sentence that answer; commission of $7,800. 
the question. 


Bob is a travel agent. He receives 7% 
commission when he books a cruise for a 
customer. How much commission will he 
receive for booking a $3,900 cruise? 


Fernando receives 18% commission when he 


makes a computer sale. How much 
commission will he receive for selling a 
computer for $2,190? 


$394.20 


Rikki earned $87 commission when she sold a 
$1,450 stove. What rate of commission did she 
get? 


Solution 


Identify what you are. What is the rate of 


° . . 
aalznd ta find rPaAmMmmiacinanyd 
CAVAAY LL LY LILiite ReV LALLLILIVILIVile 


Choose a variable to Let r= the rate of 


. . . 
nrannroaannt 1+ PAmM!~mNmiIacatnnNn 
eed eee RevVeLLt Lhe eV LALLLLLIVILVile 


Write a sentence that The commission is 
gives the information what percent of the 
tn finda at aalnd 


Translate into an 
equation. 


The $87 the $1450 


commission is whatpercent of sale? 
TT 1450 
Divide. 
87 _ 1450r 
1450 1450 
Simplify. 


Nn = 


Change to percent 
form. 


~— £07 


Check if this answer is 


wraaannoahla 
LeUVVLIUYLwve 


Yes. A 10% 
commission would 
have been $145. 
The 6% commission, 


$87, is a little more 
than half af that 


UCLLULEEL LLULEE VW LELULe 


Write a complete The commission was 
sentence that answer 6% of the price of the 
the question. stove. 


Homer received $1,140 commission when he 
sold a car for $28,500. What rate of 


commission did he get? 


Bernice earned $451 commission when she 
sold an $8,200 living room set. What rate of 


commission did she get? 


Applications of discounts are common in everyday 
life. (credit: Charleston's TheDigitel, Flickr) 


Solve Discount Applications 


Applications of discount are very common in retail 
settings [link]. When you buy an item on sale, the 
original price of the item has been reduced by 
some dollar amount. The discount rate, usually 
given as a percent, is used to determine the amount 
of the discount. To determine the amount of 
discount, we multiply the discount rate by the 
original price. We summarize the discount model in 
the box below. 


Discount 

An amount of discount is a percent off the original 
price. 

amount of discount = discount rate-original 
pricesale price = original price — discount 


The sale price should always be less than the 
original price. In some cases, the amount of discount 
is a fixed dollar amount. Then we just find the sale 
price by subtracting the amount of discount from 
the original price. 


Jason bought a pair of sunglasses that were on 
sale for $10 off. The original price of the 


sunglasses was $39. What was the sale price of 


the sunglasses? 


Solution 


Identify what you are: 


asked tan find 


MU REL LY LELiite 


Choose a variable to 


ranrocant it 
bepirowiie HH 


Write a sentence that 


gives the information 
tan find it 


ew LALAXLL Lhe 


Translate into an 
equation. 


The sale 
price is 


Simplify. 


the original 
$39 price 


= 39 


~— 20 


Check if this answer is 


raanannoahla 
LeUVVLLUYLwve 


Yes. The sale price, 
$29, is less than the 


Vit Hiss privy, yure 


Write a complete 


minus 


What is the sale price? 
Let s= the sale price. 


The sale price is the 
original price minus 


. 
tha diananuint 
Ube ULC UULLE. 


the $10 
discount. 


10 


The sale price of the 


sentence that answer; sunglasses was $29. 
the question. 


Marta bought a dishwasher that was on sale 
for $75 off. The original price of the 
dishwasher was $525. What was the sale price 
of the dishwasher? 


Orlando bought a pair of shoes that was on 
sale for $30 off. The original price of the shoes 
was $112. What was the sale price of the 
shoes? 


In [link], the amount of discount was a set amount, 


$10. In [link] the discount is given as a percent of 
the original price. 


Elise bought a dress that was discounted 35% 


off of the original price of $140. What was @ 
the amount of discount and © the sale price of 
the dress? 


Solution 


@ Before beginning, you may find it helpful to 
organize the information in a list. 

Original price = $140 

Discount rate = 35% 

Amount of discount = ? 


Identify what you are’ What is the amount of 


aalznd ta find Aiananwint 
UvAACU LY 1111U. ULCUULLL. 


Choose a variable to Let d= the amount of 


. . 
nranroaannt 1+ AiananwiHnt 
PUEPLCvVerie 1c. UMLCUULLL. 


Write a sentence that The discount is 35% of 
gives the information the original price. 


tran find it 
Lu Lites Lee 


Translate into an 
equation. 

The discount is 
= = 0.35 
Simplify. 


Check if this answer is 


LeUVVLLIUYLwve 


Yes. A $49 discount is 
reasonable for a $140 


dAracec 
UULeVVe 


Write a complete 
sentence that answer; 
the question. 


® 
Original price = $140 


the $140 
35% of original price. 


140) 


The amount of 
discount was $49. 


Amount of discount = $49 


Sale price = ? 


Identify what you are: 
aalznd ta find 


CAVAAY LE LY LELiite 


Choose a variable to 


ranraacannt it 
i pt RevVLILE Le 


Write a sentence that 
gives the information 


What is the sale price 


af tha Arancacd 


Wh LLLY ULOVUVs 


Let s= the sale price. 


The sale price is the 
original price minus 


ta find it tha diacnaiuint 


ctw LALAXLL Lhe ELS ULI V ELLs 


Translate into an 


equation. 
the $49 
The sale price is the $140 minus discount. 


5 a 140 -- 49 
Simplify. 


o— M1 


Check if this answer is 


ReUVV LIU Yiwve 


a The sale price, 
$91, is less than the 


ariainoal orice ¢1 TAN 
VELHlties pstery, YWriive 


Write a complete The sale price of the 
sentence that answer; dress was $91. 
the question. 


Find @ the amount of discount and © the sale 
price: Sergio bought a belt that was discounted 
40% from an original price of $29. 


@ $11.60 
© $17.40 


Find @ the amount of discount and © the sale 
price: Oscar bought a barbecue grill that was 
discounted 65% from an original price of 
$395. 


@ $256.75 
® $138.25 


There may be times when you buy something on 
sale and want to know the discount rate. The next 
example will show this case. 


Jeannette bought a swimsuit at a sale price of 


$13.95. The original price of the swimsuit was 
$31. Find the ® amount of discount and © 
discount rate. 


Solution 


@ Before beginning, you may find it helpful to 
organize the information in a list. 
Original price = $31 


Amount of discount = 


Sale price = $13.95 


Identify what you are: 
aclrod ta find 


CAVAAY UL LY LELiitle 


Choose a variable to 


. 
ranracant 1t 
2eprrvoriie it. 


Write a sentence that 


gives the information 
find it 


LLLAUL Le 


Translate into an 
equation. 


tn 
w 


the $31 


2 


What is the amount of 


. 
dianauntd 
UML CUULLL. 


Let d= the amount of 


. 
dianawunt 
UML CUULLIL. 


The discount is the 
original price minus 


tha calla anrina 
lane DULY price. 


the $13.95 


The discount is Original price minus sale price. 


31 4 


Simplify. ; 


4a 1706 


Check if this answer is 


wraanannoahla 
LOEUVVLIUWVIve 


Yes. The $17.05 
discount is less than 


tha aviainal avrinn 
Utte Y11H111UL prices. 


Write a complete 


sentence that answer: 


the question. 


15.95 


The amount of 
discount was $17.05. 


© Before beginning, you may find it helpful to 


organize the information in a list. 
Original price = $31 

Amount of discount = $17.05 
Discount rate = ? 


Identify what you are: 
aeclrod ta find 


CAVAAY LL LY LILiite 


Choose a variable to 


. 
ranracant it 
2eprrvowiie ic. 


Write a sentence that 


gives the information 
find it 


n 
LALLA Le 


Translate into an 


tn 
w 


equation. 
The discount 
_ of $17.05 is whatpercent of 
— ; 7 
Divide. 
17.05 _ r(31) 
31 ~—s 31 
Simplify. 


acc. 


Check if this answer is 


wraanannoahla 
LOEUVVLIUVIve 


The rate of discount 


was a little more than 


What is the discount 


ratad 
LBUlWe 


Let r= the discount 


rata 
LU'lWe 


The discount is what 
percent of the original 


. 
mrrti rad 
pair. 


the $31 
original price. 
31 


50% and the amount of 


discount is a little more 
than half of ¢31, 


SLULEL LULL 


Write a complete The rate of discount 
sentence that answers was 55%. 
the question. 


Find © the amount of discount and © the 
discount rate: Lena bought a kitchen table at 
the sale price of $375.20. The original price of 
the table was $560. 


@ $184.80 
® 33% 


Find © the amount of discount and © the 
discount rate: Nick bought a multi-room air 
conditioner at a sale price of $340. The 
original price of the air conditioner was $400. 


@ $60 
® 15% 


Solve Mark-up Applications 


Applications of mark-up are very common in retail 
settings. The price a retailer pays for an item is 
called the wholesale price. The retailer then adds a 
mark-up to the wholesale price to get the list price, 
the price he sells the item for. The mark-up is 
usually calculated as a percent of the wholesale 
price. The percent is called the mark-up rate. To 
determine the amount of mark-up, multiply the 
mark-up rate by the wholesale price. We summarize 
the mark-up model in the box below. 


Mark-up 
The mark-up is the amount added to the wholesale 


price. 
amount of mark-up = mark-up rate-wholesale 
pricelist price = wholesale price + mark up 


The list price should always be more than the 
wholesale price. 


Adam's art gallery bought a photograph at the 


wholesale price of $250. Adam marked the 
price up 40%. Find the @ amount of mark-up 
and © the list price of the photograph. 


Solution 


Aa) 
Ne, 


Identify what you are. What is the amount of 


aalznd ta find marl, und 


CAIJIALU LY LIlitte Tia an upe 


Choose a variable to Let m= the amount of 


ranraacnnt it nach marl: aun 
beprrveiit it wuciL Tat up. 


Write a sentence that The mark-up is 40% of 
gives the information the wholesale price. 
ta find it 


Translate into an 
equation. 
the $250 


Themore: up is 40% of wholesale price. 


= 040. ~~ 250 
Simplify. 


= — 11M 


Check if this answer is 


ReUVV LIU Yiwve 


oon The markup rate is 
less than 50% and 
$100 is less than half 


of c950, 


Write a complete The mark-up on the 
sentence that answer; photograph was $100. 
the question. 


(A) 


ri 


Identify what you are. What is the list price? 


aelzod ta find 
UvIACU LY 1111U1. 


Choose a variable to Let p= the list price. 


ranroacant it 
pepiroriie HH 


Write a sentence that The list price is the 
gives the information wholesale price plus 


ta find it tha marl, un 
cw LALIXLL Lhe 1S Oe © © SS oe SS e/9 


Translate into an 


equation. 
the $250 the $100 
The list price is wholesale price plus mark-up. 
P = 250 + 100 
Simplify. 


—~— 2£n 


Check if this answer is 


LeUVVLLIUYLlwve 


Yes. The list price, 
$350, is more than the 


vathalacala nrina COEN 
VV ELV LEVEULYS PLL, Yor 


Write a complete The list price of the 
sentence that answer; photograph was $350. 
the question. 


Jim's music store bought a guitar at wholesale 
price $1,200. Jim marked the price up 50%. 
Find the @ amount of mark-up and © the list 
price. 


The Auto Resale Store bought Pablo's Toyota 
for $8,500. They marked the price up 35%. 
Find the @ amount of mark-up and © the list 
price. 


@ $2,975 
® $11,475 


Key Concepts 


* Sales Tax The sales tax is a percent of the 
purchase price. 


© sales tax= tax rate-purchase price 
© total cost = purchase price + sales tax 


* Commission A commission is a percentage of 
total sales as determined by the rate of 
commission. 


© commission=rate of commission-original 
price 


* Discount An amount of discount is a percent 
off the original price, determined by the 
discount rate. 


© amount of discount = discount rate-original 
price 
© sale price = original price —discount 


¢ Mark-up The mark-up is the amount added to 
the wholesale price, determined by the mark- 
up rate. 
© amount of mark-up = mark-up rate 


wholesale price 
© list price = wholesale price + mark up 


Practice Makes Perfect 
Solve Sales Tax Applications 


In the following exercises, find @ the sales tax and 
® the total cost. 


The cost of a pair of boots was $84. The sales 
tax rate is 5% of the purchase price. 


@ $4.20 
® $$88.20 


The cost of a refrigerator was $1,242. The sales 
tax rate is 8% of the purchase price. 


The cost of a microwave oven was $129. The 


sales tax rate is 7.5% of the purchase price. 


@ $9.68 
® $138.68 


The cost of a tablet computer is $350. The sales 
tax rate is 8.5% of the purchase price. 


The cost of a file cabinet is $250. The sales tax 
rate is 6.85% of the purchase price. 


@ $17.13 
© $267.13 


The cost of a luggage set $400. The sales tax 
rate is 5.75% of the purchase price. 


The cost of a 6 -drawer dresser $1,199. The 
sales tax rate is 5.125% of the purchase price. 


@ $61.45 
© $1,260.45 


The cost of a sofa is $1,350. The sales tax rate is 
4.225% of the purchase price. 


In the following exercises, find the sales tax rate. 


Shawna bought a mixer for $300. The sales tax 
on the purchase was $19.50. 


6.5% 


Orphia bought a coffee table for $400. The sales 
tax on the purchase was $38. 


Bopha bought a bedroom set for $3,600. The 
sales tax on the purchase was $246.60. 


6.85% 


Ruth bought a washer and dryer set for $2,100. 
The sales tax on the purchase was $152.25. 


Solve Commission Applications 


In the following exercises, find the commission. 


Christopher sold his dinette set for $225 


through an online site, which charged him 9% 
of the selling price as commission. How much 
was the commission? 


$20.25 


Michele rented a booth at a craft fair, which 
charged her 8% commission on her sales. One 
day her total sales were $193. How much was 
the commission? 


Farrah works in a jewelry store and receives 
12% commission when she makes a sale. How 
much commission will she receive for selling a 
$8,125 ring? 


$975 


Jamal works at a car dealership and receives 
9% commission when he sells a car. How much 
commission will he receive for selling a 
$32,575 car? 


Hector receives 17.5% commission when he 
sells an insurance policy. How much 
commission will he receive for selling a policy 


for $4,910? 


$859.25 


Denise receives 10.5% commission when she 
books a tour at the travel agency. How much 
commission will she receive for booking a tour 
with total cost $7,420? 


In the following exercises, find the rate of 
commission. 


Dontay is a realtor and earned $11,250 
commission on the sale of a $375,000 house. 
What is his rate of commission? 


3% 


Nevaeh is a cruise specialist and earned $364 
commission after booking a cruise that cost 
$5,200. What is her rate of commission? 


As a waitress, Emily earned $420 in tips on 
sales of $2,625 last Saturday night. What was 
her rate of commission? 


16% 


Alejandra earned $1,393.74 commission on 
weekly sales of $15,486 as a salesperson at the 
computer store. What is her rate of 
commission? 


Maureen earned $7,052.50 commission when 
she sold a $45,500 car. What was the rate of 
commission? 


15.5% 


Lucas earned $4,487.50 commission when he 
brought a $35,900 job to his office. What was 
the rate of commission? 


Solve Discount Applications 


In the following exercises, find the sale price. 


Perla bought a cellphone that was on sale for 
$50 off. The original price of the cellphone was 
$189. 


$139 


Sophie saw a dress she liked on sale for $15 off. 
The original price of the dress was $96. 


$81 


Rick wants to buy a tool set with original price 
$165. Next week the tool set will be on sale for 
40% off. 


$125 


Angelo's store is having a sale on TV sets. One 
set, with an original price of $859, is selling for 
$125 off. 


In the following exercises, find @ the amount of 
discount and © the sale price. 


Janelle bought a beach chair on sale at 60% off. 
The original price was $44.95 


@ $26.97 
® $17.98 


Errol bought a skateboard helmet on sale at 


40% off. The original price was $49.95. 


Kathy wants to buy a camera that lists for $389. 
The camera is on sale with a 33% discount. 


@ $128.37 
® $260.63 


Colleen bought a suit that was discounted 25% 
from an original price of $245. 


Erys bought a treadmill on sale at 35% off. The 
original price was $949.95. 


@ $332.48 
® $617.50 


Jay bought a guitar on sale at 45% off. The 
original price was $514.75. 


In the following exercises, find @ the amount of 
discount and © the discount rate. (Round to the 
nearest tenth of a percent if needed.) 


Larry and Donna bought a sofa at the sale price 
of $1,344. The original price of the sofa was 
$1,920. 


@ $576 
® 30% 


Hiroshi bought a lawnmower at the sale price 
of $240. The original price of the lawnmower is 
$300. 


Patty bought a baby stroller on sale for 
$301.75. The original price of the stroller was 
$355. 


@ $53.25 
® 15% 


Bill found a book he wanted on sale for $20.80. 
The original price of the book was $32. 


Nikki bought a patio set on sale for $480. The 
original price was $850. 


@ $370 
® 43.5% 


Stella bought a dinette set on sale for $725. The 
original price was $1,299. 


Solve Mark-up Applications 


In the following exercises, find @ the amount of the 
mark-up and © the list price. 


Daria bought a bracelet at wholesale cost $16 
to sell in her handicraft store. She marked the 
price up 45%. 


@ $7.20 
© $23.20 


Regina bought a handmade quilt at wholesale 
cost $120 to sell in her quilt store. She marked 
the price up 55%. 


Tom paid $0.60 a pound for tomatoes to sell at 
his produce store. He added a 33% mark-up. 


@ $0.20 
® 44.2% 


Flora paid her supplier $0.74 a stem for roses to 
sell at her flower shop. She added an 85% 
mark-up. 


Alan bought a used bicycle for $115. After re- 
conditioning it, he added 225% mark-up and 
then advertised it for sale. 


@ $258.75 
® $373.75 


Michael bought a classic car for $8,500. He 
restored it, then added 150% mark-up before 
advertising it for sale. 


Everyday Math 


Coupons Yvonne can use two coupons for the 
same purchase at her favorite department store. 
One coupon gives her $20 off and the other 
gives her 25% off. She wants to buy a 


bedspread that sells for $195. 


@) Calculate the discount price if Yvonne 
uses the $20 coupon first and then takes 25% 
off. 

® Calculate the discount price if Yvonne 
uses the 25% off coupon first and then uses 
the 20% coupon. 

© In which order should Yvonne use the 
coupons? 


@ $131.25 
® $126.25 
© 25% off first, then $20 off 


Cash Back Jason can buy a bag of dog food for 
$35 at two different stores. One store offers 6% 
cash back on the purchase plus $5 off his next 

purchase. The other store offers 20% cash back. 


@ Calculate the total savings from the first 
store, including the savings on the next 
purchase. 

® Calculate the total savings from the 
second store. 

© Which store should Jason buy the dog 
food from? Why? 


Writing Exercises 


Priam bought a jacket that was on sale for 40% 
off. The original price of the jacket was $150. 
While the sales clerk figured the price by 
calculating the amount of discount and then 
subtracting that amount from $150, Priam 
found the price faster by calculating 60% of 
$150. 


@ Explain why Priam was correct. 
© Will Priam's method work for any original 
price? 


@) Priam is correct. The original price is 
100%. Since the discount rate was 40%, the 
sale price was 60% of the original price. 

® Yes. 


Roxy bought a scarf on sale for 50% off. The 
original price of the scarf was $32.90. Roxy 
claimed that the price she paid for the scarf was 
the same as the amount she saved. Was Roxy 
correct? Explain. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Glossary 


commission 
A commission is a percentage of total sales as 
determined by the rate of commission. 


discount 
An amount of discount is a percent off the 
original price, determined by the discount 
rate. 


mark-up 
The mark-up is the amount added to the 
wholesale price, determined by the mark-up 
rate. 


sales tax 
The sales tax is a percent of the purchase 
price. 


Solve Simple Interest Applications 
By the end of this section, you will be able to: 


* Use the simple interest formula 
* Solve simple interest applications 


Before you get started, take this readiness quiz. 


1. Solve 0.6y = 45. 


If you missed this problem, review [link]. 
2. Solve n1.45= 4.6. 
If you missed this problem, review [link]. 


Use the Simple Interest Formula 


Do you know that banks pay you to let them keep 
your money? The money you put in the bank is 
called the principal, P, and the bank pays you 
interest, I. The interest is computed as a certain 
percent of the principal; called the rate of interest, 
r. The rate of interest is usually expressed as a 
percent per year, and is calculated by using the 
decimal equivalent of the percent. The variable for 
time, t, represents the number of years the money is 


left in the account. 


Simple Interest 

If an amount of money, P, the principal, is invested 
for a period of t years at an annual interest rate r, 
the amount of interest, I, earned is 


I =interestP = principalr = ratet = time 
Interest earned according to this formula is called 
simple interest. 


The formula we use to calculate simple interest is 
I=Prt. To use the simple interest formula we 
substitute in the values for variables that are given, 
and then solve for the unknown variable. It may be 
helpful to organize the information by listing all 
four variables and filling in the given information. 


Find the simple interest earned after 3 years 
on $500 at an interest rate of 6%. 


Solution 


Organize the given information in a list. 


I= ?P=$500r = 6%t = 3 years 


We will use the simple interest formula to find 


the interest. 


Wirita tha farmiuiloa 
ZULU LLL 2U1L111ULU. 


Substitute the given 
information. 


Remember to write the 


percent in decimal 


Farm 
LULiite 


Cimn~nlifrx, 


Urltipiiny. 


Check your answer. Is 
$90 a reasonable 


interest seat on 


i 3 eee ne money 
earned 18%. If we 
rounded to 20%, the 
interest would have 
been 500(0.20) or 
$100. Yes, $90 is 


MODCOm ahla 
LeUVVLLUYLwve 


Write a complete 
sentence that answer; 


= eee 06)(3) 


b= 
l| 

\D 

>) 


The simple interest is 
$90. 


the question. 


Find the simple interest earned after 4 years 
on $800 at an interest rate of 5%. 


Find the simple interest earned after 2 years 
on $700 at an interest rate of 4%. 


In the next example, we will use the simple interest 
formula to find the principal. 


Find the principal invested if $178 interest was 
earned in 2 years at an interest rate of 4%. 


Solution 
Organize the given information in a list. 
I= $178P = ?r=4%t=2 years 


We will use the simple interest formula to find 
the principal. 


VWAleita tha farmiula T— Det 
VVELLLWY LLIW LULIILULU. x TLoee 


Substitute the given 178=P(0.04)(2) 


2 ie ° 
intarmoatinn 
ALILULILIULLUILe 


Niivrada 
wiviur. 


Cimntlifr 


ee Pa / . 


Check your answer. Is 
it reasonable that 
$2,225 would earn 


¢€1790 in 9 waAnrad 


wary tate yur. 


Write a complete The principal is 
sentence that answers $2,225. 
the question. 


Find the principal invested if $495 interest was 
earned in 3 years at an interest rate of 6%. 


Find the principal invested if $1,246 interest 
was earned in 5 years at an interest rate of 7%. 


Now we will solve for the rate of interest. 


Find the rate if a principal of $8,200 earned 
$3,772 interest in 4 years. 


Solution 
Organize the given information. 
I= $3,772P = $8,200r = ?t= 4 years 


We will use the simple interest formula to find 
the rate. 


VWAlvita tha farmiuila T— Det 
VVELLLW LLIN LULLIILULU. gz 2ae 


Substitute the given 3,772=8,200r(4) 


Sas . 
intarmoatinan 
ALLLULILIULLULLe 


NAaaltinlss 
AVLULLIP Ly. 


Niirrida 


vVivitive 


Cimnlifrr 
en ea / . 


WAlnita aa a nnrannt 
VVEEUW Uv U ae 


Check your answer. Is 
11.5% a reasonable 
rate if $3,772 was 


° 
narnnad m A i vatat ae, 
VaLeu wi oT years 


T— Det 
g—e_uie 


3,772 = 2?8,200(0.115) 
(AN 

au 

a ey fey Ka or ley Az ID VAL 


Yol 1 mt Y94 1 en 


Write a complete The rate was 11.5%. 
sentence that answers 
the question. 


Find the rate if a principal of $5,000 earned 
$1,350 interest in 6 years. 


Find the rate if a principal of $9,000 earned 
$1,755 interest in 3 years. 


Solve Simple Interest Applications 


Applications with simple interest usually involve 
either investing money or borrowing money. To 
solve these applications, we continue to use the 

same strategy for applications that we have used 


earlier in this chapter. The only difference is that in 
place of translating to get an equation, we can use 
the simple interest formula. 


We will start by solving a simple interest application 
to find the interest. 


Nathaly deposited $12,500 in her bank 


account where it will earn 4% interest. How 
much interest will Nathaly earn in 5 years? 


Solution 
We are asked to find the Interest, I. 
Organize the given information in a list. 


I= ?P=$12,500r = 4%t=5 years 


VAleita tha fa 


VVEEUW LLL boriuiusd. 


T rt 
Substitute the given I= zi 2,500)(0.04)(5) 


ree ° 
intarmoatinn 
ALLLULILIULLUILe 


T—O ENN 
2 ayuVvyY 


Urlliipiizy. 


Check your answer. Is 
$2,500 a reasonable 
interest on $12,500 


At 4% interest per 
year, in 5 years the 
interest would be 20% 
of the principal. Is 20% 
of $12,500 equal to 


€9 ENN? Vac 
Wenvvve: LUV. 


Write a complete The interest is $2,500. 
sentence that answers 
the question. 


Areli invested a principal of $950 in her bank 
account with interest rate 3%. How much 
interest did she earn in 5 years? 


$142.50 


Susana invested a principal of $36,000 in her 


bank account with interest rate 6.5%. How 
much interest did she earn in 3 years? 


There may be times when you know the amount of 
interest earned on a given principal over a certain 
length of time, but you don't know the rate. For 
instance, this might happen when family members 
lend or borrow money among themselves instead of 
dealing with a bank. In the next example, we'll show 
how to solve for the rate. 


Loren lent his brother $3,000 to help him buy 


a car. In 4 years his brother paid him back the 
$3,000 plus $660 in interest. What was the 
rate of interest? 


Solution 
We are asked to find the rate of interest, r. 
Organize the given information. 


I= 660P = $3.000r = ?t = 4 vears 


Wirito tha farmiuila T— Det 
z— 2ae 


n 
2LY CLAW LYLE 


Substitute the given 660=(3,000)r(4) 


infarmatinan 
BLALLWVLLLIULLILV ile 


NAaal tints, 660=¢ 


AVLULLLLP Lye VvVuV 


19 

ig 
Divida 44019 NNN — (19 
iv VVUV ig 


RV EN VUuVvieaty 


Cimnlifr fa) Ob —r 
wv sk 


Ullitipiiny. Vey 


Change to percent 5.5%=r 


farm 
LULtLite 


Check your answer. Is 
5.5% a reasonable 
interest rate to pay 


xan Axnthard 
VuL WLwveitvie 


T — Det 
, re oo oS 


660 = ?(3,000)(0.055} 
4 
BEAN — 440 7 


VvuUYV vUvuUvVYV 


Write a complete The rate of interest was 
sentence that answer; 5.5%. 
the question. 


Jim lent his sister $5,000 to help her buy a 
house. In 3 years, she paid him the $5,000, 
plus $900 interest. What was the rate of 


interest? 


Hang borrowed $7,500 from her parents to 
pay her tuition. In 5 years, she paid them 
$1,500 interest in addition to the $7,500 she 


borrowed. What was the rate of interest? 


There may be times when you take a loan for a large 
purchase and the amount of the principal is not 
clear. This might happen, for instance, in making a 
car purchase when the dealer adds the cost of a 
warranty to the price of the car. In the next 
example, we will solve a simple interest application 
for the principal. 


Eduardo noticed that his new car loan papers 
stated that with an interest rate of 7.5%, he 
would pay $6,596.25 in interest over 5 years. 
How much did he borrow to pay for his car? 


Solution 


We are asked to find the principal, P. 


Organize the given information. 


I= 6,596.25P = ?r=7.5%t=5 years 


VAI vita tha farmiuiloa T— Det 
VVLELY LLLY LULU x {Loe 


Substitute the given 6,596.25=P(0.075)(5) 


ie e 
intarmoatinn 
ALALUVLILIULLUILe 


NAaaltintles 


AVEULLEL Je J 


Niixzrtda 


avivinuiwve 


Cimntlifr 


res) pe )/ 

Check your answer. Is 
$17,590 a reasonable 
amount to borrow to 


Whaaxz 9 navd 
eeny/ uU VULe 


T— Det 


x” fret 


6,596.25 = ?(17,590) 


(0 ATEVEY 


AMVeOVYVIYINVNYMI 


a E06, 9b —G4 506, 9Ee = 


Write a complete The amount borrowed 
sentence that answers was $17,590. 
the question. 


Sean's new car loan statement said he would 
pay $4,866.25 in interest from an interest rate 
of 8.5% over 5 years. How much did he 
borrow to buy his new car? 


$11,450 


In 5 years, Gloria's bank account earned 
$2,400 interest at 5%. How much had she 
deposited in the account? 


In the simple interest formula, the rate of interest is 

given as an annual rate, the rate for one year. So the 
units of time must be in years. If the time is given in 
months, we convert it to years. 


Caroline got $900 as graduation gifts and 
invested it in a 10-month certificate of deposit 
that earned 2.1% interest. How much interest 
did this investment earn? 


Solution 


We are asked to find the interest, I. 
Organize the given information. 


I= ?P=$900r = 2.1%t=10 months 


Wirita tha farmiuila 
BLY’ LALWY LWYVLALILULILe 


T 
Substitute the given I= eae 021)(1012) 
information, 
converting 10 months 
1 1 190199 of 2. year. 


Multioly. 


chee Aur answer. Is 
$15.75 a reasonable 


amoaiuint af intaractd 
ULLLYULLE UL 111 LELEDUL. 


If Caroline had 
invested the $900 for a 
full year at 2% interest, 
the amount of interest 
would have been $18. 


] 
| 
be 
an 
“J 
qm 


Yes, $15.75 is 


LeUVVLLUYIwve 


Write a complete The interest earned 
sentence that answer was $15.75. 
the question. 


Adriana invested $4,500 for 8 months in an 
account that paid 1.9% interest. How much 
interest did she earn? 


Milton invested $2,460 for 20 months in an 
account that paid 3.5% interest How much 
interest did he earn? 


$143.50 


Key Concepts 
¢ Simple interest 


© If an amount of money, P, the principal, is 
invested for a period of t years at an 
annual interest rate r, the amount of 
interest, I, earned is I= Prt 

© Interest earned according to this formula is 
called simple interest. 


Practice Makes Perfect 
Use the Simple Interest Formula 


In the following exercises, use the simple interest 
formula to fill in the missing information. 


Interest Principal Rate Time 
(years) 


$1200 3% ) 


$180 


Interest Principal 


$1500 


Interest Principal 


$4410 


$14,000 


Rate 


2% 


Rate 


4.5% 


Vin ape \ 
Ly Seals) 


4 


Time 
aa ae Y 
Ly rao) 


7 


Interest Principal Rate Time 


(ytars) 
$2212 3.2% 6 
Interest Principal Rate Time 
(years) 
$577.08 $4580 2 
6.3% 
Interest Principal Rate Time 
(years) 
$528.12 $3260 3 


In the following exercises, solve the problem using 
the simple interest formula. 


Find the simple interest earned after 5 years on 
$600 at an interest rate of 3%. 


$90 


Find the simple interest earned after 4 years on 
$900 at an interest rate of 6%. 


Find the simple interest earned after 2 years on 
$8,950 at an interest rate of 3.24%. 


$579.96 


Find the simple interest earned after 3 years on 
$6,510 at an interest rate of 2.85%. 


Find the simple interest earned after 8 years on 
$15,500 at an interest rate of 11.425%. 


$14,167 


Find the simple interest earned after 6 years on 
$23,900 at an interest rate of 12.175%. 


Find the principal invested if $656 interest was 
earned in 5 years at an interest rate of 4%. 


$3,280 


Find the principal invested if $177 interest was 
earned in 2 years at an interest rate of 3%. 


Find the principal invested if $70.95 interest 
was earned in 3 years at an interest rate of 
2.75%. 


$860 


Find the principal invested if $636.84 interest 
was earned in 6 years at an interest rate of 
4.35%. 


Find the principal invested if $15,222.57 
interest was earned in 6 years at an interest rate 
of 10.28%. 


$24,679.91 


Find the principal invested if $10,953.70 


interest was earned in 5 years at an interest rate 
of 11.04%. 


Find the rate if a principal of $5,400 earned 
$432 interest in 2 years. 


4% 


Find the rate if a principal of $2,600 earned 
$468 interest in 6 years. 


Find the rate if a principal of $11,000 earned 
$1,815 interest in 3 years. 


5.5% 


Find the rate if a principal of $8,500 earned 
$3,230 interest in 4 years. 


Solve Simple Interest Applications 


In the following exercises, solve the problem using 
the simple interest formula. 


Casey deposited $1,450 in a bank account with 
interest rate 4%. How much interest was earned 


in 2 years? 


$116 


Terrence deposited $5,720 in a bank account 
with interest rate 6%. How much interest was 
earned in 4 years? 


Robin deposited $31,000 in a bank account 
with interest rate 5.2%. How much interest was 
earned in 3 years? 


$4,836 


Carleen deposited $16,400 in a bank account 
with interest rate 3.9%. How much interest was 
earned in 8 years? 


Hilaria borrowed $8,000 from her grandfather 
to pay for college. Five years later, she paid him 
back the $8,000, plus $1,200 interest. What 
was the rate of interest? 


3% 


Kenneth lent his niece $1,200 to buy a 
computer. Two years later, she paid him back 
the $1,200, plus $96 interest. What was the rate 
of interest? 


Lebron lent his daughter $20,000 to help her 
buy a condominium. When she sold the 
condominium four years later, she paid him the 
$20,000, plus $3,000 interest. What was the 
rate of interest? 


3.79% 


Pablo borrowed $50,000 to start a business. 
Three years later, he repaid the $50,000, plus 
$9,375 interest. What was the rate of interest? 


In 10 years, a bank account that paid 5.25% 
earned $18,375 interest. What was the principal 
of the account? 


$35,000 


In 25 years, a bond that paid 4.75% earned 
$2,375 interest. What was the principal of the 
bond? 


Joshua's computer loan statement said he 
would pay $1,244.34 in interest for a 3 year 
loan at 12.4%. How much did Joshua borrow to 
buy the computer? 


$3,345 


Margaret's car loan statement said she would 
pay $7,683.20 in interest for a 5 year loan at 
9.8%. How much did Margaret borrow to buy 
the car? 


Caitlin invested $8,200 in an 18-month 
certificate of deposit paying 2.7% interest. How 
much interest did she earn form this 
investment? 


$332.10 


Diego invested $6,100 in a 9-month certificate 
of deposit paying 1.8% interest. How much 
interest did he earn form this investment? 


Airin borrowed $3,900 from her parents for the 
down payment on a car and promised to pay 
them back in 15 months at a 4% rate of 


interest. How much interest did she owe her 
parents? 


$195.00 


Yuta borrowed $840 from his brother to pay for 
his textbooks and promised to pay him back in 
5 months at a 6% rate of interest. How much 
interest did Yuta owe his brother? 


Everyday Math 


Interest on savings Find the interest rate your 
local bank pays on savings accounts. 


@ What is the interest rate? 
® Calculate the amount of interest you 


would earn on a principal of $8,000 for 5 
years. 


Answers will vary. 


Interest on a loan Find the interest rate your 
local bank charges for a car loan. 


@ What is the interest rate? 


© Calculate the amount of interest you 
would pay on a loan of $8,000 for 5 years. 


Writing Exercises 


Why do banks pay interest on money deposited 
in savings accounts? 


Answers will vary. 


Why do banks charge interest for lending 
money? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Glossary 


simple interest 
If an amount of money, P, the principal, is 
invested for a period of t years at an annual 
interest rate r, the amount of interest, I, 
earned is I=Prt. Interest earned according to 
this formula is called simple interest. 


Solve Proportions and their Applications 
By the end of this section, you will be able to: 


* Use the definition of proportion 

* Solve proportions 

* Solve applications using proportions 

* Write percent equations as proportions 
* Translate and solve percent proportions 


Before you get started, take this readiness quiz. 


1. Simplify: 134. 
If you missed this problem, review [link]. 
2. Solve: x4= 20. 


If you missed this problem, review [link]. 

3. Write as a rate: Sale rode his bike 24 miles in 
2 hours. 
If you missed this problem, review [link]. 


Use the Definition of Proportion 


In the section on Ratios and Rates we saw some 
ways they are used in our daily lives. When two 


ratios or rates are equal, the equation relating them 
is called a proportion. 


Proportion 
proportion is an equation of the form ab=cd, 
where b#0,d ~0. 


The proportion states two ratios or rates are equal. 
The proportion is read “a is to b, as c is to d”. 


The equation 12 = 48 is a proportion because the 
two fractions are equal. The proportion 12= 48 is 
read “1 is to 2 as 4 is to 8”. 


If we compare quantities with units, we have to be 
sure we are comparing them in the right order. For 
example, in the proportion 20 students1 

teacher = 60 students3 teachers we compare the 
number of students to the number of teachers. We 
put students in the numerators and teachers in the 
denominators. 


Write each sentence as a proportion: 


@3 is to 7 as 15 is to 35. 


®©5 hits in 8 at bats is the same as 30 hits in 
48 at-bats. 

©$1.50 for 6 ounces is equivalent to $2.25 
for 9 ounces. 


Solution 


(ey) 
WY 
QiatA Tao TE tata OE 
vue 


viv Ww 7s uv + WT Wve 


Write as a proportion. 37=1535 


@ 


5 hits in 8 at-bats is the 
same as 30 hits in 48 


at hata 
ul vuLw. 


Write each fraction to hitsat-bats = hitsat-bats 


. 
rpamnaen hita tan at hat- 
VvVr1tpure siito ty Ut YUL. 


Write as a proportion. 58=3048 


© 


$1.50 for 6 ounces is 
equivalent to $2.25 for 
a Mmiinerna 
Write each fraction to $ounces=  $ounces 
compare dollars to 


anmunana 


Write as a proportion. 1.506=2.259 


Write each sentence as a proportion: 


@5 is to 9 as 20 is to 36. 

®7 hits in 11 at-bats is the same as 28 hits 
in 44 at-bats. 

©$2.50 for 8 ounces is equivalent to $3.75 
for 12 ounces. 


@59 = 2036 
®711=2844 
©2.508 =3.7512 


Write each sentence as a proportion: 


@6 is to 7 as 36 is to 42. 

®©8 adults for 36 children is the same as 12 
adults for 54 children. 

©$3.75 for 6 ounces is equivalent to $2.50 


for 4 ounces. 


@67 = 3642 
©836 = 1254 
©3.756 = 2.504 


Look at the proportions 12=48 and 23=69. From 
our work with equivalent fractions we know these 
equations are true. But how do we know if an 
equation is a proportion with equivalent fractions if 
it contains fractions with larger numbers? 


To determine if a proportion is true, we find the 
cross products of each proportion. To find the cross 
products, we multiply each denominator with the 
opposite numerator (diagonally across the equal 
sign). The results are called a cross products because 
of the cross formed. The cross products of a 
proportion are equal. 


Cross Products of a Proportion 


For any proportion of the form ab=cd, where 
b +0,d+0, its cross products are equal. 


Cross products can be used to test whether a 
proportion is true. To test whether an equation 
makes a proportion, we find the cross products. If 
they are the equal, we have a proportion. 


Determine whether each equation is a 
proportion: 


@49=1228 
®17.537.5=715 


Solution 


To determine if the equation is a proportion, 
we find the cross products. If they are equal, 
the equation is a proportion. 


@) 

4_2 

9 22 
Find the cross 28-4 = 1129-12 =108 
products. 

4w- 12 

9-28 


Since the cross products are not equal, 
28:4 #9-12, the equation is not a proportion. 


©) 


Find the cross 15°17.5 = 262.537.5-7 = 242.5 
products. 

LEPPaL 

37.57 “15 


Since the cross products are equal, 
15:17.5 = 37.5-7, the equation is a proportion. 


Determine whether each equation is a 
proportion: 


@79=5472 
©24.545.5=713 


Determine whether each equation is a 
proportion: 


@89=5673 
®28.552.5=815 


Solve Proportions 


To solve a proportion containing a variable, we 
remember that the proportion is an equation. All of 
the techniques we have used so far to solve 
equations still apply. In the next example, we will 
solve a proportion by multiplying by the Least 
Common Denominator (LCD) using the 
Multiplication Property of Equality. 


Solve: x63 = 47. 


Solution 


x4 

63-7 
To isolate x, 
multiply both. 


Mal X\_ cal4 
se (63) = G7 


wl’) UI 


Divide the 
common 
far r= 24 


Check: T 
check our 
answer, we 
substitute into 
the original 


. 
nrannrtinn 
PAvpvitivise 


~J3|/ 


6a 
Show common 


factors. 
4-9?) 4 
is | 


7 
7-7 


a» 
On 
4 


Simplify. 


4_4 
7-77 


Solve the proportion: n84=1112. 


Solve the proportion: y96 = 1312. 


When the variable is in a denominator, we’ll use the 
fact that the cross products of a proportion are equal 
to solve the proportions. 


We can find the cross products of the proportion 


and then set them equal. Then we solve the 
resulting equation using our familiar techniques. 


Solve: 144a= 94. 


Solution 


Notice that the variable is in the denominator, 
so we will solve by finding the cross products 
and setting them equal. 


144 _- 9 
Find the cross 
products and 
seid -Idd=a-5 


Simplify 
STS — OG 
Divide both 


sides by 9. 


576 _ 9a 
Simplify. | 
fA=3 
Check your 
14 _ 39 
144 2 9 =64 
LA A 
Show common 
factors.. 
9-16? 9 
4-164 
Simplify. 
2 
dee’ ed 


Another method to solve this would be to 
multiply both sides by the LCD, 4a. Try it and 
verify that you get the same solution. 


Solve the proportion: 91b=75. 


Solution 


Find the cross 
products and 


91 


vw. 49 — O1/_A\ 
J ——— Lr 


Simplify. 


£%., — QAA 


Divide both 
sides by 52. 
52y_ —364 
52—__§9 
Simplify. 
y= 7 
Gheel:: 
52 _—4 
52.2 -4 _7 
Show common 
factors. 
13-4? -4 
7 
15+ 4 , 
Simplify. 
44 
THT! 


Solve the proportion: 8498 = — 6x. 


Solve the proportion: —7y = 105135. 


Solve Applications Using Proportions 


The strategy for solving applications that we have 
used earlier in this chapter, also works for 
proportions, since proportions are equations. When 
we set up the proportion, we must make sure the 
units are correct—the units in the numerators match 
and the units in the denominators match. 


When pediatricians prescribe acetaminophen 
to children, they prescribe 5 milliliters (ml) of 
acetaminophen for every 25 pounds of the 


child’s weight. If Zoe weighs 80 pounds, how 
many milliliters of acetaminophen will her 
doctor prescribe? 


Solution 


Identify what you are’ How many ml of 
asked to find. acetaminophen the 


Aanrtar warill nraceriha 
MVLELVL VV LiL JPR SNS Oe 


Choose a variable to Let a= ml of 


ranrocant it arataminnanhan 
ales evueiit ater uN ae ce 


Write a sentence that If 5 ml is prescribed for 

gives the information every 25 pounds, how 

to find it. much will be 
prescribed for 80 


nawiundad 
a4 WALLA. 


Translate into a 


proportion. 
ml ml 


Substitute given valu2s 
—be oni of ane 
un ne 55 


Multiply both sides by 
80. 


oO 
S 
tal 
II 
oO 
S 
a8 


Multiply and show 


common factors. 
16-5-5 _ 80a 
5-§——_80 


Simplify. 


14 


swe ow 


Check if the answer is 


raanannoahla 
LeUVVLLYLwve 


Yes. Since 80 is abouc 
3 times 25, the 
medicine should be 


about-2-times-S. 
Write a complete The pediatrician would 
sentence. prescribe 16 ml of 


acetaminophen to Zoe. 


You could also solve this proportion by setting 
the cross products equal. 


Pediatricians prescribe 5 milliliters (ml) of 
acetaminophen for every 25 pounds of a 
child’s weight. How many milliliters of 


acetaminophen will the doctor prescribe for 
Emilia, who weighs 60 pounds? 


For every 1 kilogram (kg) of a child’s weight, 
pediatricians prescribe 15 milligrams (mg) of a 
fever reducer. If Isabella weighs 12 kg, how 
many milligrams of the fever reducer will the 
pediatrician prescribe? 


One brand of microwave popcorn has 120 
calories per serving. A whole bag of this 
popcorn has 3.5 servings. How many calories 
are in a whole bag of this microwave popcorn? 


Solution 


Identify what you are’ How many calories are 
asked to find. in a whole bag of 


. 
FMANPKMNATATATA NANANTN ) 
SLLILVLYVVVUV WY Je EAS 


Choose a variable to Let c= number of 


. . 
ranracant it ralariac 
2Uprrvwiie it. VuLlviiev,. 


Write a sentence that If there are 120 

gives the information calories per serving, 

to find it. how many calories are 
in a whole bag with 


Q Cc caninacd 
Wey Jeu SIO 


Translate into a 


proportion. 
calories _ calories 


values. 

i 

+—_3.§ 

Multiply both sides by 
ra: 

2 ; 

35/22) = a3{55) 

Multiply. 


ANN — » 


Tay — & 


Check if the answer is 


LeUVVLIUYLwve 


Yes. Since 3.5 is 

between 3 and 4, the 

total calories should be 

between 360 (3-120) 

and-480-(4-120). 

Write a complete The whole bag of 
sentence. microwave popcorn 


has 420 calories. 


Marissa loves the Caramel Macchiato at the 
coffee shop. The 16 oz. medium size has 240 
calories. How many calories will she get if she 
drinks the large 20 oz. size? 


Yaneli loves Starburst candies, but wants to 
keep her snacks to 100 calories. If the candies 
have 160 calories for 8 pieces, how many 
pieces can she have in her snack? 


Josiah went to Mexico for spring break and 
changed $325 dollars into Mexican pesos. At 
that time, the exchange rate had $1 U.S. is 
equal to 12.54 Mexican pesos. How many 
Mexican pesos did he get for his trip? 


Solution 


Identify what you are: 
asked tan find 


VUINOGU LY L111LUe 


Choose a variable to 


ranrocant it 
pepirowiie it 


Write a sentence that 
gives the information 
to find it. 


Translate into a 


proportion. 
peeve peeee 
Substitute given 
values. 
1_— 325 
12.54 


The variable is in the 
denominator, so find 
the =p. 1= 12.54(325) 


How many Mexican 


nacna Aid Taciah aatd 
pryvys “iu vvyvviuss Bre. 


Let p= number of 


nacna 
Je EASE 


If $1 U.S. is equal to 
12.54 Mexican pesos, 


then $325 is how many 


nacnad 
JAS EAS) ° 


cat tham anual 
Wee ULL vyuut.. 


Simplify. 
e=ADISS 


Check if the answer is 


raanannoahla 
LeUVVLLUYLlwve 


Yes, $100 would be 
$1,254 pesos. $325 is a 
little more than 3 times 


thia amaiunt 
Liddy ULLLUYUULLLE. 


Write a complete Josiah has 4075.5 
sentence. pesos for his spring 
break trip. 


Yurianna is going to Europe and wants to 
change $800 dollars into Euros. At the current 
exchange rate, $1 US is equal to 0.738 Euro. 


How many Euros will she have for her trip? 


590 Euros 


Corey and Nicole are traveling to Japan and 
need to exchange $600 into Japanese yen. If 
each dollar is 94.1 yen, how many yen will 
they get? 


56,460 yen 


Write Percent Equations As Proportions 


Previously, we solved percent equations by applying 
the properties of equality we have used to solve 
equations throughout this text. Some people prefer 
to solve percent equations by using the proportion 
method. The proportion method for solving percent 
problems involves a percent proportion. A percent 
proportion is an equation where a percent is equal 
to an equivalent ratio. 


For example, 60% =60100 and we can simplify 
60100=35. Since the equation 60100 =35 shows a 
percent equal to an equivalent ratio, we call it a 
percent proportion. Using the vocabulary we used 
earlier: 

amountbase = percent100 

35 =60100 


Po 


Percent Proportion 


The amount is to the base as the percent is to 100. 
amountbase = percent100 


If we restate the problem in the words of a 
proportion, it may be easier to set up the 
proportion: 

The amount is to the base as the percent is to one 
hundred. 


We could also say: 
The amount out of the base is the same as the 
percent out of one hundred. 


First we will practice translating into a percent 
proportion. Later, we’ll solve the proportion. 


Translate to a proportion. What number is 
75% of 90? 


Solution 


If you look for the word "of", it may help you 
identify the base. 


Identify the parts of 
the percent proportion. 
What number _ is 75% of 90? 
= amount - Sercent base 
Restate as a 
proportion. 


£ OD tn bln enn Fr an. 2£4007 


n. n90=75100 


vv ee een 


Set up the proportio 
Let n=number. 


Translate to a proportion: What number is 
60% of 105? 


n105=60100 


Translate to a proportion: What number is 
40% of 85? 


n85 = 40100 


Translate to a proportion. 19 is 25% of what 
number? 


Solution 


Identify the parts of 
the percent proportion. 


19 is 25% of whatnumber? 
amount percent pase 


Restate as a 
proportion. 


10 aut of what niimbar ic tha cama ac 26 aut nf 190? 


Set up the proportion. 19n=25100 
Let n= number. 


Translate to a proportion: 36 is 25% of what 
number? 


36n = 25100 


Translate to a proportion: 27 is 36% of what 
number? 


27n = 36100 


Translate to a proportion. What percent of 27 
is 9? 


Solution 


Identify the parts of 
the percent proportion. 


What percent of 27 
percent base SNOUT 
Restate as a 
proportion. 


out of 2Tisthe some cowhetnumbe 4 af 4007 


Set up the Seer | 927 = p100 
Let p=percent. 


Translate to a proportion: What percent of 52 
is 39? 


n100 = 3952 


Translate to a proportion: What percent of 92 
is 23? 


n100 = 2392 


Translate and Solve Percent Proportions 


Now that we have written percent equations as 
proportions, we are ready to solve the equations. 


Translate and solve using proportions: What 


number is 45% of 80? 


Solution 


Identify the parts of 
the percent proportion. 


What number is 45% of 80? 
winrar percent base 
Restate as a 
proportion. 
Set up the proportion. 


Let n= number. 
nl 


2108 
Find the cross products 
and set them equal. 


luv i= 30—45 

Simplify 

1007-=-3,609 
Divide both sides by 
100. 

100n _ 3,600 

100 199 
Simplify 

n-=36 


Check if the answer is 


Yes. 45 is a little less 


than half of 100 and 36 
is a little less than half 


Qn 
UvVe 


Write a complete 36 is 45% of 80. 
sentence that answers 
the question. 


Translate and solve using proportions: What 
number is 65% of 40? 


Translate and solve using proportions: What 
number is 85% of 40? 


In the next example, the percent is more than 100, 
which is more than one whole. So the unknown 
number will be more than the base. 


Translate and solve using proportions: 125% of 
25 is what number? 


Solution 


Identify the parts of 
the percent proportion. 


125% is 25 of whatnumber? 


percent base amount 


Restate as a 
DECDOrelous 


Mnat number cut of 26 is the same as 126 cut of 1002 


Set up the proportion. 


Let n= number. 
n — 
Ar 1nn 
ae 1VU 


Find the cross products 
and set them equal. 


DA ee ee “DS 194 
UU 7 Ti aw Le 


Simplify. 


1005; = 2,125 


awwre 


Divide both sides by 


100. 
100n _ 3,125 
ioc 108 
Simplify 
e325 


Check if the answer is 
Yes. 125 is more than 
100 and 31.25 is more 


than OF 


ULLLULL Give 


Write a complete 125% of 25 is 31.25. 
sentence that answers 
the question. 


Translate and solve using proportions: 125% of 
64 is what number? 


Translate and solve using proportions: 175% of 
84 is what number? 


Percents with decimals and money are also used in 
proportions. 


Translate and solve: 6.5% of what number is 
$1.56? 


Solution 


Identify the parts of 
the percent proportion. 


6.5% of whatnumber is $1.56? 
percent BSE = sou 

Restate as a 

proportion. 


€41 C6 aut nf what numbhar ice tha cama se G © nuit nf 190? 


Set up the proportion. 


Te 8 806.: 1.56 6.5 


rWava\ 
ifs ivvu 


Find the cross products 
and set them equal. 


Ts 1 FeV ww hE 
LUV LIU) Se ee 
Simplify. 
156 on & Su 


ayu— Vewse 


Divide both sides by 


6.5 to isolate the 
el 156 _ 6.5n 


VA — m 


—_T— 


Check if the answer is 


LeUVVLLUYLwve 


Yes. 6.5% is a small 


amount and $1.56 is 
much laca than COA 


LLU LEVY LLLULL We te 


Write a complete 6.5% of $24 is $1.56. 
sentence that answers 
the question. 


Translate and solve using proportions: 8.5% of 
what number is $3.23? 


Translate and solve using proportions: 7.25% 
of what number is $4.64? 


Translate and solve using proportions: What 
percent of 72 is 9? 


Solution 


Identify the parts of 
the percent proportion. 


What percent of 72 
percent pase amount 
Restate as a 
proportion. 


Set up the proportion. 
Let n 5 number. 


an AMM 


Find the cross products 
and set them equal. 


Simplify 

72=900 
Divide both sides by 
Wek 

72n _ § 

72 72 
Simplify. 

n=lls 


Check if the answer is 


raanannoahla 
LeUVVLLYLlwve 


Yes. 9 is 18 of 72 ana 


18-is-12-5%; 
Write a complete 12.5% of 72 is 9. 


sentence that answers 
the question. 


Translate and solve using proportions: What 
percent of 72 is 27? 


S700 


Translate and solve using proportions: What 
percent of 92 is 23? 


Key Concepts 
¢ Proportion 


© A proportion is an equation of the form 
ab =cd, where b +0, d~0.The proportion 
states two ratios or rates are equal. The 
proportion is read “a is to b, as c is to d”. 


* Cross Products of a Proportion 
© For any proportion of the form ab=cd, 
where b <0, its cross products are equal: 


ad=bD-e. 


* Percent Proportion 


© The amount is to the base as the percent is 
to 100. amountbase = percent100 


Section Exercises 


Practice Makes Perfect 
Use the Definition of Proportion 


In the following exercises, write each sentence as a 
proportion. 


4 is to 15 as 36 is to 135. 


415= 36135 


7 is to 9 as 35 is to 45. 


12 is to 5 as 96 is to 40. 


125 = 9640 


15 is to 8 as 75 is to 40. 


5 wins in 7 games is the same as 115 wins in 
161 games. 


597 =115161 


4 wins in 9 games is the same as 36 wins in 81 
games. 


8 campers to 1 counselor is the same as 48 
campers to 6 counselors. 


81= 486 


6 campers to 1 counselor is the same as 48 
campers to 8 counselors. 


$9.36 for 18 ounces is the same as $2.60 for 5 
ounces. 


9.3618 =2.605 


$3.92 for 8 ounces is the same as $1.47 for 3 
ounces. 


$18.04 for 11 pounds is the same as $4.92 for 3 
pounds. 


18.0411 =4.923 


$12.42 for 27 pounds is the same as $5.52 for 
12 pounds. 


In the following exercises, determine whether each 
equation is a proportion. 


715=56120 


yes 


912= 45108 


116= 2116 


no 


94= 3934 


1218 =4.997.56 


no 


916 =2.163.89 


13.58.5 = 31.0519.55 


yes 


10.18.4 = 3.032.52 


Solve Proportions 


In the following exercises, solve each proportion. 


x56=78 


49 


n91=813 


4963 =z9 


5672 =y9 


5a=65117 
9 

4b=64144 
98154=—7p 
11 

72156 = —6q 
a—8=—4248 
7 
b—7=—3042 


2.63.9 =c3 


2.73.6 =d4 
2.7) = 0.90.2 
0.6 
2.8k=2.11.5 
121=m8 

4 

133=9n 


Solve Applications Using Proportions 


In the following exercises, solve the proportion 
problem. 


Pediatricians prescribe 5 milliliters (ml) of 
acetaminophen for every 25 pounds of a child’s 
weight. How many milliliters of acetaminophen 
will the doctor prescribe for Jocelyn, who 


weighs 45 pounds? 


9 ml 


Brianna, who weighs 6 kg, just received her 
shots and needs a pain killer. The pain killer is 
prescribed for children at 15 milligrams (mg) 
for every 1 kilogram (kg) of the child’s weight. 
How many milligrams will the doctor 
prescribe? 


At the gym, Carol takes her pulse for 10 sec and 
counts 19 beats. How many beats per minute is 
this? Has Carol met her target heart rate of 140 
beats per minute? 


114, no 


Kevin wants to keep his heart rate at 160 beats 
per minute while training. During his workout 
he counts 27 beats in 10 seconds. How many 
beats per minute is this? Has Kevin met his 
target heart rate? 


A new energy drink advertises 106 calories for 
8 ounces. How many calories are in 12 ounces 


of the drink? 


159 cal 


One 12 ounce can of soda has 150 calories. If 
Josiah drinks the big 32 ounce size from the 
local mini-mart, how many calories does he 
get? 


Karen eats 12 cup of oatmeal that counts for 2 
points on her weight loss program. Her 
husband, Joe, can have 3 points of oatmeal for 
breakfast. How much oatmeal can he have? 


34cup 


An oatmeal cookie recipe calls for 12 cup of 
butter to make 4 dozen cookies. Hilda needs to 
make 10 dozen cookies for the bake sale. How 
many cups of butter will she need? 


Janice is traveling to Canada and will change 
$250 US dollars into Canadian dollars. At the 
current exchange rate, $1 US is equal to $1.01 
Canadian. How many Canadian dollars will she 
get for her trip? 


$252.50 


Todd is traveling to Mexico and needs to 
exchange $450 into Mexican pesos. If each 
dollar is worth 12.29 pesos, how many pesos 
will he get for his trip? 


Steve changed $600 into 480 Euros. How many 
Euros did he receive per US dollar? 


1.25 


Martha changed $350 US into 385 Australian 
dollars. How many Australian dollars did she 
receive per US dollar? 


At the laundromat, Lucy changed $12.00 into 
quarters. How many quarters did she get? 


48 quarters 


When she arrived at a casino, Gerty changed 
$20 into nickels. How many nickels did she 
get? 


Jesse’s car gets 30 miles per gallon of gas. If Las 
Vegas is 285 miles away, how many gallons of 
gas are needed to get there and then home? If 
gas is $3.09 per gallon, what is the total cost of 
the gas for the trip? 


19, $58.71 


Danny wants to drive to Phoenix to see his 
grandfather. Phoenix is 370 miles from Danny’s 
home and his car gets 18.5 miles per gallon. 
How many gallons of gas will Danny need to 
get to and from Phoenix? If gas is $3.19 per 
gallon, what is the total cost for the gas to drive 
to see his grandfather? 


Hugh leaves early one morning to drive from 
his home in Chicago to go to Mount Rushmore, 
812 miles away. After 3 hours, he has gone 190 
miles. At that rate, how long will the whole 
drive take? 


12.8 hours 


Kelly leaves her home in Seattle to drive to 
Spokane, a distance of 280 miles. After 2 hours, 
she has gone 152 miles. At that rate, how long 


will the whole drive take? 


Phil wants to fertilize his lawn. Each bag of 
fertilizer covers about 4,000 square feet of 
lawn. Phil’s lawn is approximately 13,500 
square feet. How many bags of fertilizer will he 
have to buy? 


4 bags 


April wants to paint the exterior of her house. 
One gallon of paint covers about 350 square 
feet, and the exterior of the house measures 
approximately 2000 square feet. How many 
gallons of paint will she have to buy? 


Write Percent Equations as Proportions 


In the following exercises, translate to a proportion. 


What number is 35% of 250? 


n250 = 35100 


What number is 75% of 920? 


What number is 110% of 47? 


n47=110100 


What number is 150% of 64? 


45 is 30% of what number? 


45n = 30100 


25 is 80% of what number? 


90 is 150% of what number? 


90n = 150100 


77 is 110% of what number? 


What percent of 85 is 17? 


1785=p100 


What percent of 92 is 46? 


What percent of 260 is 340? 


340260 = p100 


What percent of 180 is 220? 


Translate and Solve Percent Proportions 


In the following exercises, translate and solve using 
proportions. 


What number is 65% of 180? 


117 


What number is 55% of 300? 


165 


18% of 92 is what number? 


16.56 


22% of 74 is what number? 


175% of 26 is what number? 


45.5 


250% of 61 is what number? 


What is 300% of 488? 


1464 


What is 500% of 315? 


17% of what number is $7.65? 


$45 


19% of what number is $6.46? 


$13.53 is 8.25% of what number? 


$164 


$18.12 is 7.55% of what number? 


What percent of 56 is 14? 


25% 


What percent of 80 is 28? 


What percent of 96 is 12? 


12.5% 


What percent of 120 is 27? 


Everyday Math 


Mixing a concentrate Sam bought a large 
bottle of concentrated cleaning solution at the 
warehouse store. He must mix the concentrate 
with water to make a solution for washing his 
windows. The directions tell him to mix 3 


ounces of concentrate with 5 ounces of water. If 
he puts 12 ounces of concentrate in a bucket, 
how many ounces of water should he add? How 
many ounces of the solution will he have 
altogether? 


20, 32 


Mixing a concentrate Travis is going to wash 
his car. The directions on the bottle of car wash 
concentrate say to mix 2 ounces of concentrate 
with 15 ounces of water. If Travis puts 6 ounces 
of concentrate in a bucket, how much water 
must he mix with the concentrate? 


Writing Exercises 


To solve “what number is 45% of 350” do you 
prefer to use an equation like you did in the 
section on Decimal Operations or a proportion 
like you did in this section? Explain your 
reason. 


Answers will vary. 


To solve “what percent of 125 is 25” do you 


prefer to use an equation like you did in the 
section on Decimal Operations or a proportion 
like you did in this section? Explain your 
reason. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next Chapter? 
Why or why not? 


Chapter Review Exercises 


Understand Percent 


In the following exercises, write each percent as a 
ratio. 


32% admission rate for the university 


32100 


53.3% rate of college students with student 
loans 


In the following exercises, write as a ratio and then 
as a percent. 


13 out of 100 architects are women. 


13100,13% 


9 out of every 100 nurses are men. 


In the following exercises, convert each percent to a 
fraction. 


48% 


1225 


175% 


64.1% 


6411000 


814% 


In the following exercises, convert each percent to a 
decimal. 


6% 
0.06 
23% 
128% 
1.28 


4.9% 


In the following exercises, convert each percent to 
@ a simplified fraction and © a decimal. 


In 2012,13.5% of the United States population 
was age 65 or over. (Source: www.census. gov) 


@27200 
®©0.135 


In 2012,6.5% of the United States population 
was under 5 years old. (Source: 
WWW.CEeNSUS. ZOV) 


When a die is tossed, the probability it will land 
with an even number of dots on the top side is 
50%. 


@12 
©0.5 


A couple plans to have three children. The 
probability they will all be girls is 12.5%. 


In the following exercises, convert each decimal to a 
percent. 


0.04 


4% 


0.15 


2.62 


0.003 


0.3% 


1.395 


In the following exercises, convert each fraction to a 
percent. 


34 


75% 


115 


358 


362.5% 


29 


According to the Centers for Disease Control, 25 
of adults do not take a vitamin or supplement. 


40% 


According to the Centers for Disease Control, 
among adults who do take a vitamin or 
supplement, 34 take a multivitamin. 


In the following exercises, translate and solve. 


What number is 46% of 350? 


161 


120% of 55 is what number? 


84 is 35% of what number? 


240 


15 is 8% of what number? 


200% of what number is 50? 


20 


7.9% of what number is $4.74? 


What percent of 120 is 81.6? 


68% 


What percent of 340 is 595? 


Solve General Applications of Percents 


In the following exercises, solve. 


When Aurelio and his family ate dinner at a 
restaurant, the bill was $83.50. Aurelio wants 
to leave 20% of the total bill as a tip. How 
much should the tip be? 


$16.70 


One granola bar has 2 grams of fiber, which is 
8% of the recommended daily amount. What is 
the total recommended daily amount of fiber? 


The nutrition label on a package of granola bars 
says that each granola bar has 190 calories, and 
54 calories are from fat. What percent of the 
total calories is from fat? 


28.4% 


Elsa gets paid $4,600 per month. Her car 
payment is $253. What percent of her monthly 
pay goes to her car payment? 


In the following exercises, solve. 


Jorge got a raise in his hourly pay, from $19.00 
to $19.76. Find the percent increase. 


4% 


Last year Bernard bought a new car for 


$30,000. This year the car is worth $24,000. 
Find the percent decrease. 


Solve Sales Tax, Commission, and Discount 
Applications 


In the following exercises, find @ the sales tax © 
the total cost. 


The cost of a lawn mower was $750. The sales 
tax rate is 6% of the purchase price. 


@ $45 
® $795 


The cost of a water heater is $577. The sales tax 
rate is 8.75% of the purchase price. 
In the following exercises, find the sales tax rate. 


Andy bought a piano for $4,600. The sales tax 
on the purchase was $333.50. 


72078 


Nahomi bought a purse for $200. The sales tax 
on the purchase was $16.75. 


In the following exercises, find the commission. 


Ginny is a realtor. She receives 3% commission 
when she sells a house. How much commission 
will she receive for selling a house for 
$380,000? 


$11,400 


Jackson receives 16.5% commission when he 
sells a dinette set. How much commission will 
he receive for selling a dinette set for $895? 


In the following exercises, find the rate of 
commission. 


Ruben received $675 commission when he sold 
a $4,500 painting at the art gallery where he 
works. What was the rate of commission? 


15% 


Tori received $80.75 for selling a $950 


membership at her gym. What was her rate of 
commission? 


In the following exercises, find the sale price. 


Aya bought a pair of shoes that was on sale for 
$30 off. The original price of the shoes was 
$75. 


$45 


Takwanna saw a cookware set she liked on sale 
for $145 off. The original price of the cookware 
was $312. 


In the following exercises, find @ the amount of 
discount and © the sale price. 


Nga bought a microwave for her office. The 
microwave was discounted 30% from an 
original price of $84.90. 


@ $25.47 
® $59.43 


Jarrett bought a tie that was discounted 65% 


from an original price of $45. 


In the following exercises, find @ the amount of 
discount © the discount rate. (Round to the nearest 
tenth of a percent if needed.) 


Hilda bought a bedspread on sale for $37. The 
original price of the bedspread was $50. 


@ $13 
® 26% 


Tyler bought a phone on sale for $49.99. The 
original price of the phone was $79.99. 


In the following exercises, find 


@ the amount of the mark-up 
® the list price 


Manny paid $0.80 a pound for apples. He 
added 60% mark-up before selling them at his 
produce stand. What price did he charge for the 
apples? 


@ $0.48 
® $1.28 


It cost Noelle $17.40 for the materials she used 
to make a purse. She added a 325% mark-up 
before selling it at her friend’s store. What price 
did she ask for the purse? 


Solve Simple Interest Applications 


In the following exercises, solve the simple interest 
problem. 


Find the simple interest earned after 4 years on 
$2,250 invested at an interest rate of 5%. 


$450 


Find the simple interest earned after 7 years on 
$12,000 invested at an interest rate of 8.5%. 


Find the principal invested if $660 interest was 
earned in 5 years at an interest rate of 3%. 


$4400 


Find the interest rate if $2,898 interest was 
earned from a principal of $23,000 invested for 
3 years. 


Kazuo deposited $10,000 in a bank account 
with interest rate 4.5%. How much interest was 
earned in 2 years? 


$900 


Brent invested $23,000 in a friend’s business. In 
5 years the friend paid him the $23,000 plus 
$9,200 interest. What was the rate of interest? 


Fresia lent her son $5,000 for college expenses. 
Three years later he repaid her the $5,000 plus 
$375 interest. What was the rate of interest? 


2.5% 


In 6 years, a bond that paid 5.5% earned $594 
interest. What was the principal of the bond? 


Solve Proportions and their Applications 


In the following exercises, write each sentence as a 


proportion. 


3 is to 8 as 12 is to 32. 


38 = 1232 


95 miles to 3 gallons is the same as 475 miles 
to 15 gallons. 


1 teacher to 18 students is the same as 23 
teachers to 414 students. 


118 = 23414 


$7.35 for 15 ounces is the same as $2.94 for 6 
ounces. 


In the following exercises, determine whether each 
equation is a proportion. 


513 = 3078 


yes 


167 = 4823 


1218 =6.9910.99 


no 


11.69.2=37.1229.44 
In the following exercises, solve each proportion. 


x36 =59 


20 


7a= — 684 


1.21.8=d6 


122=m20 


In the following exercises, solve the proportion 
problem. 


The children’s dosage of acetaminophen is 5 
milliliters (ml) for every 25 pounds of a child’s 
weight. How many milliliters of acetaminophen 
will be prescribed for a 60 pound child? 


12 


After a workout, Dennis takes his pulse for 10 
sec and counts 21 beats. How many beats per 
minute is this? 


An 8 ounce serving of ice cream has 272 
calories. If Lavonne eats 10 ounces of ice cream, 
how many calories does she get? 


340 


Alma is going to Europe and wants to exchange 
$1,200 into Euros. If each dollar is 0.75 Euros, 
how many Euros will Alma get? 


Zack wants to drive from Omaha to Denver, a 
distance of 494 miles. If his car gets 38 miles to 
the gallon, how many gallons of gas will Zack 
need to get to Denver? 


13 gallons 


Teresa is planning a party for 100 people. Each 
gallon of punch will serve 18 people. How 
many gallons of punch will she need? 


In the following exercises, translate to a proportion. 


What number is 62% of 395? 


n395 = 62100 


42 is 70% of what number? 


What percent of 1,000 is 15? 


151000 = p100 


What percent of 140 is 210? 


In the following exercises, translate and solve using 
proportions. 


What number is 85% of 900? 


765 


6% of what number is $24? 


$3.51 is 4.5% of what number? 


$78 


What percent of 3,100 is 930? 


In the following exercises, convert each percent to 
@ a decimal © a simplified fraction. 


24% 


0.24,625 


3% 


350% 


i Jo te 


In the following exercises, convert each fraction to a 
percent. (Round to 3 decimal places if needed.) 


78 


13 


33:00570 


LIT12 


In the following exercises, solve the percent 
problem. 


65 is what percent of 260? 


25% 


What number is 27% of 3,000? 


150% of what number is 60? 


40 


Yuki’s monthly paycheck is $3,825. She pays 
$918 for rent. What percent of her paycheck 
goes to rent? 


The total number of vehicles on one freeway 
dropped from 84,000 to 74,000. Find the 
percent decrease (round to the nearest tenth of 
a percent). 


11.9% 


Kyle bought a bicycle in Denver where the sales 
tax was 7.72% of the purchase price. The 
purchase price of the bicycle was $600. What 
was the total cost? 


Mara received $31.80 commission when she 
sold a $795 suit. What was her rate of 
commission? 


4% 


Kiyoshi bought a television set on sale for $899. 
The original price was $1,200. Find: 


@ the amount of discount 


® the discount rate (round to the nearest 
tenth of a percent) 


Oxana bought a dresser at a garage sale for 
$20. She refinished it, then added a 250% 
markup before advertising it for sale. What 
price did she ask for the dresser? 


$50 


Find the simple interest earned after 5 years on 
$3000 invested at an interest rate of 4.2%. 


Brenda borrowed $400 from her brother. Two 
years later, she repaid the $400 plus $50 
interest. What was the rate of interest? 


6.2% 


Write as a proportion: 4 gallons to 144 miles is 
the same as 10 gallons to 360 miles. 


Solve for a: 12a= —1565 


—52 


Vin read 10 pages of a book in 12 minutes. At 
that rate, how long will it take him to read 35 


pages? 


Glossary 


proportion 
A proportion is an equation of the form 


ab=cd, where b~0, d~0.The proportion 
states two ratios or rates are equal. The 
proportion is read “a is to b, as c is to d”. 


Introduction to the Properties of Real Numbers 
class ="introduction" Quiltmakers know that by 
rearranging the same basic blocks the resulting 
quilts can look very different. What happens when 
we rearrange the numbers in an expression? Does 
the resulting value change? We will answer these 
questions in this chapter as we will learn about the 
properties of numbers. (credit: Hans, Public 
Domain) 


A quilt is formed by sewing many different pieces of 
fabric together. The pieces can vary in color, size, 
and shape. The combinations of different kinds of 
pieces provide for an endless possibility of patterns. 
Much like the pieces of fabric, mathematicians 
distinguish among different types of numbers. The 
kinds of numbers in an expression provide for an 
endless possibility of outcomes. We have already 
described counting numbers, whole numbers, and 
integers. In this chapter, we will learn about other 
types of numbers and their properties. 


Rational and Irrational Numbers 
By the end of this section, you will be able to: 


* Identify rational numbers and irrational 
numbers 
* Classify different types of real numbers 


Before you get started, take this readiness quiz. 


1. Write 3.19 as an improper fraction. 

If you missed this problem, review [link]. 
2. Write 511 as a decimal. 

If you missed this problem, review [link]. 
3. Simplify: 144. 

If you missed this problem, review [link]. 


Identify Rational Numbers and Irrational 
Numbers 


Congratulations! You have completed the first six 
chapters of this book! It's time to take stock of what 
you have done so far in this course and think about 
what is ahead. You have learned how to add, 
subtract, multiply, and divide whole numbers, 


fractions, integers, and decimals. You have become 
familiar with the language and symbols of algebra, 
and have simplified and evaluated algebraic 
expressions. You have solved many different types 
of applications. You have established a good solid 
foundation that you need so you can be successful in 
algebra. 


In this chapter, we'll make sure your skills are firmly 
set. We'll take another look at the kinds of numbers 
we have worked with in all previous chapters. We'll 
work with properties of numbers that will help you 
improve your number sense. And we'll practice 
using them in ways that we'll use when we solve 
equations and complete other procedures in algebra. 


We have already described numbers as counting 
numbers, whole numbers, and integers. Do you 
remember what the difference is among these types 
of numbers? 


eounti ina niamAyara 
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Rational Numbers 


What type of numbers would you get if you started 
with all the integers and then included all the 
fractions? The numbers you would have form the set 
of rational numbers. A rational number is a 
number that can be written as a ratio of two 
integers. 


Rational Numbers 
A rational number is a number that can be written 


in the form pq, where p and q are integers and 
q~o. 


All fractions, both positive and negative, are 
rational numbers. A few examples are 
45, — 78,134,and — 203 


Each numerator and each denominator is an integer. 


We need to look at all the numbers we have used so 
far and verify that they are rational. The definition 
of rational numbers tells us that all fractions are 
rational. We will now look at the counting numbers, 
whole numbers, integers, and decimals to make sure 
they are rational. 


Are integers rational numbers? To decide if an 
integer is a rational number, we try to write it as a 


ratio of two integers. An easy way to do this is to 
write it as a fraction with denominator one. 
3=31-8=-810=01 


Since any integer can be written as the ratio of two 
integers, all integers are rational numbers. 
Remember that all the counting numbers and all the 
whole numbers are also integers, and so they, too, 
are rational. 


What about decimals? Are they rational? Let's look 
at a few to see if we can write each of them as the 
ratio of two integers. We've already seen that 
integers are rational numbers. The integer — 8 could 
be written as the decimal — 8.0. So, clearly, some 
decimals are rational. 


Think about the decimal 7.3. Can we write it as a 
ratio of two integers? Because 7.3 means 7310, we 
can write it as an improper fraction, 7310. So 7.3 is 
the ratio of the integers 73 and 10. It is a rational 
number. 


In general, any decimal that ends after a number of 
digits (such as 7.3 or — 1.2684) is a rational 
number. We can use the place value of the last digit 
as the denominator when writing the decimal as a 
fraction. 


Write each as the ratio of two integers: @ 


—15®©6.81 © — 367. 


Solution 


@) 

Write the integer ase —151 
fraction with 

denominator 1. 


a 
w 
4 Q1 


Wesryt 


Write the decimal as a 681100 


niamhbar 


Then convert it toan 681100 
improper fraction. 


a 
\ 


—367 
Convert the mixed —277 
number to an improper 
fraction. 


Write each as the ratio of two integers: @ 
— 24®3.57. 


@—-241 
©357100 


Write each as the ratio of two integers: @ —19 
©8.41. 


@-191 
©841100 


Let's look at the decimal form of the numbers we 
know are rational. We have seen that every integer 
is a rational number, since a=al for any integer, a. 
We can also change any integer to a decimal by 
adding a decimal point and a zero. 


Integer — 2, — 1,0,1,2,3Decimal — 2.0, 
— 1.0,0.0,1.0,2.0,3.0These decimal numbers stop. 


We have also seen that every fraction is a rational 
number. Look at the decimal form of the fractions 
we just considered. 


Ratio of Integers 45, — 78, 1314, —203 Decimal 
Forms 0.8, — 0.875, 3.25, —6.666... These decimals 
either stop or repeat. — 6.66— 


What do these examples tell you? Every rational 
number can be written both as a ratio of integers 
and as a decimal that either stops or repeats. The 
table below shows the numbers we looked at 
expressed as a ratio of integers and as a decimal. 


Rational 
Rio see Ie oe 
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Number 45,—78,134, —2, +955 255 


— Ona 


ai 


Ratio of Integer 45, —78,134, —21, 

—203 —11,01,11,21,31 
Decimal number 0.8, —0.875,3.25, —2.0, 

—6.6-, —1.0,0.0,1.0,2.0,3.0 


Irrational Numbers 


Are there any decimals that do not stop or repeat? 
Yes. The number zt (the Greek letter pi, pronounced 
‘pie’), which is very important in describing circles, 
has a decimal form that does not stop or repeat. 

w= 3.141592654....... 


Similarly, the decimal representations of square 
roots of numbers that are not perfect squares never 
stop and never repeat. For example, 

5 = 2.236067978..... 


A decimal that does not stop and does not repeat 
cannot be written as the ratio of integers. We call 
this kind of number an irrational number. 


Irrational Number 
An irrational number is a number that cannot be 


written as the ratio of two integers. Its decimal 
form does not stop and does not repeat. 


Let's summarize a method we can use to determine 
whether a number is rational or irrational. 


If the decimal form of a number 
* stops or repeats, the number is rational. 


* does not stop and does not repeat, the number 
is irrational. 


Identify each of the following as rational or 
irrational: 


@0.583- 


©0.475 


©3.605551275... 


Solution 


@ 0.583- 

The bar above the 3 indicates that it repeats. 
Therefore, 0.583- is a repeating decimal, and 
is therefore a rational number. 


© 0.475 
This decimal stops after the 5, so it is a 
rational number. 


© 3.605551275... 

The ellipsis (...) means that this number does 
not stop. There is no repeating pattern of 
digits. Since the number doesn't stop and 
doesn't repeat, it is irrational. 


Identify each of the following as rational or 
irrational: 


@0.29©0.816—©2.515115111... 
@ rational 


® rational 
© irrational 


Identify each of the following as rational or 
irrational: 


@0.23-®©0.125©0.418302... 


@ rational 


® rational 


© irrational 


Let's think about square roots now. Square roots of 
perfect squares are always whole numbers, so they 
are rational. But the decimal forms of square roots 
of numbers that are not perfect squares never stop 
and never repeat, so these square roots are 
irrational. 


Identify each of the following as rational or 
irrational: 


@36 
44 


Solution 


@ The number 36 is a perfect square, since 
62 = 36. So 36=6. Therefore 36 is rational. 


© Remember that 62 = 36 and 72=49, so 44 
is not a perfect square. 


This means 44 is irrational. 


Identify each of the following as rational or 
irrational: 


@81 
®17 


@ rational 
© irrational 


Identify each of the following as rational or 
irrational: 


@116 


®121 


@ irrational 
® rational 


a 


This diagram illustrates the relationships between 
the different types of real numbers. 


Classify Real Numbers 


We have seen that all counting numbers are whole 
numbers, all whole numbers are integers, and all 
integers are rational numbers. Irrational numbers 
are a separate category of their own. When we put 
together the rational numbers and the irrational 
numbers, we get the set of real numbers. 


illustrates how the number sets are related. 


Real Numbers 


Real numbers are numbers that are either rational 
or irrational. 


Does the term “real numbers” seem strange to you? 
Are there any numbers that are not “real”, and, if 
so, what could they be? For centuries, the only 
numbers people knew about were what we now call 
the real numbers. Then mathematicians discovered 
the set of imaginary numbers. You won't encounter 
imaginary numbers in this course, but you will later 
on in your studies of algebra. 


Determine whether each of the numbers in the 
following list is a @ whole number, © integer, 


© rational number, @ irrational number, and 
© real number. 
— 7,145,8,5,5.9, — 64 


Solution 


@ The whole numbers are 0,1,2,3,... The 
number 8 is the only whole number given. 


© The integers are the whole numbers, their 
opposites, and 0. From the given numbers, — 7 
and 8 are integers. Also, notice that 64 is the 


© Since all integers are rational, the numbers 
— 7,8,and — 64 are also rational. Rational 
numbers also include fractions and decimals 
that terminate or repeat, so 145and5.9 are 
rational. 


@ The number 5 is not a perfect square, so 5 
is irrational. 


©) All of the numbers listed are real. 


We'll summarize the results in a table. 
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square of 8 so —64= —8. So the integers are 

= 7-004 
I 
I 
I 
I 
I 
I 
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Determine whether each number is a ©@ whole 
number, © integer, © rational number, @ 
irrational number, and © real number: —3, 

— 2,0.3-,95,4,49. 


Determine whether each number is a @ whole 
number, © integer, © rational number, @ 
irrational number, and © real number: — 25, 
— 38, — 1,6,121,2.041975... 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Sets of Real Numbers 
¢ Real Numbers 


Key Concepts 


¢ Real numbers 


O 


Practice Makes Perfect 
Rational Numbers 


In the following exercises, write as the ratio of two 
integers. 


@5 
®3.19 


@51 
©319100 


@8 
®—1.61 


@-12 
©9.279 


@-—-121 
©92791000 


@-16 
®©4.399 


In the following exercises, determine which of the 
given numbers are rational and which are irrational. 


0:75, 0:223—, 1,39174.«: 


Rational: 0.75,0.223-. Irrational: 1.39174... 


0.36, 0.94729..., 2.528— 


0.45—, 1.919293..., 3.59 


Rational: 0.45—, 3.59. Irrational: 1.919293... 


0.13-,0.42982..., 1.875 


In the following exercises, identify whether each 
number is rational or irrational. 


@25 
®30 


@ rational 
® irrational 


@44 
©49 


@164 
©169 


@ irrational 
® rational 


@225 
©216 


Classifying Real Numbers 


In the following exercises, determine whether each 
number is whole, integer, rational, irrational, and 
real. 


=§, 0,1,95256:..., 125,36, 9 


—9, — 349, —9, 0.409—.116,7 


=100,,.=—7,.=— 83, =1,0.77,314 


Everyday Math 


Field trip All the 5th graders at Lincoln 
Elementary School will go on a field trip to the 


science museum. Counting all the children, 
teachers, and chaperones, there will be 147 
people. Each bus holds 44 people. 


@ How many buses will be needed? 
© Why must the answer be a whole number? 
© Why shouldn't you round the answer the 


usual way? 


Child care Serena wants to open a licensed 
child care center. Her state requires that there 
be no more than 12 children for each teacher. 
She would like her child care center to serve 40 
children. 


@ How many teachers will be needed? 
© Why must the answer be a whole number? 
© Why shouldn't you round the answer the 


usual way? 


@ 4 
©) Teachers cannot be divided 
© It would result in a lower number. 


Writing Exercises 


In your own words, explain the difference 
between a rational number and an irrational 
number. 


Explain how the sets of numbers (counting, 
whole, integer, rational, irrationals, reals) are 
related to each other. 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 
in your road to success. In math, every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no—I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


Irrational number 
An irrational number is a number that 
cannot be written as the ratio of two integers. 
Its decimal form does not stop and does not 
repeat. 


Rational number 
A rational number is a number that can be 
written in the form pq, where p and q are 
integers and q~0. Its decimal form stops or 
repeats. 


Real number 
a real number is a number that is either 
rational or irrational. 


Commutative and Associative Properties 
By the end of this section, you will be able to: 


* Use the commutative and associative properties 

¢ Evaluate expressions using the commutative 
and associative properties 

¢ Simplify expressions using the commutative 
and associative properties 


Before you get started, take this readiness quiz. 


wolmplitye7y 42-4 y 4 lo: 
If you missed this problem, review [link]. 


. Multiply: 23-18. 

If you missed this problem, review [link]. 
. Find the opposite of 15. 

If you missed this problem, review [link]. 


In the next few sections, we will take a look at the 
properties of real numbers. Many of these properties 
will describe things you already know, but it will 
help to give names to the properties and define 
them formally. This way we’ll be able to refer to 
them and use them as we solve equations in the next 
chapter. 


Use the Commutative and Associative 
Properties 


Think about adding two numbers, such as 5 and 3. 
5+33+588 


The results are the same. 5+3=3+5 


Notice, the order in which we add does not matter. 
The same is true when multiplying 5 and 3. 
5:33:51515 


Again, the results are the same! 5-3 =3-5. The order 
in which we multiply does not matter. 


These examples illustrate the commutative 
properties of addition and multiplication. 


Commutative Properties 

Commutative Property of Addition: if a and b are 
real numbers, then 

a+b=b+a 


Commutative Property of Multiplication: if a 
and b are real numbers, then 
ab=b-a 


The commutative properties have to do with order. 


If you change the order of the numbers when adding 
or multiplying, the result is the same. 


Use the commutative properties to rewrite the 
following expressions: 


@-14+3=__ 


®O49=_ 


Solution 


@) 
—-+3-= 
Use the commutative —-1+3=3+(-—1) 
property of addition to 
change the order. 


© 


A.A — 
ie 


Use the commutative 49=9-4 
property of 

multiplication to 

change the order. 


Use the commutative properties to rewrite the 
following: 


@—-44+7=__ 
612 ine 


@-4+7=7+(-4 
®6:12=12-6 


Use the commutative properties to rewrite the 
following: 


@144+(-2)=___ 
®3(-5)=__ 


@ 14 + (-2) = -2+14 
® 3(-5) = (-5)3 


What about subtraction? Does order matter when 
we subtract numbers? Does 7 —3 give the same 
result as 3—7? 

7—33-74-442 -4 

The results are not the same.7 —-3#3—7 


Since changing the order of the subtraction did not 
give the same result, we can say that subtraction is 
not commutative. 


Let’s see what happens when we divide two 
numbers. Is division commutative? 

12+ 44+ 121244123133 413 

The results are not the same. Sol2+444+12 


Since changing the order of the division did not give 
the same result, division is not commutative. 


Addition and multiplication are commutative. 
Subtraction and division are not commutative. 


Suppose you were asked to simplify this expression. 
T+#8+2 


How would you do it and what would your answer 


be? 


Some people would think 7 + 8is15 and then 
15+2is17. Others might start with 8 + 2makes10 
and then 7 + 10makes17. 


Both ways give the same result, as shown in [link]. 
(Remember that parentheses are grouping symbols 
that indicate which operations should be done first.) 


When adding three numbers, changing the grouping 
of the numbers does not change the result. This is 
known as the Associative Property of Addition. 


The same principle holds true for multiplication as 
well. Suppose we want to find the value of the 
following expression: 

5:13:3 


Changing the grouping of the numbers gives the 
same result, as shown in [link]. 


When multiplying three numbers, changing the 
grouping of the numbers does not change the result. 
This is known as the Associative Property of 
Multiplication. 


If we multiply three numbers, changing the 
grouping does not affect the product. 


You probably know this, but the terminology may 
be new to you. These examples illustrate the 
Associative Properties. 


Associative Properties 

Associative Property of Addition: if a,b, and c are 
real numbers, then 

(a+b)+c=a+(b+c) 

Associative Property of Multiplication: if a,b, 
and c are real numbers, then 


(ab)-c=a-(b-c) 


Use the associative properties to rewrite the 
following: 


@(3+0.6)+0.4= 


®(—4-25)-15= 


Solution 


(ay) 

NY 
(la IBY aay ay aN, 
Keyl Vewy tt Ve omy 


Change the grouping. (3+0.6)+0.4=3+(0.6+90.4) 


Notice that 0.6+ 0.4 is 1, so the addition will 
be easier if we group as shown on the right. 


() 
(—-4-26)-15= 
Change the grouping. (—4:25):15= 
— 4-(25:15) 


Notice that 25-15 is 6. The multiplication will 
be easier if we group as shown on the right. 


Use the associative properties to rewrite the 
following: 

@(1+0.7)+0.3= 

®(-9-8)34=_ 


@(1+0.7)+0.3=1+(0.7+0.3) 
®(-—9-8):34= — 9(8:34) 


Use the associative properties to rewrite the 
following: 

@ (44+0.6)+0.4=__ 
®(—2-12)-56=_ 


@(4+0.6)+0.4=4+(0.6+4+ 0.4) 
®(—2-12)-56 = — 2(12-56) 


Besides using the associative properties to make 
calculations easier, we will often use it to simplify 
expressions with variables. 


Use the Associative Property of Multiplication 
to simplify: 6(3x). 


Solution 


Chanan tha araunina 
SE oy LiLlwu 6tVUP*AAt6: 


Multiply in the 


parentheses. 


Notice that we can multiply 6-3, but we could 
not multiply 3-x without having a value for x. 


Use the Associative Property of Multiplication 
to simplify the given expression: 8(4x). 


Use the Associative Property of Multiplication 
to simplify the given expression: — 9(7y). 


Evaluate Expressions using the 
Commutative and Associative Properties 


The commutative and associative properties can 
make it easier to evaluate some algebraic 
expressions. Since order does not matter when 
adding or multiplying three or more terms, we can 
rearrange and re-group terms to make our work 
easier, as the next several examples illustrate. 


Evaluate each expression when x= 78. 


@x+0.37+(-—x) 
©x+(—x)+0.37 


Solution 


(ey) 
Y 


x+ 0.37 + (—yr) 


Substitute 78 for x. 


/ +0374 (-2) 
oO \ 7 
Convert fractions to 


decimals. 
NOTTS 1: NAW: ¢ NOW 
weevil a 1 Weel T \ weviaw 


Add left to right. 


\ 
J 


©) 


~ 1 f wv} 1 1127 
way powews 


~ ry 


Substitute 78 for x. 
4 +(-2) +037 
Add Pare first. 


0.37 


What was the difference between part @ and 
part ©? Only the order changed. By the 
Commutative Property of Addition, x 

+037 +(x) =x + (— x) 4 037. but Wasnt 
part © much easier? 


Evaluate each expression when y = 38:@y 
+0.84+(—y) ®y+(—y)+0.84. 


Evaluate each expression when f=1720: @f 
1209 /o-h( = h)B) ta f)0.9 75; 


Let’s do one more, this time with multiplication. 


Evaluate each expression when n=17. 


@43(34n) 


©(43:34)n 


Solution 


© 


Substitute 17 for n. 
+(3 17) 


inition in the 
parentheses first. 
4/51 


2 A 
~ ii 


Multiply again. 


17 


Substitute 17 for n. 


(4-2). 17 


Multiply. The product 
of uecinneeaoh is 1. 
fir. 


Vania again. 


17 


What was the difference between part @ and 
part © here? Only the grouping changed. By 
the Associative Property of Multiplication, 
43(34n) = (43-34)n. By carefully choosing how 
to group the factors, we can make the work 
easier. 


Evaluate each expression when 
p=24:@59(95p) ®(59-95)p. 


Evaluate each expression when 
q=15:@711(117q) ®(711-117)q 


Simplify Expressions Using the 
Commutative and Associative Properties 


When we have to simplify algebraic expressions, we 
can often make the work easier by applying the 
Commutative or Associative Property first instead of 
automatically following the order of operations. 
Notice that in [link] part © was easier to simplify 
than part @ because the opposites were next to each 
other and their sum is 0. Likewise, part © in [link] 
was easier, with the reciprocals grouped together, 
because their product is 1. In the next few examples, 
we'll use our number sense to look for ways to apply 
these properties to make our work easier. 


Simplify: —84n+ (—73n) + 84n. 


Solution 


Notice the first and third terms are opposites, 
so we can use the commutative property of 
addition to reorder the terms. 


—QAn Lf _T2an\1LQAn 
1S oe ee X f vily 1 w ian 
Da ardar tha tarma —QAn LQAn Ll _ Qn) 
EW VULULL ULLLY LUELLIID. Vian tt Utar ty suas 
Add laft ta vriaht (ONE te Oe 
2AM 2ELE LY LIB. Vv re vary 
Add. —73n 


Simplify: —27a+(— 48a) + 27a. 


Simplify: 39x + (— 92x) + (— 39x). 


Now we will see how recognizing reciprocals is 
helpful. Before multiplying left to right, look for 
reciprocals—their product is 1. 


Simplify: 715-823-157. 
Solution 


Notice the first and third terms are reciprocals, 
so we can use the Commutative Property of 
Multiplication to reorder the factors. 


D ardar tha 


an tarma 
EW ULL LLLE LUELILIID. 


NAaaltinldses lAft ta viaht 
AVEULLEP Ly AVL LY 11611. 


Multiply. 


Simplify: 916-549-169. 


Simplify: 617:1125-176. 


In expressions where we need to add or subtract 
three or more fractions, combine those with a 
common denominator first. 


Simplify: (513+ 34)+14. 


Solution 


Notice that the second and third terms have a 
common denominator, so this work will be 
easier if we change the grouping. 


(E19 1 BDAVLIA.IA 
WL.o tr oiyt at 


Group the terms with a513+(34+14) 


PAmman Annaminata«- 
WwW 


Add in the parentheses 513 + (44) 


first. 

Cimnl ron tha frantinn BaD 1 4 
AR ee fee eS ESO wiwv 1 =e 
Add ls 
Convert to an improrer1813 
fraction. 


Simplify: (715 + 58) + 38. 


Simplify: (295-7 12)-7512: 


When adding and subtracting three or more terms 
involving decimals, look for terms that combine to 
give whole numbers. 


Simplify: (6.47q + 9.99q) + 1.01q. 


Solution 


Notice that the sum of the second and third 
coefficients is a whole number. 


LG, A'7a +O NAAN 11 A1a 
vied WV Sal 


Chanan tha araunina 
MLLULLH Ute H1VUpPs11s: 


Add in the parentheses 6.474 oF (11. 00q) 


17.47q 


Many people have good number sense when 
they deal with money. Think about adding 99 
cents and 1 cent. Do you see how this applies 
to adding 9.99+1.01? 


Simplify: (5.58¢c + 8.75c) + 1.25c. 


15.58c 


Simplify: (8.79d + 3.55d) + 5.45d. 


No matter what you are doing, it is always a good 
idea to think ahead. When simplifying an 
expression, think about what your steps will be. The 
next example will show you how using the 
Associative Property of Multiplication can make 
your work easier if you plan ahead. 


Simplify the expression: [ 1.67(8) ] (0.25). 


Solution 


Notice that multiplying (8)(0.25) is easier than 
multiplying 1.67(8) because it gives a whole 
number. (Think about having 8 quarters—that 
makes $2.) 


I1 A7/Q\10N OEY 
L20yu7Ws1wweaevuy) 


1 B7ILQVN ON 
a LUVIN JA 


Vea 


Daaroniin 
DSSS AE oN 


Multiply in the 1.67[2] 
brackets first, 
Multiply. 3.34 


Simplify: [1.17(4)](2.25). 


Simplify: [3.52(8)](2.5). 


When simplifying expressions that contain variables, 
we can use the commutative and associative 
properties to re-order or regroup terms, as shown in 
the next pair of examples. 


Simplify: 6(9x). 


Solution 


Use the associative 
property of 
multiplication to re- 
group: 

Multiply in the 
parentheses. 


Simplify: 8(3y). 


Simplify: 12(5z). 


In The Language of Algebra, we learned to combine 
like terms by rearranging an expression so the like 
terms were together. We simplified the expression 
3x+7+4x+5 by rewriting it as 3x+4x+7+5 and 
then simplified it to 7x+ 12. We were using the 
Commutative Property of Addition. 


Simplity: 18p--6q--(— 1 5p) +, 5q- 


Solution 


Use the Commutative Property of Addition to 
re-order so that like terms are together. 


We YELL CUOLILILWV. 


Combine like terms. 3p+11q 


Simplify: 23r+ 14s + 9r+(—15s). 


Simplify: 37m+21n+4m-+(—15n). 


The Links to Literacy activity, "Each Orange Had 8 
Slices" will provide you with another view of the 
topics covered in this section. 


Key Concepts 
+ Commutative Properties 
© Commutative Property of Addition: 


@ If a,b are real numbers, then a+b=b 
+a 


© Commutative Property of 
Multiplication: 


@ If a,b are real numbers, then a-b=b-a 
* Associative Properties 
© Associative Property of Addition: 


@ If a,b,c are real numbers then (a 
+b)+c=a+(b+c) 


© Associative Property of Multiplication: 


@ If a,b,c are real numbers then 
(a-b)-c=a-(b-c) 


Practice Makes Perfect 


Use the Commutative and Associative Properties 


In the following exercises, use the commutative 
properties to rewrite the given expression. 


8+9=__ 


7+6=_ 


7+6=6+7 


8(—12)=__ 


7(-13)=__ 


7(—13) = (-13)7 


CA 


(=I2)e=18)= 


(—12)(— 18) = (—18)(—12) 


—11+8=_ 


—15+7=__ 
—-15+7=7 + (-15) 
x+4=__ 

y+1=_ 
yt1l=l1t+y 
—2a=__ 

—3m=__ 


—3m = m(-3) 


In the following exercises, use the associative 
properties to rewrite the given expression. 


(114+9)4+14=__ 


(214+14)+9=__ 


(21 + 14)+ 9= 214+ (14 + 9) 


(12:5)-7 =__ 


(14-6):9=__ 


(14-6):9 = 14(6- 9) 


(—7+9)+8=__ 


(=246) +7 =. 


C2. ib) ba Sa 2 (6 7) 


(16-45)-15=__ 


(13-23)-18 =__ 


(13-23)-18 = 13(23-18) 


3(4x) =__ 


4(7x)=__ 


4(7x) = (4:°7)x 


(12+ x)+28=__ 


(17 +y)+33=__ 


(17 + y) +33 =17+ (+ 33) 


Evaluate Expressions using the Commutative 
and Associative Properties 


In the following exercises, evaluate each expression 
for the given value. 


If y=58, evaluate: 


@y+0.49+(—y) 
®y+(-—y)+0.49 


If z= 78, evaluate: 


@z+0.97 +(—z) 
®©z+(—z)+0.97 


@ 0.97 
® 0.97 


If c= —114, evaluate: 


@c+3.125+(-c) 
®c+(—c)+3.125 


If d= — 94, evaluate: 
@d+2.375+(-d) 
@©d+(—d)+2.375 


@ 2.375 
©) 2.375 


If j=11, evaluate: 


@56(65j) 
®(5665)j 


If k= 21, evaluate: 


@413(134k) 
®©(413-134)k 


@ 21 
® 21 


If m= — 25, evaluate: 


@ —37(73m) 
®(-—37:73)m 


If n= —8, evaluate: 


@ —521(215n) 
®(—521:215)n 


@ -8 
® —8 


Simplify Expressions Using the Commutative and 
Associative Properties 


In the following exercises, simplify. 


—45a+15+ 45a 


9y+ 23+ (—-9y) 


23 


T2478 +(0=12) 


29D Ze = 25) 


512 


320°4911-203 


13182571813 


297 


712:917:247 


310:1323:503 


6523 


— 24-7:38 


— 36:11:49 


=176 


(64815) +715 


(112+ 49)+59 


L3T2 


913+34+14 


S1o-o7-F 27 


2515 


(4.33p + 1.09p) + 3.91p 


(5.89d + 2.75d) + 1.25d 


9.89d 


17(0.25)(4) 


36(0.2)(5) 


36 


[2.48(12)](0.5) 


[9.731(4)](0.75) 


29.193 


7(4a) 


9(8w) 


72w 


—15(5m) 


— 23(2n) 


—46n 


12(56p) 


20(35q) 


12q 


14x+19y + 25x+ 3y 


15u+11v+27u+19v 


42u + 30v 


43m +(—12n)+(-—16m)+(-9n) 


—22p+17q+(— 35p) + (— 27q) 


—57p + (—10q) 


38g +112h+78g+512h 


56a + 310b+ 16a+910b 


a+65b 


6.8p + 9.14q + (— 4.37p) + (— 0.88q) 


9.6m + 7.22n + (— 2.19m) + (—0.65n) 


7.41m + 6.57n 


Everyday Math 


Stamps Allie and Loren need to buy stamps. 
Allie needs four $0.49 stamps and nine $0.02 
stamps. Loren needs eight $0.49 stamps and 
three $0.02 stamps. 


@ How much will Allie’s stamps cost? 


© How much will Loren’s stamps cost? 


© What is the total cost of the girls’ stamps? 


@ How many $0.49 stamps do the girls need 
altogether? How much will they cost? 


© How many $0.02 stamps do the girls need 


altogether? How much will they cost? 


Counting Cash Grant is totaling up the cash 
from a fundraising dinner. In one envelope, he 
has twenty-three $5 bills, eighteen $10 bills, 
and thirty-four $20 bills. In another envelope, 
he has fourteen $5 bills, nine $10 bills, and 
twenty-seven $20 bills. 
@ How much money is in the first envelope? 
© How much money is in the second envelope? 
© What is the total value of all the cash? 
@ What is the value of all the $5 bills? 
© What is the value of all $10 bills? 
® What is the value of all $20 bills? 

@ $975 


® $700 
© $1675 


@ $185 
© $270 
® $1220 


Writing Exercises 


In your own words, state the Commutative 
Property of Addition and explain why it is 
useful. 


In your own words, state the Associative 
Property of Multiplication and explain why it is 
useful. 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Distributive Property 
By the end of this section, you will be able to: 


¢ Simplify expressions using the distributive 


property 
* Evaluate expressions using the distributive 


property 


Before you get started, take this readiness quiz. 


1. Multiply: 3(0.25). 
If you missed this problem, review [link] 


2) simplity: 10—(— 2)(): 

If you missed this problem, review [link] 
2, Combinelike terms: Oy 4 17 4,5) — 2: 

If you missed this problem, review [link]. 


Simplify Expressions Using the 
Distributive Property 


Suppose three friends are going to the movies. They 
each need $9.25; that is, 9 dollars and 1 quarter. 
How much money do they need all together? You 
can think about the dollars separately from the 


quarters. 


They need 3 times $9, so $27, and 3 times 1 
quarter, so 75 cents. In total, they need $27.75. 


If you think about doing the math in this way, you 
are using the Distributive Property. 


Distributive Property 


If a,b,c are real numbers, then 
a(b+c)=ab+ac 


Back to our friends at the movies, we could show 
the math steps we take to find the total amount of 
money they need like this: 

3(9.25) 3(9+ 0.25) 3(9) + 3(0.25) 27 +0.75 27.75 


In algebra, we use the Distributive Property to 
remove parentheses as we simplify expressions. For 
example, if we are asked to simplify the expression 
3(x + 4), the order of operations says to work in the 
parentheses first. But we cannot add x and 4, since 
they are not like terms. So we use the Distributive 
Property, as shown in [link]. 


Simplify: 3(x+ 4). 


Solution 


Multiply. 


Simplify: 4(x +2). 


Simplify: 6(x+7). 


Some students find it helpful to draw in arrows to 
remind them how to use the Distributive Property. 
Then the first step in [link] would look like this: 


Simplify: 6(5y +1). 


Solution 


Distribute. 


6-5v+6.- 


Multiply. 


30y + 6 


Simplify: 9(3y + 8). 


OME Se TEs 


Simplify: 5(5w + 9). 


25w + 45 


The distributive property can be used to simplify 
expressions that look slightly different from a(b+c). 
Here are two other forms. 


Distributive Property 
If a,b,c are real numbers, then 


(b+c)a=ba+ca 


Simplify: 2(x — 3). 


Solution 


Multiply. 


2x — 6 


Simplify: 7(x — 6). 


Simplify: 8(x—5). 


Do you remember how to multiply a fraction by a 
whole number? We’ll need to do that in the next 
two examples. 


Simplify: 34(n+ 12). 


Solution 


3 


2 (n +12) 
at 
Distribute. 


aves a 


Simplify. 


3 
qnt+9 


Simplify: 25(p +10). 


Simplify: 37(u+ 21). 


Simplify: 8(38x + 14). 


Solution 


x ON 
/ 
8(3x++) 


X 


Distribute. 
ee ee 
Multiply. 
3x +2 


Simplify: 6(56y + 12). 


Simplify: 12(13n+ 34). 


Using the Distributive Property as shown in the next 
example will be very useful when we solve money 
applications later. 


Simplify: 100(0.3 + 0.25q). 


Solution 


Distribute. 


TANNIN 2 42 1NAA D4a\ 
aU uy TD ae gy 


Multiply. 


30 + 254 


Simplify: 100(0.7 + 0.15p). 


70 + 15p 


Simplify: 100(0.04 + 0.35d). 


In the next example we’ll multiply by a variable. 
We'll need to do this in a later chapter. 


Simplify: m(n—4). 


Solution 


in \ 
enh AN 
mut — +) 


Distribute. 


“sw =. _A 
zie ue vee : 


Multiply. 


mn — 4m 


Notice that we wrote m-4as4m. We can do this 
because of the Commutative Property of 
Multiplication. When a term is the product of a 
number and a variable, we write the number 
first. 


Simplify: r(s— 2). 


Simplify: y(z— 8). 


The next example will use the ‘backwards’ form of 
the Distributive Property, (b+c)a=ba+ca. 


Simplify: (x+8)p. 


Solution 


x FN 


f \— 
\ oT OP 


Distribute. 


px + 8p 


Simplify: (x+2)p. 


Simplify: (y + 4)q. 


When you distribute a negative number, you need to 
be extra careful to get the signs correct. 


Simplify: —2(4y +1). 


Solution 


a ee Oe oe a 
~ Jy NN = 


+ 


Simplify. 


—8y—2 


Simplify: —3(6m+5). 


Simplify: —6(8n+ 11). 


Simplify: —11(4— 3a). 


Solution 


Distribute. 


+ 


Multiply. 


—_AA 1 f__22aA\ 
rao yey 


Simplify. 


—44 + 33a 


You could also write the result as 33a—44. Do 
you know why? 


Simplity: —5(2— 3a): 


— WO lod 


Simpluty—7(a— 1 oy). 


—~56 + 105y 


In the next example, we will show how to use the 
Distributive Property to find the opposite of an 
expression. Remember, —a= — 1-a. 


Simplify: —(y +5). 


Solution 


—G-+5) 
Multiplying by —1 
results in the opposite. 


=—1hy ae 5) 
Distribute. 
1 —s¢ tf —1).$§ 
Simplify. 
xr i f 4 
> ie a. * ~/) 
Simplify. 


Simplitye (7 1: 


Simplify: —(x— 4). 


Sometimes we need to use the Distributive Property 
as part of the order of operations. Start by looking 
at the parentheses. If the expression inside the 
parentheses cannot be simplified, the next step 
would be multiply using the distributive property, 
which removes the parentheses. The next two 
examples will illustrate this. 


Simplify: 8 — 2(x+3). 


Solution 


o fa 1 2 
Uv “WT yy) 


Distribute. 
8-2 


Multiply. 


> a | 
“~~ 


oO Lo Pe £ 
oT LA — U 


Combine like terms. 


—2x +2 


Simplify: 9'— s{x-+- 2): 


Simplify: 7x —5(x + 4). 


Simplify: 44x — 8) —(x +3). 


Solution 


A lo — Q\ aes Ce 2 \ 
ow vs ol i? 4 
Distribute. 


Aw af ~ 2 
Th s 


3x — 35 


SM pliPy Ole Oe tx a): 


SMP a(x 1) >) 


Evaluate Expressions Using the 
Distributive Property 


Some students need to be convinced that the 
Distributive Property always works. 


In the examples below, we will practice evaluating 
some of the expressions from previous examples; in 
part @, we will evaluate the form with parentheses, 
and in part © we will evaluate the form we got 
after distributing. If we evaluate both expressions 
correctly, this will show that they are indeed equal. 


When y= 10 evaluate: @ 6(5y+1) © 65y 


sto be 


Solution 


© 


Al(Exw 11) 
SAG 279/ 1 aj 


66-—10-+DHfory. 
Simplify in the 6(51) 


naranthoacaca 
Pr esrurievev. 


Multiply. 306 
® 
6--3y-+6-—1 


6&-3-10-+4-—l 


Simplify. 


i) 
> 
> 
CN 


Add. 


306 


Notice, the answers are the same. When y= 10, 
6(5y+1)=65y+ 6-1. 


Try it yourself for a different value of y. 


Evaluate when w=3:@5(5w+9)®55w+5:9. 


Evaluate when y = 2:@9(3y + 8)®©9:3y + 98. 


When y=3, evaluate @ — 2(4y + 1)® —2-4y 
Sete) lee 


Solution 


© 


a 


Simplify in the —(413) 


naranthacnacac 
Jee RLLLLAWIVe 


Multiply. — 26 
— 9.Ax7 1 fF _9).1 
— Li )/ 1 NG <_ Jj i 


—9 .A.24(_N. 1 
a cs el ee ee 7 


NAaaltinlss a 2 ty, Le | 
AVLULLIP Ly. at pam 
Cathteant cae a Ya 
vuUuVviuUUce au 


The answers arethe -—2(4y+1)=—8y-2 
same. When y=3, 


Evaluate when n= — 2:@ —6(8n+11)® —6°8n 
+(-—6):11. 


Evaluate when m= —1:@ —3(6m+5)® 
— 3-6m+(—3)-5. 


When y=35 evaluate © —(y+5) and ®©-y 
—5 to show that —(y+5)=-—y-—5. 


Solution 


® 


— fxr _ BY 
Aen) 


—35 >> 26 for, 


~N ewe 


AAA in tha ae nana —l(AN)\ 


f ANU iin LiLlvw [PASE RLLLCLIVI' Ve Livy 
Simplify. — 40 
6) 
Y 
as Cc 
y vv 


Simplif; =® 

The answers arethe —(y+5)=-—y-—5 
same when y=35, 

demonstrating that 


Evaluate when x= 36:@ —(x—4)® —x+4 to 


show that —(x—4)= —-x-4. 


Gr 32 


(= 32 


Evaluate when z=55:@ —(z—10)® —z+10 to 
show that —(z—10)= —z+10. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Model Distribution 
¢ The Distributive Property 


Key Concepts 


* Distributive Property: 


© If a,b,c are real numbers then 


M a(b+c)=ab+ac 
M (b+c)a=ba+ca 
M@ a(b-c)=ab-ac 


Practice Makes Perfect 


Simplify Expressions Using the Distributive 
Property 


In the following exercises, simplify using the 
distributive property. 


4(x+8) 


3(a+9) 


3a + 27 


8(4y + 9) 


9(3w+7) 


27w + 63 


6(c— 13) 


7(y-13) 


a aa 


7(3p — 8) 


5(7u-—4) 


Sou —20 


12(n+ 8) 


13(u+ 9) 


13u+3 


14(3q +12) 


15(4m + 20) 


45m + 4 


9(59y — 13) 


10(310x — 25) 


3x — 4 


12(14 + 23r) 


12(16 + 34s) 


2+ Os 


r(s—18) 


u(v — 10) 


uv — 10u 


(y+4)p 


(a+ 7)x 


ax + 7x 


—2(y +13) 


—3(a+11) 


30 =435 


—7(4p+ 1) 


—9(9a+ 4) 


=Sild — 36 


— 3(x-—6) 


—4(q-7) 


—4q + 28 


—9(3a—7) 


— 6(7x— 8) 


—42x + 48 


—(r+7) 


=(g+11) 


ce aca ll 


—(3x-—7) 


—(Sp—4) 


=Sp-+ 4 


5+9(n-6) 


12+ 8(u—1) 


8u + 4 


16—3(y+8) 


18-—4(«+ 2) 


—4x + 10 


4—11(3c-— 2) 


9—6(7n—5) 


—42n + 39 


22—(a+3) 


8—(r—-7) 


—r+15 


—12-—(u+10) 


—4—(c—10) 


—c +6 


(5m —3)—(m+7) 


(4y-1)-(-2) 


Oy aed 


5(2n+ 9)+12(n—3) 


9(5u+ 8)+ 2(u—6) 


47u + 60 


OSk= 3) = C=2) 


4(6x—1)—-(—8) 


24x + 4 


14(c—1)-—8(c—6) 


11(n—7)-—5(n-1) 


6n — 72 


6(7y + 8) —(30y — 15) 


7(3n + 9)—(4n—-—13) 


l7n:- 76 


Evaluate Expressions Using the Distributive 
Property 


In the following exercises, evaluate both expressions 
for the given value. 


If v= — 2, evaluate 


@6(4v +7) 
®©6:4v+ 6:7 


If u= —1, evaluate 


@8(5u+ 12) 
®©8-5u +812 


@ 56 
® 56 


If n= 23, evaluate 


@3(n+ 56) 
®3-n+3-56 


If y= 34, evaluate 
@4(y +38) 
©4y +438 


@92 
®92 


If y=712, evaluate 


@ —3(4y+15) 
©3-4y +(—3)15 


If p=2330, evaluate 


® -—6(5p+11) 
®-65p+(—6)11 


If m=0.4, evaluate 


@ —10(3m — 0.9) 
© —10-3m —(—10)(0.9) 


If n=0.75, evaluate 
@ —100(5n+ 1.5) 
® —100-5n+(-—100)(1.5) 


@ —525 
® —525 


If y= — 25, evaluate 


@—-(y-25) 


®—-y+25 


If w= —80, evaluate 
@ —(w-—80) 
©—w+80 


@ 160 
® 160 


If p=0.19, evaluate 


@—(p+0.72) 
®—p-—0.72 


If q=0.55, evaluate 
@ —(q+0.48) 
® —q—0.48 


@ —1.03 
® —1.03 


Everyday Math 


Buying by the case Joe can buy his favorite ice 
tea at a convenience store for $1.99 per bottle. 
At the grocery store, he can buy a case of 12 
bottles for $23.88. 


@) Use the distributive property to find the cost 
of 12 bottles bought individually at the 
convenience store. (Hint: notice that $1.99 is 
$2 — $0.01.) 


© Is it a bargain to buy the iced tea at the 
grocery store by the case? 


Multi-pack purchase Adele’s shampoo sells for 
$3.97 per bottle at the drug store. At the 
warehouse store, the same shampoo is sold as a 
3-pack for $10.49. 


@ Show how you can use the distributive 
property to find the cost of 3 bottles bought 
individually at the drug store. 

© How much would Adele save by buying the 


3-pack at the warehouse store? 


@ 3(4 — 0.03) = 11.91 


® $1.42 


Writing Exercises 


Simplify 8(x— 14) using the distributive 
property and explain each step. 


Explain how you can multiply 4($5.97) without 
paper or a calculator by thinking of $5.97 as 
6—0.03 and then using the distributive 


property. 
Self Check 
@ After completing the exercises, use this checklist 


to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Properties of Identity, Inverses, and Zero 
By the end of this section, you will be able to: 


* Recognize the identity properties of addition 
and multiplication 

* Use the inverse properties of addition and 
multiplication 

* Use the properties of zero 

¢ Simplify expressions using the properties of 
identities, inverses, and zero 


Before you get started, take this readiness quiz. 


1. Find the opposite of — 4. 
If you missed this problem, review [link]. 


2. Find the reciprocal of 52. 

If you missed this problem, review [link]. 
3. Multiply: 3a5-92a. 

If you missed this problem, review [link]. 


Recognize the Identity Properties of 
Addition and Multiplication 


What happens when we add zero to any number? 


Adding zero doesn’t change the value. For this 
reason, we call 0 the additive identity. 


For example, 
13+0—14+00+(—3x) 13—14-3x 


What happens when you multiply any number by 
one? Multiplying by one doesn’t change the value. 
So we call 1 the multiplicative identity. 


For example, 
43-1 — 27-11-6y543 — 276y5 


Identity Properties 
The identity property of addition: for any real 
number a, 


a+0O=a0+a=a0 is called the additive identity 
The identity property of multiplication: for any 
real number a 

al =al-a=al is called the multiplicative identity 


Identify whether each equation demonstrates 
the identity property of addition or 
multiplication. 


@®7+0=7 


® —16(1)= —16 


Solution 


G) 
fa) 


71+O0=7 

We are adding 0. We are using the 
identity property of 
addition. 


(hy) 
w 
WAR Na A 
ic LU 


auyyr 
We are multiplying by We are using the 
i identity property of 
multiplication. 


Identify whether each equation demonstrates 


the identity property of addition or 
multiplication: 


@23 +0=23® — 37(1)= — 37. 


@ identity property of addition 
® identity property of multiplication 


Identify whether each equation demonstrates 


the identity property of addition or 
multiplication: 


@1:29=296©14+0=14. 


@ identity property of multiplication 
® additive identity 


Use the Inverse Properties of Addition 


and Multiplication 


What number added to 5 
gives the additive 


idantitx, NO 
aMesiuily, Ue 


5+___=0 


We-know-5-+(=5)=0 
What number added to 
— 6 gives the additive 


no 


idantitr 
auvituity, vs 


—6+__=0 


We know -6+6=0 


Notice that in each case, the missing number was 
the opposite of the number. 


We call —a the additive inverse of a. The opposite 
of a number is its additive inverse. A number and its 
opposite add to 0, which is the additive identity. 


What number multiplied by 23 gives the 
multiplicative identity, 1? In other words, two- 
thirds times what results in 1? 


23°__=1 


2 3 
We know a°5= 1 
What number multiplied by 2 gives the 
multiplicative identity, 1? In other words two times 
what results in 1? 


Notice that in each case, the missing number was 
the reciprocal of the number. 


We call 1a the multiplicative inverse of a(a~0). 
The reciprocal of a number is its multiplicative 
inverse. A number and its reciprocal multiply to 1, 
which is the multiplicative identity. 


We'll formally state the Inverse Properties here: 


Inverse Properties 


Inverse Property of Addition for any real number 
a, 

a+(—a)=0-ais the additive inverse ofa. 

Inverse Property of Multiplication for any real 
number a~0O, 

a'la=11ais the multiplicative inverse ofa. 


Find the additive inverse of each expression: 


@ 13 @® —58 © 0.6. 
Solution 


To find the additive inverse, we find the 
opposite. 


@ The additive inverse of 13 is its opposite, 
=i 180% 


® The additive inverse of —58 is its opposite, 
58. 


© The additive inverse of 0.6 is its opposite, 
eG. 


Find the additive inverse: @ 18 © 79 © 1.2. 


Find the additive inverse: @ 47 © 713 © 8.4. 


Find the multiplicative inverse: @ 9 ® —19 
© 0.9. 


Solution 


To find the multiplicative inverse, we find the 
reciprocal. 


@ The multiplicative inverse of 9 is its 
reciprocal, 19. 


® The multiplicative inverse of —19 is its 
reciprocal, —9. 


© To find the multiplicative inverse of 0.9, we 
first convert 0.9 to a fraction, 910. Then we 
find the reciprocal, 109. 


Find the multiplicative inverse: @ 5 ® —17 
©0.3. 


Find the multiplicative inverse: @ 18 © —45 
© 0.6. 


@118 


®—54 
©53 


Use the Properties of Zero 


We have already learned that zero is the additive 
identity, since it can be added to any number 
without changing the number’s identity. But zero 
also has some special properties when it comes to 
multiplication and division. 


Multiplication by Zero 


What happens when you multiply a number by 0? 
Multiplying by 0 makes the product equal zero. The 
product of any real number and 0 is 0. 


Multiplication by Zero 
For any real number a, 
a0 =00-a=0 


Simplify: © —8-0 © 512-0 © 0(2.94). 


Solution 


(ey) 
Ne, 
—Q.N 
wu 


The product of any real0 
number and 0 is 0. 


(nh) 

DB 

19.9 
ig V 


Cc 
The product of any real0 
number and 0 is 0. 


‘@) 
Y 
O09 AAY\ 
Vuaesr iy 


The product of any real0 


number and 0 is 0. 


Simplify: © —14-0 © 0-23 © (16.5)-0. 


Simplify: ® (1.95):0 ® 0(—17) © 0-54. 


Dividing with Zero 


What about dividing with 0? Think about a real 
example: if there are no cookies in the cookie jar 
and three people want to share them, how many 
cookies would each person get? There are 0 cookies 
to share, so each person gets O cookies. 

0+3=0 


Remember that we can always check division with 


the related multiplication fact. So, we know that 
0+ 3=Obecause0-3 = 0. 


Division of Zero 


For any real number a, except 0,0a=0 and 
0+a=0. 


Zero divided by any real number except zero is zero. 


Simplify: @ 0+5 ® 0-2 © 0+78. 


Solution 


AN 

Ne, 

Cc 
v 


rn 
Zero divided by any 0 
real number, except C, 
is Zero. 


(A) 
aS 


> 
| 
bo 


Zero divided by any 0 
real number, except C, 
is Zero. 


(oY) 
VY 


Zero divided by any 0 
real number, except C, 


is zero. 


Simplify: @ 0+11 © 0-6 © 0+310. 


Simplify: @ 0+83 © 0+(-—10) © 0+12.75. 


Now let’s think about dividing a number by zero. 
What is the result of dividing 4 by 0? Think about 
the related multiplication fact. Is there a number 
that multiplied by O gives 4? 

4+0O= means -O0=4 


Since any real number multiplied by 0 equals 0, 
there is no real number that can be multiplied by 0 
to obtain 4. We can conclude that there is no answer 


to 4+0, and so we say that division by zero is 
undefined. 


Division by Zero 
For any real number a,aO, and a+ 0 are undefined. 


Division by zero is undefined. 


Simplify: @ 7.5+0 ®©® —320 © 49+0. 


Solution 
@) 

Pra D 
Division by zero is undefined 


undefined. 


(A) 
(h) 


— 820 
Division by zero is undefined 
undefined. 
a 
ns ADD 
undefined 


Division by zero is 
undefined. 


Simplify: © 16.4+0 © —20 © 15+0. 


@ undefined 
© undefined 
© undefined 


Simplify: @ —50 © 96.9+0 © 415+0 


@® undefined 
® undefined 
© undefined 


We summarize the properties of zero. 


Properties of Zero 
Multiplication by Zero: For any real number a, 
a0 = 00-a= OThe product of any number and 0 is 0. 


Division by Zero: For any real number a,a +0 

Oa=O0 Zero divided by any real number, except 
itself, is zero. 

a0 is undefined. Division by zero is undefined. 


Simplify Expressions using the Properties 
of Identities, Inverses, and Zero 


We will now practice using the properties of 


identities, inverses, and zero to simplify expressions. 


Simplify: ox4- 15 — ox. 


Solution 


Notice the additive 


9w andA _ Ow 


. 
Intrmrarana x 
SLLVUL Uev») VA ULL We 


Add. 


Simplity, — 274-97 127. 


SUMP 2 ol Oa Ue 


Solution 


Regroup, using the 


Aacanniatita nrannartr 
UvVYUVeIULIVY Pt WA BASES cy . 


NAaaltinlss 
AVELULLIP Ly. 


Simplify; 1 is the 
multiplicative identity. 


Simplify: 2(0.5p). 


Simplify: On+ 5, where n# —5. 


Solution 


An LE 
Zero divided by any 0 
real number except 


itself is zero. 


Simplify: Om+7, where m+ —7. 


Simplify: Od—4, where d= 4. 


Simplify: 10 — 3p0. 


Solution 


TN 2nfN 
av SA] EAS 


Division by zero is undefined 
undefined. 


Simplify: 18 — 6c0. 


Simplify: 15 —4q0. 


Simplify: 34-43(6x +12). 


Solution 


We cannot combine the terms in parentheses, 
so we multiply the two fractions first. 


QNAQ(4w 119) 
Vr rwyVvA tT stay 


Multiply; the product 1(6x+ 12) 


we. NSIS ESAS) LU Le 


Simplify by 6x+12 
recognizing the 
multiplicative identity. 


Simplify: 25-52(20y + 50). 


20y + 50 


Simplify: 38:83(12z +16). 


122 + 16 


All the properties of real numbers we have used in 
this chapter are summarized in [link]. 


Property 


Commutative 


Duannawtrr 
pavupricy 


If a and b are 
real numbers 


than 
LLL LLece 


Associative 


Duannanwtrr 
pavupricy 


If a, b, and c are 
real numbers 


than 
LLL LLece 


Identity 
Property 


For any real 


namhar a 
ature Uy 


Inverse 
Property 


Of Addition Of 


a Poe Pee ee 
IVE AL tipilva UU 


a+b=b+a ab=b-a 


(a+b)+c=a+(b(a‘b)-c=a-(b:c) 
+c) 


0 is the additiv2 1 is the 
identity multiplicative 


. . 
idantitx 
aureaitivy 


a+0O=a0+a=a al=al-a=a 


—ais the additivea,a=0 
inverse of a la is the 


multiplicative 


. 
INA TArCOH aft cel 
bY eLYVY VI UU 


For any real a+(—a)=0 ala=1 


niumhar m 
ALU Uy 


Distributive 
Property 

If a,b,c are real 
numbers, then 
afh LL 7r\—ah Lan 
UY 1 J — ey i UN 
Properties of 


Taun 
Z4iwvlw 


For any real a‘(0=00-a=0 


niumhar m 
ALU Uy 


For any real Oa=0 
number a,a#0_ a0 is undefined 


Properties of Real Numbers 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Multiplying and Dividing Involving Zero 


Key Concepts 


* Identity Properties 


© Identity Property of Addition: For any 
real number a: a+0=a0+a=a 0 is the 
additive identity 

© Identity Property of Multiplication: For 
any real number a: a:1 =al-a=a 1 is the 
multiplicative identity 


* Inverse Properties 


© Inverse Property of Addition: For any 
real number a: a+ (-a)=0-a is the 
additive inverse of a 

© Inverse Property of Multiplication: For 
any real number a: (a#0)a:la=11a is the 
multiplicative inverse of a 


* Properties of Zero 


© Multiplication by Zero: For any real 
number a, a(0=00-a=OThe product of any 
number and 0 is 0. 

© Division of Zero: For any real number a, 
0a=00+a=OZero divided by any real 
number, except itself, is zero. 

© Division by Zero: For any real number a, 
Oa is undefined and a+0 is undefined. 
Division by zero is undefined. 


Practice Makes Perfect 


Recognize the Identity Properties of Addition 
and Multiplication 


In the following exercises, identify whether each 
example is using the identity property of addition or 
multiplication. 


101+0=101 


35(1)=35 


identity property of multiplication 


-91=-9 


0+64=64 


identity property of addition 


Use the Inverse Properties of Addition and 
Multiplication 


In the following exercises, find the multiplicative 
inverse. 


= 17 


=19 


= 119 


712 


813 


138 


=310 


=oi2 


125 


0.8 


0.4 


52 


=0:2 


<2 


Use the Properties of Zero 


In the following exercises, simplify using the 
properties of zero. 


48:0 


06 


30 


22:0 


0+1112 


60 


undefined 


03 


0+715 


O85 


(—3.14)(0) 


5.72=0 


1100 


undefined 


Simplify Expressions using the Properties of 
Identities, Inverses, and Zero 


In the following exercises, simplify using the 
properties of identities, inverses, and zero. 


19a+ 44-—19a 
27616276 
16 

5o+ Lir—38 


O21 31s=92 


31s 


10(0.1d) 


100(0.01p) 


5(0.6q) 


40(0.05n) 


2n 


Or+ 20, where r# — 20 


0s+13, where s# —13 


Ou— 4.99, where u = 4.99 


Ov—65.1, where v+65.1 


0+(x—12), where x#12 


0+(y—16), where y#16 


32—5a0, where 32—5a~0 


28 —9b0, where 28 —9b+#0 


undefined 


2.1+0.4c0, where 2.1+0.4c #0 


1.75+ 9f0, where 1.75+ 9f #0 


undefined 


(34+ 910m) +0, where 34+910m~0 


(516n —37)+0, where 516n—37 +0 


undefined 


910-:109(1 8p — 21) 


57:75(20q — 35) 


20q — 35 


15:35(4d+ 10) 


18:56(15h + 24) 


225h + 360 


Everyday Math 


Insurance copayment Carrie had to have 5 
fillings done. Each filling cost $80. Her dental 
insurance required her to pay 20% of the cost. 


Calculate Carrie’s cost 


@ by finding her copay for each filling, then 
finding her total cost for 5 fillings, and 


® by multiplying 5(0.20)(80). 


© Which of the Properties of Real Numbers did 
you use for part (b)? 


Cooking time Helen bought a 24-pound turkey 
for her family’s Thanksgiving dinner and wants 
to know what time to put the turkey in the 
oven. She wants to allow 20 minutes per pound 
cooking time. 


@) Calculate the length of time needed to roast 
the turkey by multiplying 24-20 to find the 
number of minutes and then multiplying the 
product by 160 to convert minutes into hours. 


® Multiply 24(20:160). 


© Which of the Properties of Real Numbers 
allows you to multiply 24(20-160) instead of 
(24-20)160? 


@ 8 hours 
© 8 


© associative property of multiplication 


Writing Exercises 


In your own words, describe the difference 
between the additive inverse and the 
multiplicative inverse of a number. 


How can the use of the properties of real 
numbers make it easier to simplify expressions? 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Glossary 


Additive Identity 
The additive identity is 0. When zero is 
added to any number, it does not change the 
value. 


Additive Inverse 
The opposite of a number is its additive 
inverse. The additive inverse of a is —a. 


Multiplicative Identity 
The multiplicative identity is 1. When one 
multiplies any number, it does not change the 
value. 


Multiplicative Inverse 
The reciprocal of a number is its 
multiplicative inverse. The multiplicative 
inverse of a is la. 


Systems of Measurement 
By the end of this section, you will be able to: 


¢ Make unit conversions in the U.S. system 

¢ Use mixed units of measurement in the U.S. 
system 

* Make unit conversions in the metric system 

* Use mixed units of measurement in the metric 
system 

* Convert between the U.S. and the metric 
systems of measurement 

* Convert between Fahrenheit and Celsius 
temperatures 


Before you get started, take this readiness quiz. 


. Multiply: 4.29(1000). 
If you missed this problem, review [link]. 


. Simplify: 3054. 

If you missed this problem, review [link]. 
. Multiply: 715-2528. 

If you missed this problem, review [link]. 


In this section we will see how to convert among 
different types of units, such as feet to miles or 
kilograms to pounds. The basic idea in all of the 


unit conversions will be to use a form of 1, the 
multiplicative identity, to change the units but not 
the value of a quantity. 


Make Unit Conversions in the U.S. System 


There are two systems of measurement commonly 
used around the world. Most countries use the 
metric system. The United States uses a different 
system of measurement, usually called the U.S. 
system. We will look at the U.S. system first. 


The U.S. system of measurement uses units of inch, 
foot, yard, and mile to measure length and pound 
and ton to measure weight. For capacity, the units 
used are cup, pint, quart and gallons. Both the U.S. 
system and the metric system measure time in 
seconds, minutes, or hours. 


The equivalencies among the basic units of the U.S. 
system of measurement are listed in [link]. The 
table also shows, in parentheses, the common 
abbreviations for each measurement. 


OC OCvrn4 nee T1254 
Ueve uvyoucill Wiillod 


Tanath Valimoa 
oS 


EEG Ste V NVR UE 


1 foot (ft) = 12 inches — 3 teaspoons (t) = 1 

(in) tablespoon (T) 

1 yard (yd) = 3 feet (ft} 16 Tablespoons (T) = 1 

1 mile (mi) = 5280 feet cup (C) 

(ft) 1 cup (C) = 8 fluid 
ounces (fl oz) 
1 pint (pt) = 2 cups (C) 
1 quart (qt) = 2 pints (pt) 
1 gallon (gal) = 4 quarts 
(qo 

Weicht Pie 


1 pound (lb) = 16 ounces1 minute (min) = 60 


(oz) seconds (s) 
1 ton = 2000 pounds (1b) 1 hour (h) = 60 minutes 
(min) 


1 day = 24 hours (h) 
1 week (wk) = 7 days 
1 year (yr) = 365 days 


In many real-life applications, we need to convert 
between units of measurement. We will use the 
identity property of multiplication to do these 
conversions. We’ll restate the Identity Property of 
Multiplication here for easy reference. 

For any real numbera,a:‘1 =al-a=a 


To use the identity property of multiplication, we 
write 1 in a form that will help us convert the units. 
For example, suppose we want to convert inches to 
feet. We know that 1 foot is equal to 12 inches, so 


we can write 1 as the fraction 1 ft12 in. When we 
multiply by this fraction, we do not change the 
value but just change the units. 


But 12 in1 ft also equals 1. How do we decide 
whether to multiply by 1 ft12 in or 12 inl ft? We 
choose the fraction that will make the units we want 
to convert from divide out. For example, suppose we 
wanted to convert 60 inches to feet. If we choose 
the fraction that has inches in the denominator, we 
can eliminate the inches. 

60in-1 ft12in=5 ft 


On the other hand, if we wanted to convert 5 feet to 
inches, we would choose the fraction that has feet in 
the denominator. 

5 ft-12 inlft=60 in 


We treat the unit words like factors and ‘divide out’ 
common units like we do common factors. 


Make unit conversions. 


Multiply the measurement to be converted by 1; 


write 1 as a fraction relating the units given and 
the units needed. Multiply. Simplify the fraction, 
performing the indicated operations and removing 
the common units. 


Mary Anne is 66 inches tall. What is her height 
in feet? 


Solution 


Convert 66 inches ints 


fant 
aULL. 


Multiply the 66 inches -1 
measurement to be 


pantrartad kx 1 
Vviivesrwuwru vy 41. 


Write 1 asa fraction 66 inches-1 foot12 
relating the units given inches 


nd tha unite annndAndA 
ana ULe ULLLeD 1L1CECULUL, 


Multiply. 66 inches-1 foot12 


. 
inahaa 
ALLL DVD 


Simplify the fraction. 66inches-1 


fant Dinnhaa 
Lu 


JUL ait ivlivcy 


BS fant 2 


LULL 


5.5 feet 


Notice that the when we simplified the 
fraction, we first divided out the inches. 


Mary Anne is 5.5 feet tall. 


Lexie is 30 inches tall. Convert her height to 
fects 


Rene bought a hose that is 18 yards long. 
Convert the length to feet. 


When we use the Identity Property of Multiplication 
to convert units, we need to make sure the units we 
want to change from will divide out. Usually this 
means we want the conversion fraction to have 
those units in the denominator. 


Ndula, an elephant at the San Diego Safari 
Park, weighs almost 3.2 tons. Convert her 


weight to pounds. 
(credit: Guldo Da Rozze, Flickr) 


Solution 


We will convert 3.2 tons into pounds, using 
the equivalencies in [link]. We will use the 
Identity Property of Multiplication, writing 1 
as the fraction 2000 pounds!1 ton. 


29% tana 


Ved tWilv 


Multiply the 3.2 tons-1 
measurement to be 


pantrartad kx 1 
Vviiveswewru wy 41. 


Write 1 asa fraction 3.2 tons:2000 lbs1 ton 
relating tons and 


nawunda 

pyursep. 

Cimntlifr 2 DtaANn2.DNNN Theat tan 
VesstlULiv av 


Ae) Ee) / . vv ivvitwvil 


NAaaltinlss AZANN Ihe 


EB EE BAS PO VvViIivy iv 
Ndula weighs almost 
6,400 pounds. 


Arnold’s SUV weighs about 4.3 tons. Convert 
the weight to pounds. 


8600 pounds 


A cruise ship weighs 51,000 tons. Convert the 
weight to pounds. 


102,000,000 pounds 


Sometimes to convert from one unit to another, we 
may need to use several other units in between, so 
we will need to multiply several fractions. 


Juliet is going with her family to their summer 
home. She will be away for 9 weeks. Convert 
the time to minutes. 


Solution 


To convert weeks into minutes, we will 
convert weeks to days, days to hours, and then 
hours to minutes. To do this, we will multiply 
by conversion factors of 1. 


Write 1 as 


7days1week,24hours|1day,60minutes1hour. 
9 wk | _! days _24hr 60 min 
I 1 wr I uay 1 ur 


Cancel common units. 


Qwk Ties Abt 


a 
y 


1 1 wn 1 ay 
NAaaltinlss O. 7: DA.40Amint.1.1. 
Vv 


eee nl oS e/ e ai I 
Juliet will be away for 
90,720 minutes. 


The distance between Earth and the moon is 
about 250,000 miles. Convert this length to 
yards. 


440,000,000 yards 


A team of astronauts spends 15 weeks in 
space. Convert the time to minutes. 


151,200 minutes 


How many fluid ounces are in 1 gallon of 
milk? 
(credit: www.bluewaikiki.com, Flickr) 


Solution 


Use conversion factors to get the right units: 
convert gallons to quarts, quarts to pints, pints 
to cups, and cups to fluid ounces. 


1-eallon 
Multiply the 1 gal1-4 qt1 gal-2 ptl 
measurement to be qt-2 C1 pt-8 floz1 C 


pantrartad kx 1 
eVALVvVeLevcu ea yf ae 


Simplify. 1gal1-4qtl gal-2ptlqt:-2C1pf-8 


NAaaltinlss -A.*).°). Pal Wes 
eos 


ALVEULLUL 


Cimnlifrr 1 mnimmNnana 
U1liipiiny. 2 UULLELD 


e are 128 fluid 


ounces in a gallon. 


How many cups are in 1 gallon? 


How many teaspoons are in 1 cup? 


Use Mixed Units of Measurement in the 
U.S. System 


Performing arithmetic operations on measurements 
with mixed units of measures requires care. Be sure 


to add or subtract like units. 


Charlie bought three steaks for a barbecue. 
Their weights were 14 ounces, 1 pound 2 
ounces, and 1 pound 6 ounces. How many 
total pounds of steak did he buy? 

(credit: Helen Penjam, Flickr) 


Solution 


We will add the weights of the steaks to find 
the total weight of the steaks. 


Add the ounces. Ther 
add the pounds. 


14 ounces 
1 pound 2ounces 


+1pound 6o0unces 


Z pounds ZZ ourices 


Convert 22 ounces to 


nawinde and nssn8]AAc 
Jee CALAN YVULLLEUVe 


Add the pounds. 2 pounds + 1 pound, 6 
ounces 


9 nAnunda BC nun AAc 
vw J) AS ae) VY VULLLLV 


Charlie bought 3 
pounds 6 ounces of 
steak. 


Laura gave birth to triplets weighing 3 pounds 
12 ounces, 3 pounds 3 ounces, and 2 pounds 9 
ounces. What was the total birth weight of the 
three babies? 


9 lbs. 8 oz 


Seymour cut two pieces of crown molding for 


his family room that were 8 feet 7 inches and 
12 feet 11 inches. What was the total length of 
the molding? 


ZAC Te on: 


Anthony bought four planks of wood that were 
each 6 feet 4 inches long. If the four planks are 
placed end-to-end, what is the total length of 
the wood? 


Solution 


We will multiply the length of one plank by 4 
to find the total length. 


Multiply the inches 
and then the feet. 


6feet 4inches 
x 4 


24teet 16inches 
Convert 16 inches to 24 feet + 1 foot 4 


fant innhaa 
ULL ree ares © 5 Ore) 
AAA tha fant 9B fant A innhana 
LAULUE LILY LELL. ay LEC FT Lhte1iLTD 


Anthony bought 25 
feet 4 inches of wood. 


Henri wants to triple his spaghetti sauce 
recipe, which calls for 1 pound 8 ounces of 
ground turkey. How many pounds of ground 
turkey will he need? 


4 lbs. 8 oz. 


Joellen wants to double a solution of 5 gallons 
3 quarts. How many gallons of solution will 
she have in all? 


11 gal. 2 qts. 


Make Unit Conversions in the Metric 
System 


In the metric system, units are related by powers of 
10. The root words of their names reflect this 
relation. For example, the basic unit for measuring 
length is a meter. One kilometer is 1000 meters; the 
prefix kilo- means thousand. One centimeter is 1100 
of a meter, because the prefix centi- means one one- 
hundredth (just like one cent is 1100 of one dollar). 


The equivalencies of measurements in the metric 
system are shown in [link]. The common 
abbreviations for each measurement are given in 
parentheses. 


Metric 
reas ULUILIITCII u ] 


Length Mass Volume/ 


Onan niter 
wMc.pavlly 


1 kilometer (km) 1 kilogram (kg) 1 kiloliter (kL) = 


= 1000m = 1000 g 1000 L 

1 hectometer 1 hectogram (hg) 1 hectoliter (hL) 
(hm) = 100m =1008 = 100 L 

1 dekameter 1 dekagram 1 dekaliter (daL) 
(dam) = 10m _ (dag) = 108 = 10L 

1 meter (m) = 1 1 gram (g) = 1 g1 liter (L) = 1L 
m 1 decigram (dg) 1 deciliter (dL) 
1 decimeter (dm) = 0.1 g = 0.1L 

= 0.1m 1 centigram (cs) 1 centiliter (cL) 
1 centimeter = 0.01 g = 0.01 L 

(cm) = 0.01m_ 1 milligram (mg) 1 milliliter (mL) 
1 millimeter = 0.001 g = 0.001 L 
(ar) =0,001 ise 

1 meter = 100 1 gram = 100 1 liter = 100 
centimeters centigrams centiliters 

1 meter = 1000 1 gram = 1000 1 liter = 1000 
millimeters milligrams milliliters 


To make conversions in the metric system, we will 
use the same technique we did in the U.S. system. 
Using the identity property of multiplication, we 
will multiply by a conversion factor of one to get to 
the correct units. 


Have you ever run a5 k or 10 k race? The lengths of 
those races are measured in kilometers. The metric 
system is commonly used in the United States when 
talking about the length of a race. 


Nick ran a 10-kilometer race. How many 
meters did he run? 
(credit: William Warby, Flickr) 


Solution 


We will convert kilometers to meters using the 
Identity Property of Multiplication and the 
equivalencies in [link]. 


TN 1rilamatara 
BV ANALVLLLeELLLY 


Multiply the 
measurement to be 
eo! Akme1 

Write 1 as a fraction 
relating kilometers and 
meters. 


10 km * ——— 
I Atl 
Simplify. 
10 kan * 1000 m 
1 Mit 
NAaaltinlsy, TN ANN m 
ae eee eS) / ry 2UMUgVVY Aik 
Nick ran 10,000 
meters. 


Sandy completed her first 5-km race. How 
many meters did she run? 


Herman bought a rug 2.5 meters in length. 
How many centimeters is the length? 


Eleanor’s newborn baby weighed 3200 grams. 
How many kilograms did the baby weigh? 


Solution 


We will convert grams to kilograms. 


ramc 


Multiply the 
measurement to be 

co} 32700 ge 1 

Write 1 as a fraction 
relating kilograms and 


81'3200 g +9 


1000-g 
Simplify. 
3200.g +d 
1vyvy M4 
Multiply. 


3200 kilograms 


4NnNN 
ivuvyv 


Niinvrida Q 9 z7ialawrama 
aviv inuive Vedd INL 61 ULL 


The baby weighed 3.2 
kilograms. 


Kari’s newborn baby weighed 2800 grams. 
How many kilograms did the baby weigh? 


2.8 kilograms 


Anderson received a package that was marked 
4500 grams. How many kilograms did this 
package weigh? 


4.5 kilograms 


Since the metric system is based on multiples of ten, 
conversions involve multiplying by multiples of ten. 
In Decimal Operations, we learned how to simplify 
these calculations by just moving the decimal. 


To multiply by 10,100,or1000, we move the 
decimal to the right 1,2,or3 places, respectively. To 
multiply by 0.1,0.01,or0.001 we move the decimal 
to the left 1,2,or3 places respectively. 


We can apply this pattern when we make 
measurement conversions in the metric system. 


In [link], we changed 3200 grams to kilograms by 
multiplying by 11000(or0.001). This is the same as 
moving the decimal 3 places to the left. 


Convert: @350 liters to kiloliters ©4.1 liters 
to milliliters. 


Solution 


@ We will convert liters to kiloliters. In [link], 
we see that 1 kiloliter = 1000 liters. 


Multiply by 1, writin: 
1 as a fraction relating 


lit 350 L+ = 
Simplify. 
1 kL 
350 vs 1 Ann / 


Move the decimal 3 
units to the on 


ati” wey 


0.35 kL 


® We will convert liters to milliliters. In 
[link], we see that 1 liter= 1000milliliters. 


Multiply by 1, writin: 
1 as a fraction relating 
mi, , ; . 2000 mL 


Simplify. 


os 


1000 mL 


1 
=F 


Move the decimal 3 


units to the left. 
4.100 mL 


41° 


4100 mL 


Convert: ®@7.25 L to kL ©6.3 L to mL. 


@ 7250 kL 
© 6300 mL 


Convert: @350 hL to L ®4.1 L to cL. 


@ 35,000 L 
® 410 cL 


Use Mixed Units of Measurement in the 
Metric System 


Performing arithmetic operations on measurements 
with mixed units of measures in the metric system 
requires the same care we used in the U.S. system. 
But it may be easier because of the relation of the 
units to the powers of 10. We still must make sure 
to add or subtract like units. 


Ryland is 1.6 meters tall. His younger brother 
is 85 centimeters tall. How much taller is 
Ryland than his younger brother? 


Solution 


We will subtract the lengths in meters. Convert 
85 centimeters to meters by moving the 


decimal 2 places to the left; 85 cm is the same 
as 0.85 m. 


Now that both measurements are in meters, 
subtract to find out how much taller Ryland is 
than his brother. 

1.60 m—0.85m____—0.75m 


Ryland is 0.75 meters taller than his brother. 


Mariella is 1.58 meters tall. Her daughter is 75 
centimeters tall. How much taller is Mariella 
than her daughter? Write the answer in 
centimeters. 


The fence around Hank’s yard is 2 meters high. 
Hank is 96 centimeters tall. How much shorter 
than the fence is Hank? Write the answer in 
meters. 


Dena’s recipe for lentil soup calls for 150 


milliliters of olive oil. Dena wants to triple the 
recipe. How many liters of olive oil will she 
need? 


Solution 


We will find the amount of olive oil in 
milliliters then convert to liters. 


antpie teyy ini 


Tranclata ta alanhean 2.1EMAmIT 


ARLULLVIULWY LV SY SI SIE 20 vw 4-UVUViAlilLi 


NAaaltinles ALNmtT 


AVLULLUELP Lye rouvainiLni 


Cantrart ta litara ALNmT .A AN1T 1mMT 
Vantin 


WYVALVeLE LY LELEVLVe IVUViAlLiLi VeV iu AiLiLi 


Cimonalifx, r¢) ALT 


Urltipiizy. e bruni 


Dena needs 0.45 liter 
of olive oil. 


A recipe for Alfredo sauce calls for 250 
milliliters of milk. Renata is making pasta with 
Alfredo sauce for a big party and needs to 
multiply the recipe amounts by 8. How many 


liters of milk will she need? 


To make one pan of baklava, Dorothea needs 
400 grams of filo pastry. If Dorothea plans to 
make 6 pans of baklava, how many kilograms 
of filo pastry will she need? 


Convert Between U.S. and Metric Systems 
of Measurement 


Many measurements in the United States are made 
in metric units. A drink may come in 2-liter bottles, 
calcium may come in 500-mg capsules, and we may 
run a 5-K race. To work easily in both systems, we 
need to be able to convert between the two systems. 


[link] shows some of the most common conversions. 


Conversion 

Factors 

Between U.S. 

and Metric 

Syovcius 

: eee to Pe TATAS ~La ae 
Mews tir Vviereiit Vv Cc 

lin = 2.54cem 11lb=0.45kg l1qt = 0.95L 
1ft = 0.305m 1o0z= 288 1 = 

1 yd = 0.91410 

1 mi = 1.61 kro 


Im =3.28ft Ikg = 2.2 1b 1L = 1.06 qt 


We make conversions between the systems just as 
we do within the systems—by multiplying by unit 
conversion factors. 


Lee’s water bottle holds 500 mL of water. How 


many fluid ounces are in the bottle? Round to 
the nearest tenth of an ounce. 


Solution 


Multiply by a unit 
conversion factor 
relating mL and 


MmnmwWmMmnrac 
VULLLEUVe 


Cimnali frr 


Ulliipiiny 


Niinrida 


Viv inurve 


EAN mT 


yvuy A111 


500mL:1fl 0z30mL 


ENNFI azv2QN 


vuUVil VOVY 


14° 7f1 av 


HWes dhe Vhie 


The water bottle holds 
16.7 fluid ounces. 


How many quarts of soda are in a 2-liter 
bottle? 


2.12 quarts 


How many liters are in 4 quarts of milk? 


The conversion factors in [link] are not exact, but 
the approximations they give are close enough for 
everyday purposes. In [link], we rounded the 
number of fluid ounces to the nearest tenth. 


Soleil lives in Minnesota but often travels in 
Canada for work. While driving on a Canadian 


highway, she passes a sign that says the next 
rest stop is in 100 kilometers. How many miles 
until the next rest stop? Round your answer to 
the nearest mile. 


Solution 


ANN 1ralaAmatara 
hUY ANLLUILIOLLULD 


Multiply by a unit 100kilometers-1 mile1.61kjlomet 


conversion factor 100:1mil.61km 
relating kilometers atid 


. 
milaa 
LLLL1L UV. 


Cimntlifry, 
A ee e 
Divide, Va. HH 
It is about 62 miles to 
the next rest stop. 


The height of Mount Kilimanjaro is 5,895 
meters. Convert the height to feet. Round to 
the nearest foot. 


19,328 ft 


The flight distance from New York City to 
London is 5,586 kilometers. Convert the 
distance to miles. Round to the nearest mile. 


A temperature of 37°C is equivalent to 98.6°F. 


Convert Between Fahrenheit and Celsius 
Temperatures 


Have you ever been in a foreign country and heard 
the weather forecast? If the forecast is for 22°C. 
What does that mean? 


The U.S. and metric systems use different scales to 
measure temperature. The U.S. system uses degrees 
Fahrenheit, written “F. The metric system uses 
degrees Celsius, written °C. [link] shows the 
relationship between the two systems. 


If we know the temperature in one system, we can 
use a formula to convert it to the other system. 


Temperature Conversion 
To convert from Fahrenheit temperature, F, to 
Celsius temperature, C, use the formula 


C=59(F — 32) 

To convert from Celsius temperature, C, to 
Fahrenheit temperature, F, use the formula 
F=95C+ 32 


Convert 50°F into degrees Celsius. 


Solution 


We will substitute 50°F into the formula to 
find C. 


Use the formula for C=59(F — 32) 


ennt vting CD ta ae 
Conv cr un6G 4 tv 


Simplify in C=59(18) 


thacac 
po V1LU11C Lv. 


NAaaltintler —19 


AVEULLELP Lye 


A temperature of 50°F 
is equivalent to 10°C. 


Convert the Fahrenheit temperatures to 
degrees Celsius: 59°F. 


Convert the Fahrenheit temperatures to 
degrees Celsius: 41°F. 


The weather forecast for Paris predicts a high 
of 20°C. Convert the temperature into degrees 
Fahrenheit. 


Solution 


We will substitute 20°C into the formula to 


find F. 


Use the formula for 


eanntartina CD tan °C 
eVilvel tings i tlw NU 


9 - 

= =(20) + 32= 
J 

NAaal tints, 

ee eS a eas) / . 


AAA 


LAU. 


F=95C+32 
F-36432 
F—68 


So 20°C is equivalent 
to 68°F. 


Convert the Celsius temperatures to degrees 


Fahrenheit: 


The temperature in Helsinki, Finland was 
1G. 


Convert the Celsius temperatures to degrees 
Fahrenheit: 


The temperature in Sydney, Australia was 
10°: 


ACCESS ADDITIONAL ONLINE RESOURCES 


American Unit Conversion 

Time Conversions 

Metric Unit Conversions 

American and Metric Conversions 
Convert from Celsius to Fahrenheit 
Convert from Fahrenheit to Celsius 


Section Exercises 


Practice Makes Perfect 


Make Unit Conversions in the U.S. System 


In the following exercises, convert the units. 


A park bench is 6 feet long. Convert the length 
to inches. 


A floor tile is 2 feet wide. Convert the width to 
inches. 


24 inches 


A ribbon is 18 inches long. Convert the length 
to feet. 


Carson is 45 inches tall. Convert his height to 
feet. 


3.75 feet 


Jon is 6 feet 4 inches tall. Convert his height to 
inches. 


Faye is 4 feet 10 inches tall. Convert her height 
to inches. 


58 inches 


A football field is 160 feet wide. Convert the 
width to yards. 


On a baseball diamond, the distance from home 
plate to first base is 30 yards. Convert the 
distance to feet. 


90 feet 


Ulises lives 1.5 miles from school. Convert the 
distance to feet. 


Denver, Colorado, is 5,183 feet above sea level. 
Convert the height to miles. 


0.98 miles 


A killer whale weighs 4.6 tons. Convert the 
weight to pounds. 


Blue whales can weigh as much as 150 tons. 
Convert the weight to pounds. 


300,000 pounds 


An empty bus weighs 35,000 pounds. Convert 
the weight to tons. 


At take-off, an airplane weighs 220,000 pounds. 
Convert the weight to tons. 


110 tons 


The voyage of the Mayflower took 2 months and 
5 days. Convert the time to days. 


Lynn’s cruise lasted 6 days and 18 hours. 
Convert the time to hours. 


162 hours 


Rocco waited 112 hours for his appointment. 
Convert the time to seconds. 


Misty’s surgery lasted 214 hours. Convert the 
time to seconds. 


8100 seconds 


How many teaspoons are in a pint? 


How many tablespoons are in a gallon? 


256 tablespoons 


JJ’s cat, Posy, weighs 14 pounds. Convert her 
weight to ounces. 


April’s dog, Beans, weighs 8 pounds. Convert 
his weight to ounces. 


128 ounces 


Baby Preston weighed 7 pounds 3 ounces at 
birth. Convert his weight to ounces. 


Baby Audrey weighed 6 pounds 15 ounces at 
birth. Convert her weight to ounces. 


111 ounces 


Crista will serve 20 cups of juice at her son’s 
party. Convert the volume to gallons. 


Lance needs 500 cups of water for the runners 
in a race. Convert the volume to gallons. 


31.25 gallons 


Use Mixed Units of Measurement in the U.S. 
System 


In the following exercises, solve and write your 
answer in mixed units. 


Eli caught three fish. The weights of the fish 
were 2 pounds 4 ounces, 1 pound 11 ounces, 
and 4 pounds 14 ounces. What was the total 
weight of the three fish? 


Judy bought 1 pound 6 ounces of almonds, 2 
pounds 3 ounces of walnuts, and 8 ounces of 
cashews. What was the total weight of the nuts? 


4 lbs. 1 oz. 


One day Anya kept track of the number of 


minutes she spent driving. She recorded trips of 
45,10,8,65,20,and 35 minutes. How much time 
(in hours and minutes) did Anya spend driving? 


Last year Eric went on 6 business trips. The 
number of days of each was 5,2,8,12,6,and 3. 
How much time (in weeks and days) did Eric 
spend on business trips last year? 


5 weeks and 1 day 


Renee attached a 6-foot-6-inch extension cord 
to her computer’s 3-foot-8-inch power cord. 
What was the total length of the cords? 


Fawzi’s SUV is 6 feet 4 inches tall. If he puts a 
2-foot-10-inch box on top of his SUV, what is 
the total height of the SUV and the box? 


9 ft 2 in 


Leilani wants to make 8 placemats. For each 
placemat she needs 18 inches of fabric. How 
many yards of fabric will she need for the 8 

placemats? 


Mireille needs to cut 24 inches of ribbon for 
each of the 12 girls in her dance class. How 
many yards of ribbon will she need altogether? 


8 yards 


Make Unit Conversions in the Metric System 


In the following exercises, convert the units. 


Ghalib ran 5 kilometers. Convert the length to 
meters. 


Kitaka hiked 8 kilometers. Convert the length to 
meters. 


8000 meters 


Estrella is 1.55 meters tall. Convert her height 
to centimeters. 


The width of the wading pool is 2.45 meters. 
Convert the width to centimeters. 


245 centimeters 


Mount Whitney is 3,072 meters tall. Convert 
the height to kilometers. 


The depth of the Mariana Trench is 10,911 
meters. Convert the depth to kilometers. 


10.911 kilometers 


June’s multivitamin contains 1,500 milligrams 
of calcium. Convert this to grams. 


A typical ruby-throated hummingbird weights 3 
grams. Convert this to milligrams. 


3000 milligrams 


One stick of butter contains 91.6 grams of fat. 
Convert this to milligrams. 


One serving of gourmet ice cream has 25 grams 
of fat. Convert this to milligrams. 


25,000 milligrams 


The maximum mass of an airmail letter is 2 
kilograms. Convert this to grams. 


Dimitri’s daughter weighed 3.8 kilograms at 
birth. Convert this to grams. 


3800 grams 


A bottle of wine contained 750 milliliters. 
Convert this to liters. 


A bottle of medicine contained 300 milliliters. 
Convert this to liters. 


0.3 liters 


Use Mixed Units of Measurement in the Metric 
System 


In the following exercises, solve and write your 
answer in mixed units. 


Matthias is 1.8 meters tall. His son is 89 
centimeters tall. How much taller, in 
centimeters, is Matthias than his son? 


Stavros is 1.6 meters tall. His sister is 95 
centimeters tall. How much taller, in 
centimeters, is Stavros than his sister? 


65 centimeters 


A typical dove weighs 345 grams. A typical 
duck weighs 1.2 kilograms. What is the 
difference, in grams, of the weights of a duck 
and a dove? 


Concetta had a 2-kilogram bag of flour. She 
used 180 grams of flour to make biscotti. How 
many kilograms of flour are left in the bag? 


1.82 kilograms 


Harry mailed 5 packages that weighed 420 
grams each. What was the total weight of the 
packages in kilograms? 


One glass of orange juice provides 560 
milligrams of potassium. Linda drinks one glass 
of orange juice every morning. How many 
grams of potassium does Linda get from her 
orange juice in 30 days? 


16.8 grams 


Jonas drinks 200 milliliters of water 8 times a 
day. How many liters of water does Jonas drink 
in a day? 


One serving of whole grain sandwich bread 
provides 6 grams of protein. How many 
milligrams of protein are provided by 7 servings 
of whole grain sandwich bread? 


42,000 milligrams 


Convert Between U.S. and Metric Systems 


In the following exercises, make the unit 
conversions. Round to the nearest tenth. 


Bill is 75 inches tall. Convert his height to 
centimeters. 


Frankie is 42 inches tall. Convert his height to 
centimeters. 


106.7 centimeters 


Marcus passed a football 24 yards. Convert the 
pass length to meters. 


Connie bought 9 yards of fabric to make drapes. 
Convert the fabric length to meters. 


8.2 meters 


Each American throws out an average of 1,650 
pounds of garbage per year. Convert this weight 
to kilograms. 


An average American will throw away 90,000 
pounds of trash over his or her lifetime. Convert 
this weight to kilograms. 


41,500 kilograms 


A 5K run is 5 kilometers long. Convert this 
length to miles. 


Kathryn is 1.6 meters tall. Convert her height to 
feet. 


5.2 feet 


Dawn’s suitcase weighed 20 kilograms. Convert 
the weight to pounds. 


Jackson’s backpack weighs 15 kilograms. 
Convert the weight to pounds. 


33 pounds 


Ozzie put 14 gallons of gas in his truck. Convert 
the volume to liters. 


Bernard bought 8 gallons of paint. Convert the 
volume to liters. 


30.4 liters 


Convert between Fahrenheit and Celsius 
In the following exercises, convert the Fahrenheit 


temperature to degrees Celsius. Round to the 
nearest tenth. 


86°F 


77 F 


29°C 


104°F 


14°F 


=10°C 


72°F 


4°F 


=—15,9°C 


0°F 


120°F 


48.9°C 


In the following exercises, convert the Celsius 


temperatures to degrees Fahrenheit. Round to the 
nearest tenth. 


77 


=10°C 


=15°G 


SF 


22% 


8°C 


46.4°F 


43°C 


16°C 


60.8°F 


Everyday Math 


Nutrition Julian drinks one can of soda every 
day. Each can of soda contains 40 grams of 
sugar. How many kilograms of sugar does 
Julian get from soda in 1 year? 


Reflectors The reflectors in each lane-marking 
stripe on a highway are spaced 16 yards apart. 
How many reflectors are needed for a one-mile- 
long stretch of highway? 


110 reflectors 


Writing Exercises 


Some people think that 65° to 75° Fahrenheit is 
the ideal temperature range. 


@ What is your ideal temperature range? Why 


do you think so? 


© Convert your ideal temperatures from 
Fahrenheit to Celsius. 


@ Did you grow up using the U.S. customary or 
the metric system of measurement? © Describe 
two examples in your life when you had to 
convert between systems of measurement. © 
Which system do you think is easier to use? 
Explain. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next chapter? 
Why or why not? 


Chapter Review Exercises 


Rational and Irrational Numbers 


In the following exercises, write as the ratio of two 
integers. 


6 
—5 
—51 
2.9 
1.8 


1810 


In the following exercises, determine which of the 
numbers is rational. 


0.42,0.3-,2.56813... 


0.79319 .2.,0.16—1.95 


0.16—,1.95 


In the following exercises, identify whether each 
given number is rational or irrational. 


@ 49 © 55 


@ 72 © 64 


irrational 
® rational 


In the following exercises, list the @ whole 
numbers, © integers, © rational numbers, @ 
irrational numbers, © real numbers for each set of 
numbers. 


=9;0:0.36 1....,89,,16.9 


—5, — 214, — 4,0.25—,135,4 


@4 

®-5,-4,4 

© —5,- 214, —4,0.25—,135,4 
@ none 


© —5,—-214, — 4,0.25—,135,4 


Commutative and Associative Properties 


In the following exercises, use the commutative 
property to rewrite the given expression. 


6+4=__ 
—-145=__ 
—145 = 5(-14) 
3n=__ 


at+8=__ 


a+8=8+a 


In the following exercises, use the associative 
property to rewrite the given expression. 


(13:5):2=_ 


(22+7)+3=_. 


24°77) +3. 22+. + 3) 


(4+9x)+x=___ 


12(22y)=__ 


12(22y) = (12:22)y 


In the following exercises, evaluate each expression 
for the given value. 


If y=1112, evaluate: 
@ y+0.7+(-y) 
® y+(-—y)+0.7 


If z= —53, evaluate: 
@ z+5.39+(-z) 
® z+(—z)+5.39 


@ 5.39 
® 5.39 


If k=65, evaluate: 
@ 49(94k) 
® (49-:94)k 


If m= — 13, evaluate: 
@ —25(52m) 
® (—25:52)m 


@ 13 
® 13 


In the following exercises, simplify using the 
commutative and associative properties. 


6y + 37 + (—6y) 


144+1115+(-14) 


LI1S 


1411:359-1411 


= LOlo29 


— 60 


(712+45)+15 


(3.98d + 0.75d) + 1.25d 


5.98 d 


—12(4m) 


30(56q) 


25 q 


lix-sy+ lox+ 15y 


52m + (—20n)+(—18m)+(—5n) 


34m + (-—25n) 


Distributive Property 


In the following exercises, simplify using the 


distributive property. 


7(x+9) 


9(u—4) 


Oy — 36 


— 3(6m — 1) 


=8(=—Jd—12) 


56a + 96 


13(15n— 6) 


(y+10)-p 


yp + 10p 


(a—4)-—(6a+9) 


4(x+3)—8(x—-7) 


—4x + 68 


In the following exercises, evaluate using the 
distributive property. 


If u=2, evaluate 
@ 3(8u+ 9)and 
® 3-8u+3-9 to show that 3(8u+ 9)=3-'8u4+ 3:9 


If n=78, evaluate 
@8(n+14) and 
®8-n+ 8-14 to show that 8(n+ 14)=8n+814 


@9 
®9 


If d=14, evaluate 

@ —100(0.1d+ 0.35) and 

® —100-(0.1d) + (— 100)(0.35) to show that 
—100(0.1d+ 0.35) = —100-(0.1d) + (— 100) 
(0.35) 


If y= — 18, evaluate 
@ —(y—18) and 
® —y+18 to show that —(y—18)= —y+18 


Properties of Identities, Inverses, and Zero 


In the following exercises, identify whether each 
example is using the identity property of addition or 
multiplication. 


—35(1) = —35 


29+0=29 


identity property of addition 


(6x + 0) + 4x = 6x + 4x 


9:1+(-3)=9+(-3) 


identity property of multiplication 
In the following exercises, find the additive inverse. 


=—32 


19.4 
—19.4 
35 
=/15 


ALS 


In the following exercises, find the multiplicative 
inverse. 


92 
—5 
—15 
110 


—49 


—94 
In the following exercises, simplify. 


83:0 


09 


43+39+(—43) 


(n+ 6.75) +0.25 


n+ 7 


513°57°135 


IG1T712 


34 


252007 


9(6x—11)+15 


54x — 84 


Systems of Measurement 


In the following exercises, convert between U.S. 
units. Round to the nearest tenth. 


A floral arbor is 7 feet tall. Convert the height 
to inches. 


A picture frame is 42 inches wide. Convert the 
width to feet. 


3.5 feet 


Kelly is 5 feet 4 inches tall. Convert her height 
to inches. 


A playground is 45 feet wide. Convert the width 
to yards. 


15 yards 


The height of Mount Shasta is 14,179 feet. 
Convert the height to miles. 


Shamu weighs 4.5 tons. Convert the weight to 
pounds. 


9000 pounds 


The play lasted 134 hours. Convert the time to 
minutes. 


How many tablespoons are in a quart? 


64 tablespoons 


Naomi’s baby weighed 5 pounds 14 ounces at 


birth. Convert the weight to ounces. 


Trinh needs 30 cups of paint for her class art 
project. Convert the volume to gallons. 


1.9 gallons 


In the following exercises, solve, and state your 
answer in mixed units. 


John caught 4 lobsters. The weights of the 
lobsters were 1 pound 9 ounces, 1 pound 12 
ounces, 4 pounds 2 ounces, and 2 pounds 15 
ounces. What was the total weight of the 
lobsters? 


Every day last week, Pedro recorded the 
amount of time he spent reading. He read for 
50,25,83,45,32,60,and135 minutes. How much 
time, in hours and minutes, did Pedro spend 
reading? 


7 hours 10 minutes 


Fouad is 6 feet 2 inches tall. If he stands on a 
rung of a ladder 8 feet 10 inches high, how 


high off the ground is the top of Fouad’s head? 


Dalila wants to make pillow covers. Each cover 
takes 30 inches of fabric. How many yards and 
inches of fabric does she need for 4 pillow 
covers? 


3 yards, 12 inches 


In the following exercises, convert between metric 
units. 


Donna is 1.7 meters tall. Convert her height to 
centimeters. 


Mount Everest is 8,850 meters tall. Convert the 
height to kilometers. 


8.85 kilometers 


One cup of yogurt contains 488 milligrams of 
calcium. Convert this to grams. 


One cup of yogurt contains 13 grams of protein. 
Convert this to milligrams. 


13,000 milligrams 


Sergio weighed 2.9 kilograms at birth. Convert 
this to grams. 


A bottle of water contained 650 milliliters. 
Convert this to liters. 


0.65 liters 
In the following exercises, solve. 


Minh is 2 meters tall. His daughter is 88 
centimeters tall. How much taller, in meters, is 
Minh than his daughter? 


Selma had a 1-liter bottle of water. If she drank 
145 milliliters, how much water, in milliliters, 
was left in the bottle? 


855 milliliters 


One serving of cranberry juice contains 30 
grams of sugar. How many kilograms of sugar 
are in 30 servings of cranberry juice? 


One ounce of tofu provides 2 grams of protein. 
How many milligrams of protein are provided 
by 5 ounces of tofu? 


10,000 milligrams 


In the following exercises, convert between U.S. and 
metric units. Round to the nearest tenth. 


Majid is 69 inches tall. Convert his height to 
centimeters. 


A college basketball court is 84 feet long. 
Convert this length to meters. 


25.6 meters 


Caroline walked 2.5 kilometers. Convert this 
length to miles. 


Lucas weighs 78 kilograms. Convert his weight 
to pounds. 


171.6 pounds 


Steve’s car holds 55 liters of gas. Convert this to 
gallons. 


A box of books weighs 25 pounds. Convert this 
weight to kilograms. 


11.4 kilograms 


In the following exercises, convert the Fahrenheit 
temperatures to degrees Celsius. Round to the 
nearest tenth. 


95°F 


23°F 


20°F 


64°F 


17.8°C 


In the following exercises, convert the Celsius 
temperatures to degrees Fahrenheit. Round to the 
nearest tenth. 


30°C 

=o G 
2o0E 
=L2G 
24°C 


79.2 F 


Chapter Practice Test 


For the numbers 0.18349...,0.2—,1.67, list the 
@ rational numbers and © irrational numbers. 


Is 144 rational or irrational? 


144 = 12therefore rational. 


From the numbers — 4, —112,0,58,2,7, which 
are @ integers © rational © irrational @ real 
numbers? 


Rewrite using the commutative property: 
x14= 


x14 = 14x 


Rewrite the expression using the associative 
property: (y+ 6)+3= 


Rewrite the expression using the associative 
property: (8:2)-5= 


(8-2):3 = 8-(2:3) 


Evaluate 316(163n) when n= 42. 


For the number 25 find the @ additive inverse 
® multiplicative inverse. 


@-—25 
®52 


In the following exercises, simplify the given 
expression. 


34(— 29)(43) 


~34+15y+3 


1l5y 


(1.27q + 0.25q) + 0.75q 


(815+29)+79 


2315 


— 18(32n) 


14y + (— 6z) + 16y + 2z 


30y — 4z 


9(q+9) 


6(5x — 4) 


30x — 24 


— 10(0.4n + 0.7) 


14(8a+ 12) 


2a+ 3 


m(n+ 2) 


8(6p —1) + 2(9p + 3) 


66p 2 


(12a+4)—(9a+6) 


08 


4.50 
0 +(23) 
0 


In the following exercises, solve using the 
appropriate unit conversions. 


Azize walked 412 miles. Convert this distance 
to feet. (1 mile=5,280 feet). 


One cup of milk contains 276 milligrams of 
calcium. Convert this to grams. (1 
milligram =0.001 gram) 


.276 grams 


Larry had 5 phone customer phone calls 
yesterday. The calls lasted 28,44,9,75,and55 
minutes. How much time, in hours and minutes, 
did Larry spend on the phone? (1 hour =60 
minutes) 


Janice ran 15 kilometers. Convert this distance 
to miles. Round to the nearest hundredth of a 
mile. (1 mile=1.61 kilometers) 


9.317 miles 


Yolie is 63 inches tall. Convert her height to 
centimeters. Round to the nearest centimeter. 
(1 inch = 2.54 centimeters) 


Use the formula F = 95C+ 32 to convert 35°C to 
degrees F 


95°F 


Introduction to Solving Linear Equations 

class = "introduction" A Calder mobile is balanced 
and has several elements on each side. (credit: 
paurian, Flickr) 


Teetering high above the floor, this amazing mobile 
remains aloft thanks to its carefully balanced mass. 
Any shift in either direction could cause the mobile 
to become lopsided, or even crash downward. In 
this chapter, we will solve equations by keeping 
quantities on both sides of an equal sign in perfect 
balance. 


Solve Equations Using the Subtraction and Addition 
Properties of Equality 
By the end of this section, you will be able to: 


* Solve equations using the Subtraction and 
Addition Properties of Equality 

* Solve equations that need to be simplified 

* Translate an equation and solve 

* Translate and solve applications 


Before you get started, take this readiness quiz. 


1. Solve: n—12=16. 
If you missed this problem, review [link]. 


2. Translate into algebra ‘five less than x.’ 
If you missed this problem, review [link]. 
3. Is x=2 a solution to 5x-—3=7? 
If you missed this problem, review [link]. 


We are now ready to “get to the good stuff.” You 
have the basics down and are ready to begin one of 
the most important topics in algebra: solving 
equations. The applications are limitless and extend 
to all careers and fields. Also, the skills and 
techniques you learn here will help improve your 
critical thinking and problem-solving skills. This is a 


great benefit of studying mathematics and will be 
useful in your life in ways you may not see right 
now. 


Solve Equations Using the Subtraction 
and Addition Properties of Equality 


We began our work solving equations in previous 
chapters. It has been a while since we have seen an 
equation, so we will review some of the key 
concepts before we go any further. 


We said that solving an equation is like discovering 
the answer to a puzzle. The purpose in solving an 
equation is to find the value or values of the 
variable that make each side of the equation the 
same. Any value of the variable that makes the 
equation true is called a solution to the equation. It 
is the answer to the puzzle. 


Solution of an Equation 
A solution of an equation is a value of a variable 


that makes a true statement when substituted into 
the equation. 


In the earlier sections, we listed the steps to 


determine if a value is a solution. We restate them 
here. 


Determine whether a number is a solution to an 
equation. 


Substitute the number for the variable in the 
equation. Simplify the expressions on both sides of 
the equation. Determine whether the resulting 
equation is true. 


¢ If it is true, the number is a solution. 
¢ If it is not true, the number is not a solution. 


Determine whether y = 34 is a solution for 4y 
+3=8y. 


Solution 


Ay t 2— Rv 


a(2) +32 8(>),ry. 
Vos Vos 
Multiply. 
ee 
I Fro=—vU 
Add. 
6-—6¥Y 


Since y = 34 results in a true equation, 34 is a 
solution to the equation 4y + 3=8y. 


Is y= 23 a solution for 9y + 2=6y? 


We introduced the Subtraction and Addition 
Properties of Equality in Solving Equations Using 
the Subtraction and Addition Properties of Equality. 
In that section, we modeled how these properties 
work and then applied them to solving equations 
with whole numbers. We used these properties 
again each time we introduced a new system of 
numbers. Let’s review those properties here. 


Subtraction and Addition Properties of Equality 
Subtraction Property of Equality 

For all real numbers a,b, and c, if a=b, then a 
—c=b-c. 


ddition Property of Equality 
For all real numbers a,b, and c, ifa=b, then a 
+c=b+te. 


When you add or subtract the same quantity from 
both sides of an equation, you still have equality. 


We introduced the Subtraction Property of Equality 
earlier by modeling equations with envelopes and 
counters. [link] models the equation x +3=8. 


The goal is to isolate the variable on one side of the 
equation. So we ‘took away’ 3 from both sides of the 
equation and found the solution x=5. 


Some people picture a balance scale, as in 
when they solve equations. 


The quantities on both sides of the equal sign in an 
equation are equal, or balanced. Just as with the 
balance scale, whatever you do to one side of the 
equation you must also do to the other to keep it 
balanced. 


Let’s review how to use Subtraction and Addition 
Properties of Equality to solve equations. We need 
to isolate the variable on one side of the equation. 
And we check our solutions by substituting the 
value into the equation to make sure we have a true 
statement. 


Solve: x +11= —3. 


Solution 


To isolate x, we undo the addition of 11 by 
using the Subtraction Property of Equality. 


Subtract 11 

from each side 

to x+11-—-l11=-3-11 
addition. 


Simplify. 


ait 


Check: 


~ 11 
a4. 


II 
Ww 


Substitute x =: 
— 14. 


-~3=-3 Vv 


Since x= —14 makes x+11=-—3 a true 
statement, we know that it is a solution to the 
equation. 


Solve: x +9= —7. 


Solve: x+16= —4. 


In the original equation in the previous example, 11 
was added to the x, so we subtracted 11 to ‘undo’ 
the addition. In the next example, we will need to 
‘undo’ subtraction by using the Addition Property of 
Equality. 


Solve: m—4= —5. 


Solution 


it-t-A seo 


~ 


Add 4 to each 


sidm+4—4=-5-4 


. 
tha anhterantic.$ 
L1e VUYVUULLIL LL. 


Simplify. 


—_ 


=. 
a“ 


Check: 


wee t A & 


Substitute m := 
—]. 


9 


1 +4 A = 
oT a 9 oe, = 
£ * 
of ae et 18 


The solution to 
m—4=-—5 is 
m=-l. 


Solve: n—6= —7. 


Solve: x -—5= —9. 


Now let’s review solving equations with fractions. 


Solve: n—38=12. 


Solution 

3 l 

AT el 

Oo v4 
Use the 
Addition | a, 
Min >t — sa = 
ae eae 
Egvarccy: 
Find the LCD 


to add the 


fa 3,3 _4,3 
rig gtRaRgt R 
Simplify 
- 
r= az 
oO 
Check: 
3_ 1 
n-awra 
ra) z 
ee, 
g—___¢—_ 2 
Subtract. 
4il 
Simplify. 
Baty 


The solution 
checks. 


Solve: p—13=56. 


Solve: q—12=16. 


In Solve Equations with Decimals, we solved 
equations that contained decimals. We’ll review this 
next. 


Solve a— 3.7 =4.3. 


Solution 


@—2.7=42 
Use the 
Addition 
Pr@ — 3.7 + 3.7 =4.3 + 3.7 
Daualite 
HSS [ee 3y)/ . 
Add. 

a=3 

Check: 

g—3 -F-=42 
Substitute 
a=8. 

9 

§=— 3, 7=43 

Simplify. 
43—43-¢ 

The solution 
checks. 


Solve: b— 2.8 =3.6. 


Solve: c—6.9=7.1. 


Solve Equations That Need to Be 
Simplified 


In the examples up to this point, we have been able 
to isolate the variable with just one operation. Many 
of the equations we encounter in algebra will take 
more steps to solve. Usually, we will need to 
simplify one or both sides of an equation before 
using the Subtraction or Addition Properties of 
Equality. You should always simplify as much as 
possible before trying to isolate the variable. 


Solve: 3x —7 —2x—4=1. 


Solution 


The left side of the equation has an expression 
that we should simplify before trying to isolate 
the variable. 


34——]— 2s —4=-1 


me 


Rearrange the terms, 


using the Commutative 
Dr3r — Ix —-T7—-A4=1 


Combine like terms. 


1 


— 3 


~ 11 
”~ aa 


Add 11 to both sides to 


isolate x. 
s—H4+H=14-H 
Simplify. 
x=12 
Check. 


Substitute x = 12 into 
the original equation. 


The solution checks. 


Solve: 8y —4—7y —7=4. 


Solve: 6z2+5-—5z-4=3. 


Solve: 3(n—4)—2n= —3. 


Solution 


The left side of the equation has an expression 
that we should simplify. 


Alms 2 | 


AX 
vue “"; até 7 


Distribute on the left. 
23—1)—_2=-=—2 


Use the Commutative 
Property to rearrange 


tor 3n — In —- 19 = —3 


Combine like terms. 


= 14) _ oe 2 
mw ita=— 


Isolate n using the 


Addition Property of 
pa m—124+12=>-34 12 


work ’ 
Simplify. 
m=O 


Check. 
Substitute n=9 into 


the original equation. 


The solution checks. 


Solve: 5(p—3)—4p= — 10. 


Solve: 4(q+2)—3q= —8. 


Solve: 2(3k—1)—5k= — 2-7. 


Solution 


Both sides of the equation have expressions 
that we should simplify before we isolate the 
variable. 


2(2k —1\)-—S5k—--2-—7 
Distribute on the left, 
subtract on the right. 
6k—2— $k=—9 
Use the Commutative 
Property of Addition. 
“ZL n 


£L fF) a 


vn ie —_— 


Combine like terms. 


r—2=-9 
Undo subtraction by 
using the Addition 
Dr, k-242 =-9+42 


Simplify. 


Check. 
Let k= —7. 


The solution checks. 


Solve: 4(2h—3)-—7h= —6-—7. 


Solve: 2(5x + 2) —9x= —2+7. 


Po 


Translate an Equation and Solve 


In previous chapters, we translated word sentences 
into equations. The first step is to look for the word 
(or words) that translate(s) to the equal sign. [link] 
reminds us of some of the words that translate to 


the equal sign. 


Equals 

oe \ 

LT J) 

is is is the the gives was 
equal same _ resuli 
to as is 


Let’s review the steps we used to translate a 


sentence into an equation. 


will be 


Translate a word sentence to an algebraic equation. 


Locate the "equals" word(s). Translate to an equal 
sign. Translate the words to the left of the "equals" 
word(s) into an algebraic expression. Translate the 
words to the right of the "equals" word(s) into an 
algebraic expression. 


Now we are ready to try an example. 


Translate and solve: five more than x is equal 
to 26. 


Solution 


Translate. 


Fivemorethanx isequalto 26 
x # 5 - zo 
Subtract 5 from both 
sides. 


4-3-—-3-=-26-—5 


Simplify. 


Check: 
Is 26 five more than 
21? 


214+5226 


26 = 267 


The solution checks. 


Translate and solve: Eleven more than x is 
equal to 41. 


x +11 = 41;x = 30 


Translate and solve: Twelve less than y is 
equal to 51. 


y-12= 51; y = 63 


Translate and solve: The difference of 5p and 
4p is 23. 


Solution 
Translate. 

The difference of 5p and 4p is 23 

spp ——33 
Simplify. 
n=23 
Check: 
5p — 4p = 23 


5(23) — 4(23) + 23 


115 —- 22223 


73-73 V 
The solution checks. 


Translate and solve: The difference of 4x and 
3x is 14. 


4x — 3x = 14;x = 14 


Translate and solve: The difference of 7a and 
6a is —8. 


Translate and Solve Applications 


In most of the application problems we solved 
earlier, we were able to find the quantity we were 
looking for by simplifying an algebraic expression. 
Now we will be using equations to solve application 
problems. We’ll start by restating the problem in 
just one sentence, assign a variable, and then 
translate the sentence into an equation to solve. 
When assigning a variable, choose a letter that 
reminds you of what you are looking for. 


The Robles family has two dogs, Buster and 
Chandler. Together, they weigh 71 pounds. 


Chandler weighs 28 pounds. How much does 
Buster weigh? 


Solution 


Read the problem 


rarafiilly 
BRULEE eae) / . 


Identify what you are: 


asked to find, and 
choose a variable to 


ranroacant it 
pepsi roriie it 


Write a sentence that 
gives the information 
tan find at 


Ly LALIXLL Lhe 


We will restate the 
problem, and then 


How much does Buster 
weigh? 
Let b= Buster's weight 


Buster's weight plus 
Chandler's weight 


ani14la '71 nawiundea 
5 | a a Jee 


Buster's weight plus 28 
equals 71. 


include the given 


Danie . 
intarmoatian 
LLALLWVLLLIULILV Ile 


Translate the sentence 


into an equation, using 
the bie 71 


T —~ = 


Solve the equation 


using good algebraic 


A2 


b= 


Check the answer in 
the problem and make 


aun) it moalrad aanan 
VULY LE LELUUIALY YVRLIVWGe 


Is 43 pounds a 
reasonable weight for a 
dog? Yes. Does Buster's 
weight plus Chandler's 
weight equal 71 


nauindad 
Je SA ee ° 


y. hp So Xo RE Ler ds | 
IO ao er an 


71—71 7 
1 Ty ee 


Write a complete Buster weighs 43 
sentence that answer; pounds 

the question, "How 

much does Buster 

weigh?" 


Translate into an algebraic equation and solve: 
The Pappas family has two cats, Zeus and 
Athena. Together, they weigh 13 pounds. Zeus 
weighs 6 pounds. How much does Athena 
weigh? 


a + 6 = 13; Athena weighs 7 pounds. 


Translate into an algebraic equation and solve: 
Sam and Henry are roommates. Together, they 
have 68 books. Sam has 26 books. How many 
books does Henry have? 


26 + h = 68; Henry has 42 books. 


Devise a problem-solving strategy. 


Read the problem. Make sure you understand all 
the words and ideas. Identify what you are looking 
for. Name what you are looking for. Choose a 
variable to represent that quantity. Translate into 
an equation. It may be helpful to restate the 
problem in one sentence with all the important 


information. Then, translate the English sentence 
into an algebra equation. Solve the equation using 
good algebra techniques. Check the answer in the 
problem and make sure it makes sense. Answer the 
question with a complete sentence. 


Shayla paid $24,575 for her new car. This was 
$875 less than the sticker price. What was the 
sticker price of the car? 


Solution 


What are you asked to "What was the sticker 


findAd nrino af tha ear" 


BLL Je Ie VY LLL 


Assign a variable. Let s= the sticker price 


af tha ean. 
van use Cul 


Write a sentence that $24,575 is $875 less 
gives the information than the sticker price 
to find it. $24,575 is $875 less 


than a 
LiLALL VW 


Translate into an 
equation. 
24,913 =3s— G19 


Solve. 


24,575 + 875 = s — 875 + 875 


Choaol,.- 


NLL Tre 


Is $875 less than 
$25,450 equal to 


nt Igus VW hl Igus vv 


Write a sentence that The sticker price was 
answers the question. $25,450. 


Translate into an algebraic equation and solve: 
Eddie paid $19,875 for his new car. This was 
$1,025 less than the sticker price. What was 
the sticker price of the car? 


19,875 = s — 1025; the sticker price is 
$20,900. 


Translate into an algebraic equation and solve: 
The admission price for the movies during the 
day is $7.75. This is $3.25 less than the price 
at night. How much does the movie cost at 
night? 


7.75 =n — 3.25; the price at night is $11.00. 


The Links to Literacy activity, "The 100-pound 


Problem", will provide you with another view of 
the topics covered in this section. 


CCESS ADDITIONAL ONLINE RESOURCES 


¢ Solving One Step Equations By Addition and 
Subtraction 


* Solve One Step Equations By Add and Subtract 
Whole Numbers (Variable on Left) 

* Solve One Step Equations By Add and Subtract 
Whole Numbers (Variable on Right) 


Key Concepts 


* Determine whether a number is a solution 
to an equation. 


Substitute the number for the variable in the 
equation. Simplify the expressions on both 
sides of the equation. Determine whether the 
resulting equation is true. 


If it is true, the number is a solution. 

If it is not true, the number is not a solution. 
¢ Subtraction and Addition Properties of 

Equality 


© Subtraction Property of Equality 
For all real numbers a, b, and c, 
if a = b then a-c=b-c. 

© Addition Property of Equality 
For all real numbers a, b, and c, 


ifa = bthena+c=b+tec. 


* Translate a word sentence to an algebraic 
equation. 


Locate the “equals” word(s). Translate to an 
equal sign. Translate the words to the left of 
the “equals” word(s) into an algebraic 
expression. Translate the words to the right of 
the “equals” word(s) into an algebraic 
expression. 


¢ Problem-solving strategy 


Read the problem. Make sure you understand 
all the words and ideas. Identify what you are 
looking for. Name what you are looking for. 
Choose a variable to represent that quantity. 
Translate into an equation. It may be helpful to 
restate the problem in one sentence with all the 
important information. Then, translate the 
English sentence into an algebra equation. 
Solve the equation using good algebra 
techniques. Check the answer in the problem 
and make sure it makes sense. Answer the 
question with a complete sentence. 


Practice Makes Perfect 


Solve Equations Using the Subtraction and 
Addition Properties of Equality 


In the following exercises, determine whether the 
given value is a solution to the equation. 


Is y=13 a solution of 4y + 2=10y? 


yes 


Is x= 34 a solution of 5x + 3= 9x? 


Is u= —12 a solution of 8u—1=6u? 


no 


Is v= —13 a solution of 9V—2=3v? 
In the following exercises, solve each equation. 


x+7=12 


yt+5s=-—6 


b+ 14=34 
b=12 
a+25=45 
p+2.4=—-9.3 
p= —-11.7 
m+7.9=11.6 
a-—3=7 

a= 10 
m—8=-—20 


x—-13=2 


x = -—27 


Z+5.2=-8.5 


q+34=12 


y-34=35 


y = 2720 


Solve Equations that Need to be Simplified 


In the following exercises, solve each equation. 


c+3-10=18 
m+6—-8=15 
A BY 


9x+5-—8x+14=20 


6x+8-—5x+16=32 


—6x—11+7x-—5=-16 


—8n-17+9n-4= —41 


= 20 


3(y —5)-2y= —7 


4(y —2)-3y=—6 


8(u+1.5)-—7u=4.9 


5(w + 2.2)-—4w=9.3 


1.7 


—S(y=2)+6y=—7+4 


—8(x-—1)+9x= —3+9 


=2 


3(5n—1)—14n+9=1-2 


2(8m+3)—15m—4=3-5 


—4 


—(j+2)+2j-1=5 


—(k+7)+2k+8=7 


6a—5(a—2)+9=-11 


8c—7(c—3)+4=-16 


—41 


8(4x + 5) —5(6x) —x=53 


6(9y —1)—10(5y) — 3y = 22 


28 


Translate to an Equation and Solve 


In the following exercises, translate to an equation 
and then solve. 


Five more than x is equal to 21. 


The sum of x and —5 is 33. 


x + (-—5) = 33; x = 38 


Ten less than m is — 14. 


Three less than y is — 19. 


y-3= -19;y = -16 


The sum of y and —3 is 40. 


Eight more than p is equal to 52. 


p+ 8 = 52;p = 44 


The difference of 9x and &x is 17. 


The difference of 5c and 4c is 60. 


5c — 4c = 60; 60 


The difference of n and 16 is 12. 


The difference of f and 13 is 112. 


f—13=112;512 


The sum of —4n and 5n is —32. 


The sum of —9m and 10m is — 25. 


—9m + 10m = —25;m = —25 


Translate and Solve Applications 


In the following exercises, translate into an equation 
and solve. 


Pilar drove from home to school and then to 
her aunt’s house, a total of 18 miles. The 
distance from Pilar’s house to school is 7 miles. 
What is the distance from school to her aunt’s 


house? 


Jeff read a total of 54 pages in his English and 

Psychology textbooks. He read 41 pages in his 

English textbook. How many pages did he read 
in his Psychology textbook? 


Let p equal the number of pages read in the 
Psychology book 41 + p = 54. Jeff read pages 
in his Psychology book. 


Pablo’s father is 3 years older than his mother. 
Pablo’s mother is 42 years old. How old is his 
father? 


Eva’s daughter is 5 years younger than her son. 
Eva’s son is 12 years old. How old is her 
daughter? 


Let d equal the daughter’s age. d = 12 — 5. 
Eva’s daughter’s age is 7 years old. 


Allie weighs 8 pounds less than her twin sister 
Lorrie. Allie weighs 124 pounds. How much 
does Lorrie weigh? 


For a family birthday dinner, Celeste bought a 
turkey that weighed 5 pounds less than the one 
she bought for Thanksgiving. The birthday 
dinner turkey weighed 16 pounds. How much 
did the Thanksgiving turkey weigh? 


21 pounds 


The nurse reported that Tricia’s daughter had 
gained 4.2 pounds since her last checkup and 
now weighs 31.6 pounds. How much did 
Tricia’s daughter weigh at her last checkup? 


Connor’s temperature was 0.7 degrees higher 
this morning than it had been last night. His 
temperature this morning was 101.2 degrees. 
What was his temperature last night? 


100.5 degrees 


Melissa’s math book cost $22.85 less than her 
art book cost. Her math book cost $93.75. How 
much did her art book cost? 


Ron’s paycheck this week was $17.43 less than 
his paycheck last week. His paycheck this week 


was $103.76. How much was Ron’s paycheck 
last week? 


$121.19 


Everyday Math 


Baking Kelsey needs 23 cup of sugar for the 
cookie recipe she wants to make. She only has 
14 cup of sugar and will borrow the rest from 
her neighbor. Let s equal the amount of sugar 
she will borrow. Solve the equation 14+s=23 
to find the amount of sugar she should ask to 
borrow. 


Construction Miguel wants to drill a hole for a 
58-inch screw. The screw should be 112 inch 
larger than the hole. Let d equal the size of the 
hole he should drill. Solve the equation d 
+112=58 to see what size the hole should be. 


d=1324 


Writing Exercises 


Is —18 a solution to the equation 3x = 16 — 5x? 
How do you know? 


Write a word sentence that translates the 
equation y— 18=41 and then make up an 
application that uses this equation in its 
solution. 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 
in your road to success. In math, every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no—I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


solution of an equation 
A solution of an equation is a value of a 
variable that makes a true statement when 
substituted into the equation. 


Solve Equations Using the Division and 
Multiplication Properties of Equality 
By the end of this section, you will be able to: 


* Solve equations using the Division and 


Multiplication Properties of Equality 
* Solve equations that need to be simplified 


Before you get started, take this readiness quiz. 


ie simplity: — 70 — 7): 
If you missed this problem, review [link]. 


2. What is the reciprocal of — 38? 

If you missed this problem, review [link]. 
3. Evaluate 9x + 2 when x= —3. 

If you missed this problem, review [link]. 


Solve Equations Using the Division and 
Multiplication Properties of Equality 


We introduced the Multiplication and Division 
Properties of Equality in Solve Equations Using 
Integers; The Division Property of Equality and 
Solve Equations with Fractions. We modeled how 


these properties worked using envelopes and 
counters and then applied them to solving equations 
(See Solve Equations Using Integers; The Division 
Property of Equality). We restate them again here as 
we prepare to use these properties again. 


Division and Multiplication Properties of Equality 
Division Property of Equality: For all real numbers 


a,c, aid ¢ =O, if a—b, then ac—Dbe. 
Multiplication Property of Equality: For all real 
numbers a,b,c, if a=b, then ac=bce. 


When you divide or multiply both sides of an 
equation by the same quantity, you still have 
equality. 


Let’s review how these properties of equality can be 
applied in order to solve equations. Remember, the 
goal is to ‘undo’ the operation on the variable. In 
the example below the variable is multiplied by 4, 
so we will divide both sides by 4 to ‘undo’ the 
multiplication. 


Solve: 4x = — 28. 


Solution 


We use the Division Property of Equality to 
divide both sides by 4. 


— 9o 


Divide both sides by +4 
to undo the 
me _ =28 

4 4 
Simplify. 
sa] 


Check your answer. Let 


Since this is a true statement, x= —7 isa 
solution to 4x = — 28. 


Solve: 3y = — 48. 


Solve: 4z= — 52. 


In the previous example, to ‘undo’ multiplication, 
we divided. How do you think we ‘undo’ division? 


Solve: a— 7 = — 42. 


Solution 


Here a is divided by — 7. We can multiply both 
sides by —7 to isolate a. 


—7 
y= 294 
Simplify 
a= 204 


Check your answer. Let 
a—9O0A 


au ai Te 


4 =-42 


294 9 
— = —42 
—42=-42 v 


Solve: b—6= — 24. 


Solve: c—8= — 16. 


Solve: —r=2. 


Solution 


Remember —r is equivalent to —1r. 


ry 
a“ 


Rewrite —ras 


- 
— 


—Ir. 
ip-=-2 
Divide both 
sides by —1. 
—Ir 2 
=p I 
et 
Check. 


~— % 


7 hl 


Substitute r= 


Simplify. 


2=2/¢ 


In Solve Equations with Fractions, we saw that 


there are two other ways to solve —r=2. 


We could multiply both sides by —1. 


We could take the opposite of both sides. 


Solve: —k=8. 


Solve: —g=3. 


Solve: 23x= 18. 


Solution 


Since the product of a number and its 
reciprocal is 1, our strategy will be to isolate x 
by multiplying by the reciprocal of 23. 


24=18 
Multiply by the 


reciprocal of 23. 
. oo: 3 


Reciprocals multiply to 
one. 


Check your answer. Let 
x27 


tof 


1I8=18 Vv 


Notice that we could have divided both sides 
of the equation 23x = 18 by 23 to isolate x. 
While this would work, multiplying by the 
reciprocal requires fewer steps. 


Solve: 25n=14. 


Solve Equations That Need to be 
Simplified 


Many equations start out more complicated than the 
ones we’ve just solved. First, we need to simplify 
both sides of the equation as much as possible 


Solve: 8x + 9x —5x= —3+4+15. 


Solution 


Start by combining like terms to simplify each 
side. 


Set Oe Sem 3-4 15 
Combine like terms. 
12s = 12 
Divide both sides by 12 
to isolate x. 


1x _ 12 


Simplify. 


1 
r 


Check your answer. Let 
x=] 
Qx 1 Ox Sx= 2415 
9 
o 1 m 1 © 1 = “” | 
oO | ies ee Ae Wa , =—_—"J =" 1 
9 
oO n Ye Ls 1£ 
OT FA ™ ae me! SCL 
I2Z=127¢ 


Solve: 7x + 6x — 4x = —8+4+ 26. 


Solve: 11ln—3n—6n=7-—17. 


Solve: 11 —20=17y — 8y — 6y. 


Solution 


Simplify each side by combining like terms. 


11 — 90 — 17v — Rv — fy 


Simplify each side. 


—9=2y 
Divide both sides by 3 
to isolate ven 


== = 
Simplify. 


Zs 


A 


Check your answer. Let 
Q 


7— __ 
v 


~~ 


=31 + 24 + 13 


om 
I 
MN) 
eS 
ll 


—-9=-9V 


Notice that the variable ended up on the right 
side of the equal sign when we solved the 
equation. You may prefer to take one more 
step to write the solution with the variable on 
the left side of the equal sign. 


Solve: 18 — 27 =15c—9c-—3c. 


Solve: 18 —22=12x—x- 4x. 


Solution 


Remember—always simplify each side first. 


—_ t 
FS OT 


Simplify. 


Qa oe “D1 
Divide both sides by «3 
to isolate n. 


-3n _ 21 
= 


ms 17/ 
pe fe 
—U(n— 91 — 4— 791 
~\er —s ~ as 
9 
2/7 7\ A — 91 
~\ —s wv mee 
9 
aro 4£— 11 
~\ ss) v— as 
9 
oe a ae = Ee | 
zi—~U=—a21 


21=21V 


Solve: —4(n—2)—-8= 24. 


Solve: —6(n—2)—12=30. 


The Links to Literacy activity, "Everybody Wins" will 
provide you with another view of the topics 
covered in this section. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Solving One Step Equation by Mult/Div. 
Integers (Var on Left) 

¢ Solving One Step Equation by Mult/Div. 
Integers (Var on Right) 

¢ Solving One Step Equation in the Form: —x = 
=i 


Key Concepts 


¢ Division and Multiplication Properties of 
Equality 


© Division Property of Equality: For all 
real numbers a, b, c, and c~0, if a=b, 
then ac=be. 

© Multiplication Property of Equality: For 
all real numbers a, b, c, if a=b, then 
ac = be. 


Practice Makes Perfect 


Solve Equations Using the Division and 
Multiplication Properties of Equality 


In the following exercises, solve each equation for 
the variable using the Division Property of Equality 
and check the solution. 


8x = 32 


7p=63 


—5c=55 
=—9x=—27 
3 

—90=6y 
—72=12y 
=6 

—16p= — 64 
—8m= —56 
7 


0.252 = 3.25 


0.75a=11.25 


In the following exercises, solve each equation for 
the variable using the Multiplication Property of 
Equality and check the solution. 


x4=15 


z2=14 


m-12=5 


—4=p—20 


80 


23y=18 


35r=15 


20 


— 58w= 40 


32 
—25=110a 
—13q= -—56 
5/2 


Solve Equations That Need to be Simplified 


In the following exercises, solve the equation. 


8a+ 3a—6a= —17+27 
6y —3y+ 12y= — 434+ 28 
y=-1 

— 9x —9x+ 2x=50-2 


—5m+7m-—8m= —6+ 36 


MS 5 


100—16=4p—10p—p 


=18=7 = dt—9L=—6f 


t=52 


78n — 34n=9+2 


512q+12q=25-3 


q = 24 


0.25d + 0.10d=6—0.75 


0.05p —0.01p=2+0.24 


Pp = 56 


Everyday Math 


Balloons Ramona bought 18 balloons for a 
party. She wants to make 3 equal bunches. Find 
the number of balloons in each bunch, b, by 
solving the equation 3b=18. 


Teaching Connie’s kindergarten class has 24 
children. She wants them to get into 4 equal 
groups. Find the number of children in each 
group, g, by solving the equation 4g = 24. 


6 children 


Ticket price Daria paid $36.25 for 5 children’s 
tickets at the ice skating rink. Find the price of 
each ticket, p, by solving the equation 

5p = 36.25. 


Unit price Nishant paid $12.96 for a pack of 12 
juice bottles. Find the price of each bottle, b, by 
solving the equation 12b= 12.96. 


$1.08 


Fuel economy Tania’s SUV gets half as many 
miles per gallon (mpg) as her husband’s hybrid 
car. The SUV gets 18 mpg. Find the miles per 


gallons, m, of the hybrid car, by solving the 
equation 12m=18. 


Fabric The drill team used 14 yards of fabric to 
make flags for one-third of the members. Find 
how much fabric, f, they would need to make 
flags for the whole team by solving the 
equation 13f=14. 


42 yards 


Writing Exercises 


Frida started to solve the equation — 3x = 36 by 
adding 3 to both sides. Explain why Frida’s 
method will result in the correct solution. 


Emiliano thinks x= 40 is the solution to the 
equation 12x =80. Explain why he is wrong. 


Answer will vary. 


Self Check 


@ After completing the exercises, use this checklist 


to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Solve Equations with Variables and Constants on 
Both Sides 
By the end of this section, you will be able to: 


* Solve an equation with constants on both sides 

* Solve an equation with variables on both sides 

* Solve an equation with variables and constants 
on both sides 

* Solve equations using a general strategy 


Before you get started, take this readiness quiz. 


1. Simplify: 4y-—9+9. 
If you missed this problem, review [link]. 


2. Solve: y+12=16. 

If you missed this problem, review [link]. 
3. Solve: — 3y =63. 

If you missed this problem, review [link]. 


Solve an Equation with Constants on 
Both Sides 


You may have noticed that in all the equations we 
have solved so far, all the variable terms were on 


only one side of the equation with the constants on 
the other side. This does not happen all the time—so 
now we'll see how to solve equations where the 
variable terms and/or constant terms are on both 
sides of the equation. 


Our strategy will involve choosing one side of the 
equation to be the variable side, and the other side 
of the equation to be the constant side. Then, we 
will use the Subtraction and Addition Properties of 
Equality, step by step, to get all the variable terms 
together on one side of the equation and the 
constant terms together on the other side. 


By doing this, we will transform the equation that 
started with variables and constants on both sides 
into the form ax=b. We already know how to solve 
equations of this form by using the Division or 
Multiplication Properties of Equality. 


Solve: 4x +6= — 14. 


Solution 


In this equation, the variable is only on the left 
side. It makes sense to call the left side the 
variable side. Therefore, the right side will be 
the constant side. We’ll write the labels above 


the equation to help us remember what goes 
where. 


variable constant 
Gets 
Since the left 

side is the 

va4x +6—-6=-14-6 
the 6 is out of 
place. We must 
"undo" adding 

6 by 

subtracting 6, 

and to keep the 
equality we 

must subtract 6 
from both 

sides. Use the 
Subtraction 
Property of 


Laasalitx, 


uy UUs 9 / . 


Simplify. 


A ae oe ow 


ei fet I 


Now all the xs 


are on the left 
and the 
constant on the 


"1 avht 

iL 4611 le 

Use the 

Division 

Pri 4x 
4 


La 
Liyuussey. 


—20 
4 


Simplify. 


a 
il 
an 


Check: 


A(5)4+6=—14 


i| 


Solve: 3x +4= —8. 


Solve: 5a+3= —37. 


Solve: 2y —7=15. 


Solution 


Notice that the variable is only on the left side 
of the equation, so this will be the variable 
side and the right side will be the constant 
side. Since the left side is the variable side, the 
7 is out of place. It is subtracted from the 2y, 
so to ‘undo’ subtraction, add 7 to both sides. 


variable on 
Va. Py en 1 & 
iw 


ay T— 


Add 7 to both 
sides. 


Ya. cee oe 
“ay -1ri=— 


Simplify. 


on 
J 


2y = 22 
The variables 
are now on one 
side and the 


constants on 


tha athar 
LLL VULILIe 


Divide both 


sides by 2. 
2y_ 22 


Simplify. 


Check: 


2y—F=15 
Substitute: 
y=11. 


a= 7bs 


? 
22 —Fats 
IS=15V 


Solve: 5y-—9=16. 


Solve: 3m —8=19. 


Solve an Equation with Variables on Both 
Sides 


What if there are variables on both sides of the 
equation? We will start like we did above—choosing 
a variable side and a constant side, and then use the 
Subtraction and Addition Properties of Equality to 
collect all variables on one side and all constants on 


the other side. Remember, what you do to the left 
side of the equation, you must do to the right side 
too. 


Solve: 5x =4x+7. 


Solution 


Here the variable, x, is on both sides, but the 
constants appear only on the right side, so let’s 
make the right side the “constant” side. Then 
the left side will be the “variable” side. 


variable constant 
5a = 44 +7 
We don't wart 
any variables 
on 5x — 4x = 4x — 4x +7 


aunhteannt tha Aw 
VUYLLULE LILW ide 


Simplify. 


a | 
' 


~~ 
nw 


We have all the 
variables on 
one side and 
the constants 
on the other. 
We have solved 


. 
tha aniuatian 
tae CYuUULViL. 


Check: 
Sa Aon 2 OF 
ate = “We FT 
Substitute 7 for 
x. 
9 
£r"7T™. * A/"™\ «1 "7 
ne j= “AV /J “ti f 
AF ? cn a 7 
II= 20 + | 
35 = 35 


Solve: 6n=5n+10. 


Solve: —6c= —7c+1. 


Solve: 5y —-8=7y. 


Solution 


The only constant, —8, is on the left side of 
the equation and variable, y, is on both sides. 
Let’s leave the constant on the left and collect 
the variables to the right. 


constant variable 

Sa» = Q — "Tas 

=F . i, 7 a 
Subtract 5y from both 
sides. 


wv — Sv — 2 — Tw — Sw 
<7 “7 ~~ id = 


Simplify. 


—2=—2y 
We have the variables 
on the right and the 


-8 2y 
CO! —8_ 2y 
Dis 2 ys 
evivseww wwveiss vawiwy =) me 
Simplify. 


—_A —e |) 
: r 


Rewrite with the 
variable on the left. 


Vv — 


Chaals- T at 5 A 


NYE DTKe LIVE J Te 


Sy —8—Ty 
? 

£¢ An [se I AN 
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Solve: 3p —14=5p. 


Solve: 8m +9=5m. 


Solve: 7x = —x+ 24. 


Solution 


The only constant, 24, is on the right, so let 
the left side be the variable side. 


variable side constant side 
os J ~ mA 
1A — A T “2 


Remove the —x from 


the 7x +x=-—x+x+24 


addina w ta hath aida: 


BUULLLA ALY YVUELL DILLY Je 


Simplify. 
as-= 2A 


All the variables are on 
the left and ihe 


8x 

CO!) —=— = — 
: & tS) 
T1IQut. Viviae VULLL SLUTS 
Axes (@) 
Le yf We 
Simplify. 
~—2 

Choal,- Ciathoatituta vw — 9 
NLL Tde WELWVIELEULEY 4 Ve 


7x = —x + 24 
9 
7(3) = —(3) + 24 
21=21v 


Solve: 12j= — 4j +32. 


Solve: 8h= —4h+12. 


Solve Equations with Variables and 
Constants on Both Sides 


The next example will be the first to have variables 
and constants on both sides of the equation. As we 
did before, we’ll collect the variable terms to one 
side and the constants to the other side. 


Solve: 7x+5=6x+2. 


Solution 


Start by choosing which side will be the 
variable side and which side will be the 
constant side. The variable terms are 7x and 
6x. Since 7 is greater than 6, make the left side 


the variable side and so the right side will be 
the constant side. 


4x-1--5-=-65-+-2 
Collect the variable 


terms to the left side 
by /* — 6x+5= 6x — 6x +2 


hath aidac 


n 
WVULLEL JILLLVe 


Simplify. 


ae ae | 


1 


Now, collect the 


constants to the right 
sid *+3—I=2>5 


fram hath aidaa 


built VVULL VIULD. 


Simplify. 


3 


. . 
Tha anliutinn 1c WwW 
2LLeY VVULUEIVIL tv a 


>) 
J 


Chaol-- T at ——S 
uU Ue 


v7 — 
ALOU: LIVE A 


1n4+5= 6c +2 

9 
1(-3)+ 5 = 6(—3) +2 
21454-1842 


—-16=-l6V 


Solve: 12x+ 8=6x+2. 


Solve: 9y+4=7y+12. 


We’ll summarize the steps we took so you can easily 
refer to them. 


Solve an equation with variables and constants on 
both sides. 


Choose one side to be the variable side and then 
the other will be the constant side. Collect the 
variable terms to the variable side, using the 


Addition or Subtraction Property of Equality. 
Collect the constants to the other side, using the 
Addition or Subtraction Property of Equality. Make 
the coefficient of the variable 1, using the 
Multiplication or Division Property of Equality. 
Check the solution by substituting it into the 
original equation. 


It is a good idea to make the variable side the one in 
which the variable has the larger coefficient. This 
usually makes the arithmetic easier. 


Solve: 6n-—2= —3n+7. 


Solution 


We have 6n on the left and — 3n on the right. 
Since 6> —3, make the left side the “variable” 
side. 


Gi — 2 => —3i 4-7 
We don't want 
variables on the right 
sid 6n + 3n —2=—3n + 3n+7 


sides to leave only 


panctanta an tha right, 
VeVi lUiito Yat ULie 141611 


Combine like terms. 


oO. eee | 


We don't want any 
constants on the left 


. 
aidana 
VLLLVe 


Simplify. 
on =9 


The variable term is on 
the left and the 

CO! 9n = 

rig... 9 9 

To get the coefficient 


of n to be one, divide 
hath sides h by-9 


Simplify. 
n=] 


Check: Substitute 1 fcr 


n 
ile 


6n — 2 = —3n+7 
9 
6(1) —2= —3(1) +7 
A=A7 


Solve: 8qg—5= —4q+7. 


Solve: 7n-—3=n+3. 


Solve: 2a—7=5a+8. 


Solution 


This equation has 2a on the left and 5a on the 
right. Since 5>2, make the right side the 
variable side and the left side the constant 
side. 


QV T— <-~ 1 @ 
at 


Subtract 2a from both 
sides to remove the 

va2za — 2a -—-7=5a-—2a+8 
Taft 


LvLle 


Combine like terms. 


Fe, Aa tO 


— f — Fie T UU 


Subtract 8 from both 
sides to remove the 


CO! —-7—8=3a+8-8 
wiaht 
ne) eee 
Simplify. 
—15=3¢ 


Divide both sides by 3 
to make 1 the 
coi —15 oa 


BY — 
= 


3a 


Simplify. 


Chaol-- T vay 
iv 
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2a—-7=5a+8 
9 
2(-5) — 7 = 5(-5) +8 


9 
-10-—-7=-25+8 
-17=-l7 Vv 


Note that we could have made the left side the 
variable side instead of the right side, but it 
would have led to a negative coefficient on the 
variable term. While we could work with the 
negative, there is less chance of error when 
working with positives. The strategy outlined 
above helps avoid the negatives! 


Solve: 2a—2=6a+18. 


Solve: 4k-—1=7k+17. 


To solve an equation with fractions, we still follow 
the same steps to get the solution. 


Solve: 32x+5=12x-—3. 


Solution 


Since 32>12, make the left side the variable 
side and the right side the constant side. 


ae +5= J —3 
a Zz 
Subtract 12x from both 
sides. 


3y- 1.45= 1,_ —x-3 
Zz lo Zz Zz 
Combine like terms. 
eS 
Subtract 5 from both 
sides. 
1S —_$-=—2—$ 
Simplify. 
= — 2 
Gheek:Letx=—8. 
3 
5x +5= an —3 
3/9 ca Pee 
5 (-8) +5 = 5(-8) -3 
? 
~124+5=-4-3 
—~—7=-T Vv 


Solve: 78x —12= —18x—-2. 


Solve: 76y +11=16y +8. 


We follow the same steps when the equation has 
decimals, too. 


Solve: 3.4x + 4=1.6x—5. 


Solution 


Since 3.4>1.6, make the left side the variable 
side and the right side the constant side. 


Subtract 1.6x from 
both sides. 


io Ey, PS Pe a Se | £ 
JourA LUA TT Tt— 1 ~ 


Combine like terms. 


Z.. 
v 


La. 1 
UA eA 


1 2x 1 A = Ss 
Subtract 4 ae both 
sides. 

1 Ov 1 AA — —§ A 
Simplify. 


Use the Division 
Property of Equality. 


1.8x _ -9 
io 1.0 
Simplify. 
<=-—5 
Gheck:-Let-x=—§& 


3.4 +4= 16x — 5 
3.4(— 5) +4= 1.6(- 5)-5 


~17442-8-5 
~13=-13V 


Solve: 2.8x+12= —1.4x—9. 


Solve: 3.6y +8=1.2y —4. 


Solve Equations Using a General Strategy 


Each of the first few sections of this chapter has 
dealt with solving one specific form of a linear 
equation. It’s time now to lay out an overall strategy 
that can be used to solve any linear equation. We 
call this the general strategy. Some equations won’t 
require all the steps to solve, but many will. 
Simplifying each side of the equation as much as 
possible first makes the rest of the steps easier. 


Use a general strategy for solving linear equations. 


Simplify each side of the equation as much as 
possible. Use the Distributive Property to remove 
any parentheses. Combine like terms. Collect all 
the variable terms to one side of the equation. Use 
the Addition or Subtraction Property of Equality. 
Collect all the constant terms to the other side of 
the equation. Use the Addition or Subtraction 
Property of Equality. Make the coefficient of the 
variable term to equal to 1. Use the Multiplication 
or Division Property of Equality. State the solution 
to the equation. Check the solution. Substitute the 
solution into the original equation to make sure the 
result is a true statement. 


Solve: 3(x+2)=18. 


Solution 


Qfw 1 DV— 12 
ee i ad 


Simplify each side of 
the equation as much 


as. 3x +6=18 
Use the Distributive 


Dranartirr 
pavupricy. 


Collect all variable 
terms on one side of 
the equation—all xs 
are already on the left 


. 
o1 dao 
VUittwve 


Collect constant terms 
on the other side of tiie 
eqix +6-—6=18-6 
Subtract 6 from each 


VLtiw 


Simplify. 

ee) 
Make the coefficient of 
the variable term equal 


to 3x - 12 
¥T 3 3 
Les yf We 
Simplify. 
z=4 
Chaaol,.- T ane, sa A. 


NYLLOEL DTA: LIW 


3(x + 2)=18 
3(4 + 2) 218 


9 
3(6) = 18 
1I8=18V 


Solve: 5(x+3)=35. 


Solve: 6(y — 4) = — 18. 


Solve: —(x+5)=7. 


Solution 


@+Sj=7 
Simplify each side of 
the equation as much 
as, —x-S=7 
distributing. 

The only x term is on 
the left side, so all 
variable terms are on 
the left side of the 


. 
anaii14tinn 
Veyuuuvil. 


Add 5 to both sides to 


get all constant terms 


. 
anaii14tinn 
VyYyUUuLLVAiL. 


Simplify. 
—r=19 


Make the coefficient of 
the variable term equal 


to —l(-x)=-1(12) 
hath cidana tasz 1 
WVwveiIL VIUULYY ef ae 
Simplify. 

H=-—12 
Check: Let x= —12, 


—(x+5)=7 


~(-12 +5) £7 


~(-1) 27 


Solves —(y 4-96) — —2. 


Solve: —(z+4)= —-12. 


Solve: 4(x—2)+5= —3. 


Solution 
Af —2)-+-$-=-—2 
Simplify each side of 


the equation as much 
as , 4x -—8 + 5=-3 


T ence 
Vivi iwuUuce. 


Combine like terms 


The only x is on the 
left side, so all variable 


terms are on one side 


af tha aniusatinn 
Vi Uae CYyuUULLViL. 


Add 3 to both sides to 


get all constant terms 
on 4x -—34+3=-34+3 


ani1atinn 
vyuuanuvil. 


Simplify. 


Av — 1 


WT uw 


Make the coefficient of 


the 4x 0 
4 4 
to.., ...4., 4... 
cidna xr A 
G1aCG ry, Te 
Simplify. 
x-=9 
Cheek: Let x= 0 


ee 


40 -2)+5=-3 
4(- 2)+5=-3 


8454-3 
—-3=-37 


es) 


Solve: 2(a—4)+3=-—-1. 


Solve: 7(n—3)—8=-15. 


Solve: 8— 2(3y + 5) =0. 


Solution 


Be careful when distributing the negative. 


Ds 20» 1 §\—4 


Sina the 


Distributive Property 
R a 6y _ 10 — 


Combine ‘like terms. 
—6y —-2-90 


Add 2 to both sides to 


collect constants on the 
rig Oy — 2 + 72 =0+72 


Simplify. 


—Avw — 79 
yo 


Divide both sides by 


— 6. 
—6y 2 
=(§—_=6 
Simplify. 
l 
| 
= 
Chaal-- T at xx — _19 
WULLOELRLTAe LIVE of me AwvJe 


8 — 2(3y+5)=0 
8 — 2p ant 
8 — 2(- Bee 
8 — 2(4)= 


8-8-0 
0=0V 


Solve: 12—3(4j+3)=—17 


Solve: —6—8(k—2)= —10. 


Solution 


We WN 5 AMI 1d IVA S 
~~ = ~ yaw Pay lS 


Distribute. 


2+ & & — Ow 1 
ve ~ 


v v— wu 1 


Combine like terms. 
Bigg mt) ee Bnet 


Subtract 3x to get all 


the variables on the 
rigde — ix — 11 = 8x — 


Simplify. 


4= 


\D 


4x +9 


aa we 


Subtract 9 to get the 


constants on the left. 
—1i—_9=32-+,9—9 


Simplify. 
I — + 


Divide by 5. 


Simplify. 
—_A — x 


Check: Substitute: 


—_A—wv 
t~ £he 


3@@-2)-5=4(2x+1) +5 
3(-4 — 2) - 54 4[a(—4) + 1 +5 
3-6) - 524-8 + 1)+5 
~18-524(-7) +5 


9 


Solve: 6(p — 3) —7=5(4p + 3) —12. 


Solve: 8(g+1)—-—5=3(2q —4)-—1. 


Solve: 12(6x — 2) =5--x. 


Solution 


dé —2)=5-x 
Distribute. 


Qs 1 = S ~ 
~ :—_—w 


Add x to get all the 


vo-3x-—1+2=5$—x+2 
Simplify. 


Aw 1 4 
Th. 


1 —w 


Add 1 to get constants 
on the right. 
a a 


Simplify. 


Divide a 


Simplify. 


Solve: 13(6u+ 3)=7—Uu. 


Solve: 23(9x — 12) =8+4+ 2x. 


In many applications, we will have to solve 
equations with decimals. The same general strategy 
will work for these equations. 


Solve: 0.24(100x + 5) =0.4(30x +15). 


Solution 


N DAL (100y 


wee 


Distribute. 


- 
in 
~~ 
ll 
© 
A 
“ 
(5 
an 
- 
ar 
tn 
~S 


Subtract 12x to get all 
the xs to the left. 


YA~ 1 19 19x ae 19D 1 19. 
ee ' hake eee i v bo 
Simplify. 


12x 412=6 
Subtract 1.2 to get the 
constants to the right. 


12s-—h2-—_12=$—12 

Simplify. 

12x = 4.8 
Divide. 

Ix _ 48 

iz iz 
Simplify. 

x=-O4 

Check: Let x= 0.4 


0.24(100x + 5) = 0.4(30x + 15) 


? 
0.24(100(0.4) + 5) = 0.4(30(0.4) + 15) 
? 
0.24(40 + 5) = 0.4(12 + 15) 


? 
0.24(45) = 0.4(27) 
10.8 = 10.8 4 


Solve: 0.55(100n + 8) = 0.6(85n + 14). 


Solve: 0.15(40m — 120) =0.5(60m + 12). 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Solving Multi-Step Equations 

¢ Solve an Equation with Variable Terms on 
Both Sides 

¢ Solving Multi-Step Equations (L5.4) 

¢ Solve an Equation with Variables and 
Parentheses on Both Sides 


Key Concepts 


¢ Solve an equation with variables and 
constants on both sides 


Choose one side to be the variable side and 
then the other will be the constant side. Collect 
the variable terms to the variable side, using 
the Addition or Subtraction Property of 
Equality. Collect the constants to the other side, 
using the Addition or Subtraction Property of 
Equality. Make the coefficient of the variable 1, 
using the Multiplication or Division Property of 
Equality. Check the solution by substituting 
into the original equation. 


* General strategy for solving linear 
equations 


Simplify each side of the equation as much as 
possible. Use the Distributive Property to 
remove any parentheses. Combine like terms. 
Collect all the variable terms to one side of the 
equation. Use the Addition or Subtraction 
Property of Equality. Collect all the constant 
terms to the other side of the equation. Use the 
Addition or Subtraction Property of Equality. 
Make the coefficient of the variable term to 
equal to 1. Use the Multiplication or Division 


Property of Equality. State the solution to the 
equation. Check the solution. Substitute the 
solution into the original equation to make sure 
the result is a true statement. 


Practice Makes Perfect 
Solve an Equation with Constants on Both Sides 


In the following exercises, solve the equation for the 
variable. 


6x—2=40 


7X—8=34 


llw+6=93 


14y+7=91 


—50=7n-1 


—47=6b+1 


~12p-3=15 


~14q-15=13 


=2 


Solve an Equation with Variables on Both Sides 


In the following exercises, solve the equation for the 
variable. 


8Z2=72—7 
9k=8k-11 
=—11 

4x + 36= 10x 
6x + 27 = 9x 
9 

c= —3c-—20 
b= —4b-15 


7Z= 39-62 

3 

3y+12=2y 
8x+34=7x 
—3/4 
—12a—8=-—16a 
—15r—8=-1I1r 
2 


Solve an Equation with Variables and Constants 
on Both Sides 


In the following exercises, solve the equations for 
the variable. 


6x—15=5x+3 


4x-—17=3x+2 


19 


26+ 8d=9d+11 


21+ 6f=7f+14 


4a+5=—a—40 


9c+7= —2c—37 


—4 


8y—30= —2y+30 


12x -—17 = —3x4+13 


34c—3=14c—16 


43m —7=13m—-13 


=6 


8 — 25q=35q+6 


11-—14a=34a+4 


43n+9=13n—9 


54a+15=34a-5 


—40 


14y+7=34y-3 


35p+2=45p-1 


LS 


14n + 8.25=9n+ 19.60 


13z+ 6.45 = 8z+ 23.75 


3.46 


2.4w — 100 =0.8w + 28 


2.7w— 80=1.2w+10 


60 


§:6r+13.1=3.56+ 57.2 


6.6x— 18.9=3.4x+ 54.7 


23 


Solve an Equation Using the General Strategy 


In the following exercises, solve the linear equation 
using the general strategy. 


5(x+3)=75 


A(y +7) =64 


8=4(x— 3) 


9=3(x— 3) 


6 

20(y —8) = — 60 
14(y —6) = — 42 
3 
~4(2n+1)=16 
—7(3n+4)=14 
ay) 
3(10+5r) =0 


8(3+ 3p) =0 


=1 


23(9c — 3) = 22 


35(10x — 5) =27 


5(1.2u— 4.8) = —12 


4(2.5v — 0.6) = 7.6 


0.52 


0.2(30n + 50) = 28 


0.5(16m + 34)= —15 


0:25 


—(w-—6)=24 


—(t-—8)=17 


= 


9(3a+5)+9=54 


8(6b — 7) + 23 = 63 


10+ 3(z+4)=19 


134+ 2(m—4)=17 


7+5(4—q)=12 


—9+6(5—k)=12 


3/2 


15—(3r+ 8) =28 


18—(9r+7)=-—16 


11-4(y-8) =43 


18—2(y—3)=32 


—4 


9(p— 1) =6(2p—1) 


3(4n—1)-2=8n+3 


9(2m —3)-8=4m+7 


5(x— 4) -4x=14 


34 


8(x — 4) —7x=14 


5+6(3s —5) = —3+2(8s—1) 


10 


—12+8(x—5)= —4+3(5x-— 2) 


4(x—1)—-8=6(3x—2)—7 


7(2x —5) =8(4x-1)-9 


Everyday Math 


Making a fence Jovani has a fence around the 
rectangular garden in his backyard. The 
perimeter of the fence is 150 feet. The length is 
15 feet more than the width. Find the width, w, 
by solving the equation 150 =2(w +15) + 2w. 


30 feet 


Concert tickets At a school concert, the total 
value of tickets sold was $1,506. Student tickets 
sold for $6 and adult tickets sold for $9. The 
number of adult tickets sold was 5 less than 3 
times the number of student tickets. Find the 
number of student tickets sold, s, by solving the 
equation 6s + 9(3s— 5) = 1506. 


Coins Rhonda has $1.90 in nickels and dimes. 
The number of dimes is one less than twice the 
number of nickels. Find the number of nickels, 
n, by solving the equation 0.05n + 0.10(2n 
—1)=1.90. 


8 nickels 


Fencing Micah has 74 feet of fencing to make a 
rectangular dog pen in his yard. He wants the 
length to be 25 feet more than the width. Find 
the length, L, by solving the equation 2L+ 2(L 
— 25) =74. 


Writing Exercises 


When solving an equation with variables on 
both sides, why is it usually better to choose the 
side with the larger coefficient as the variable 


side? 


Answers will vary. 


Solve the equation 10x + 14= — 2x+ 38, 
explaining all the steps of your solution. 


What is the first step you take when solving the 
equation 3 —7(y — 4) =38? Explain why this is 
your first step. 


Answers will vary. 


Solve the equation 14(8x + 20) =3x—4 
explaining all the steps of your solution as in 
the examples in this section. 


Using your own words, list the steps in the 
General Strategy for Solving Linear Equations. 


Answers will vary. 


Explain why you should simplify both sides of 
an equation as much as possible before 
collecting the variable terms to one side and the 


constant terms to the other side. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Solve Equations with Fraction or Decimal 
Coefficients 
By the end of this section, you will be able to: 


* Solve equations with fraction coefficients 
* Solve equations with decimal coefficients 


Before you get started, take this readiness quiz. 


1. Multiply: 8-38. 

If you missed this problem, review [link] 
2. Find the LCD of 56and14. 

If you missed this problem, review [link] 
3. Multiply: 4.78 by 100. 

If you missed this problem, review [link] 


Solve Equations with Fraction 
Coefficients 


Let’s use the General Strategy for Solving Linear 
Equations introduced earlier to solve the equation 
18x+12=14. 


1 1 1 
et tnrHa 
Oo “a + 
To isolate the x term, 
subtract 12 from Pe 


ee a 
oO & + 


he - 


Simplify the left side. 
1 1 1 


rv tr ner 


o + z 
Change the constants to 


equivalent oo with 


the oe, re 2 
° 4+ + 
Subtract. 
1 1 
3c =-—= 
Oo 


Multiply both sides by tre 


reciprocal of 18. 
8 1 8/1) 


Simplify. 


x=-—2 


This method worked fine, but many students don’t 
feel very confident when they see all those fractions. 
So we are going to show an alternate method to 
solve equations with fractions. This alternate 
method eliminates the fractions. 


We will apply the Multiplication Property of 
Equality and multiply both sides of an equation by 
the least common denominator of all the fractions in 
the equation. The result of this operation will be a 
new equation, equivalent to the first, but with no 
fractions. This process is called clearing the equation 
of fractions. Let’s solve the same equation again, but 
this time use the method that clears the fractions. 


Solve: 18x+12=14. 


Solution 


Find the least commcn 
denominator of all the 

fra 1,11 LCD =8 
Multiply both sides of 

the equation by that 

LC (A 1) fn 
fra {3 id 2 : a 
Use the Distributive 
Property. 


g-tx4 —— 
oO & => 
Simplify — and notice, 
no more fractions! 


an a, ae | 
a | 72 


Solve using the General 


Strategy for Solving 
T ir r+ 4—-4=7)-4 


easy 


Simplify. 


r= —9 
~~ ~ 


Check: Let x= —2 


11 1 
2-4 
l 121 
a a lake 
2,121 
ae ee 
2,471 
“§° 3° 4 
Pi ie 
44 

i 4 
+=i¥v 
4-4 


Solve: 14x + 12=58. 


Solve: 16y —13=16. 


Notice in [link] that once we cleared the equation of 
fractions, the equation was like those we solved 
earlier in this chapter. We changed the problem to 
one we already knew how to solve! We then used 
the General Strategy for Solving Linear Equations. 


Solve equations with fraction coefficients by 
clearing the fractions. 


Find the least common denominator of all the 


fractions in the equation. Multiply both sides of the 
equation by that LCD. This clears the fractions. 
Solve using the General Strategy for Solving Linear 


Equations. 


Solve: 7 =12x+34x— 23x. 


Solution 


We want to clear the fractions by multiplying 
both sides of the equation by the LCD of all the 
fractions in the equation. 


Find the least commcn 
denominator of all the 
fra 7 =sxt3x—5x LCD = 12 


anai9ntinn 
Veyuuuvis. 


Multiply both sides of 
the equation by 12. 
190077) = 12. =x+—x—-=x 
_— Zz + 3 
Distribute. 


12(7) = 12.- txt 12. 3x - 12. 2x 


Simplify — and mate 
no more fractions! 


CA = &v 1 Oe Ow 
us 


or 1 7 


Combine like terms. 
QA — Tx 
Divide by 7. 


84_ = 7x 


7 


Simplify. 


# 9 _2 , 
(12) + $12) — 212) 


Solve: 6=12v+ 25v — 34v. 


Solve: —1=12u+ 14u— 23u. 


In the next example, we’ll have variables and 
fractions on both sides of the equation. 


Solution 


Find the LCD of all tke 
fractions in the 


eq xtt=tx-+. LCD=6 
Multiply both sides by 
the LCD. 


my 
ms 


6 “ +3) oft - 
1S 


Distribute. 


eee te es 
be | 0 


Simplify — no more 


fractions! 
Ae a a= —-+-— 2 


Subtract x from both 
sides. 


Ay —v¥ t Dev vr 2 


'. —— 


Simplify. 
Subtract 2 from han 
sides. 

5x2 — 2a —3—2 
Simplify. 
Divide by 5. 

sx _ = 

Simplify. 


— 1 
~ = 


Check: Substitute x = 


ae | 
be 


No — 


N + 
re | | 
| | 
wo 8) 
(oe) N 
fap) ca 


Solve: a+ 34 
Solve: c+ 34 


Po 


In [link], we'll start by using the Distributive 
Property. This step will clear the fractions right 
away! 


Solve: 1 =12(4x+ 2). 


Solution 


=1(4x +2) 
Z 


Distribute. 
l= 7 4x + = 2 
Simplify. Now there 


are no fractions to 
ele 1 — Ix + 1 


Subtract 1 from both 
sides. 


© 
oN 


Chock: T 
uu 


| - 5 
=5(4(0) + 2) 


21 
1=5(2) 
7 2 
7 
l=lv 


Solve: —11=12(6p+ 2). 


Solve: 8=13(9q+ 6). 


Many times, there will still be fractions, even after 
distributing. 


Solve: 12(y—5)=14(y—-1). 


Solution 


diy—5y=4(y-1) 
Zz 4 


Distribute. 


z 
Simplify. 
l 


+ ee | 1 
2- gs 


Multiply = the LCD, 4. 


atty = 5) = af-ty - 4 
_ ar J ial ez J 


4. 


Distribute. 
4-dy-4.2 =4.5y- 
& & | 
Simplify. 
2y 19 = y 1 
Collect the y terms to 
the left. 
a 
Simplify. 
y-10-—-1 
Collect the constants to 
the right. 
y—10410—-14 10 
Simplify. 


v— a 
4 xi 


Check: Substitute 9 fcr 


17 


aye 


| = 


4 


50-5)=40-) 


to_ 5210-1 
2 4 


Solve: 151+ 3)=14(n+ 2). 


Solve: 12(m—3)=14(m-—7). 


Solve Equations with Decimal 
Coefficients 


Some equations have decimals in them. This kind of 
equation will occur when we solve problems dealing 
with money and percent. But decimals are really 
another way to represent fractions. For example, 
0.3=310 and 0.17 =17100. So, when we have an 
equation with decimals, we can use the same 
process we used to clear fractions—multiply both 
sides of the equation by the least common 
denominator. 


Solve: 0.8x —5=7. 


Solution 


The only decimal in the equation is 0.8. Since 
0.8=810, the LCD is 10. We can multiply both 
sides by 10 to clear the decimal. 


Multiply both sides by 
the LCD. 


Distribute. 


auryve 


Multiply, and notice, 
no more decimals! 


$a —SO=70 
Add 50 to get all 
constants to the right. 
Sx---30-1+-50-=-70-+-30 
Simplify. 
ox = 120 
Divide both sides by 33. 
& _ 120 
Simplify. . 
x=$ 


Chaoals- Tat ~w —1E 
—~ ve 
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0.8(15) -5=7 
12-527 


T=7TV7 


Solve: 0.6x—1=11. 


Solve: 1.2x -—3=9. 


Solve: 0.06x + 0.02 =0.25x—1.5. 


Solution 


Look at the decimals and think of the 
equivalent fractions. 


0:06 —6100 0,02 = 2100.0. 25— 2510015 — 1510 
Notice, the LCD is 100. 


By multiplying by the LCD we will clear the 


decimals. 


NNEe 1 ONI— AAS 1:6 


Multiply both sides by 
100. 


INO Ne. 1 ANA 1nAMmM N«c.. 1 £\ 


1090/0, 0650 4-0,02) = 100(0.252-—1.5) 
Distrib 
istribute. 
TAIN NAN 1 1A AYN 1A DEL 11 &\ 


Multiply, and now nc 
more decimals. 


£ 1 A 


ASW. 140 


Collect the variables <o 
the right. 


PEL | Ac. a 120 


Simplify. 


Collect the constants to 
the left. 


91 157 — 102 14M 1 159 


Simplify. 


oe 


Divide by 19. 


1919 
Simplify. 
S35 
Chaal-.- T at w _— Q 
NYE DKe LIVE 42 We 


0.06(8) + 0.02 = 0.25(8) — 1.5 
0.48 + 0.02 = 2.00 — 1.5 
0.50 = 0.50% 


Solve: 0.14h+ 0.12 =0.35h — 2.4. 


Solve: 0.65k — 0.1 =0.4k — 0.35. 


The next example uses an equation that is typical of 
the ones we will see in the money applications in 
the next chapter. Notice that we will distribute the 
decimal first before we clear all decimals in the 
equation. 


Solve: 0.25x + 0.05(x + 3) = 2.85. 


Solution 


0252+ 0,056x 3) = 285 


Distribute first. 


NI 1 NNR 1 N1KF— DRS 
Wemewew p Wewew ob wee awe 


oS 


Combine like terms. 


To clear decimals, 
multiply by 100. 


TNO We 1 1 14\— 10109 OS 
UU OP eae yy 


Distribute. 


We 1 1 — V0& 
YUNA T by aue 


Subtract 15 from both 


sides. 
BO 11 SS a DOS __1S 
Simplify. 
20-278 


Divide by 30. 


30x _ 270 
2 "am 
JU rw 
Simplify. 
s=9 
Chaal-- T at ~ — A 
MYLEX, LILVL A” He 


0.25x + 0.05(x + 3) = 2.85 
0.25(9) + 0.05(9 + 3) = 2.85 


2.25 + 0.05(12) = 2.85 
2.25 + 0.60 = 2.85 
2.85 =2.85 ¥ 


Solve: 0.25n+0.05(n+ 5) =2.95. 


Solve: 0.10d+ 0.05(d—5)= 2.15. 


ACCESS ADDITIONAL ONLINE RESOURCES 


Solve an Equation with Fractions with 
Variable Terms on Both Sides 

Ex 1: Solve an Equation with Fractions with 
Variable Terms on Both Sides 

Ex 2: Solve an Equation with Fractions with 
Variable Terms on Both Sides 

Solving Multiple Step Equations Involving 
Decimals 

Ex: Solve a Linear Equation With Decimals 
and Variables on Both Sides 

Ex: Solve an Equation with Decimals and 
Parentheses 


Key Concepts 


* Solve equations with fraction coefficients by 
clearing the fractions. 


Find the least common denominator of all the 
fractions in the equation. Multiply both sides of 
the equation by that LCD. This clears the 


fractions. Solve using the General Strategy for 
Solving Linear Equations. 


Section Exercises 


Practice Makes Perfect 
Solve equations with fraction coefficients 


In the following exercises, solve the equation by 
clearing the fractions. 


14x-12=-—34 


x=-l 


34x—-12=14 


y=-1 
S6y — 13= — 76 
12a+ 38 =34 
a= 34 
58b + 12= — 34 


2=13x—-—12x+ 23x 


x= 4 


2=35x—-—13x+25x 


14m —45m+12m=-—-1 


m = 20 


56n— 14n—12n= —2 


x+12=23x-12 


x= -3 


x+34=12x-—54 


13W+54=w-14 


w=94 


32zZ+13=z-23 


12x—14=112x+16 


ae | 


12a—14=16a+112 


13b+15=25b—35 


b= 12 


13x+25=15x-25 


1=16(12x-—6) 


xl 


1=15(15x—- 10) 


14(p— 7) =13(p + 5) 


p= —-4i 


15(q+3)=12(q—3) 


12(x+4)=34 


x=-—52 


13(x+5)=56 


Solve Equations with Decimal Coefficients 


In the following exercises, solve the equation by 
clearing the decimals. 


0.6y+3=9 


y= 10 


0.4y—4=2 


3.6) -2=5.2 


j=2 


2.1k+3=7.2 


0.4x+ 0.6 =0.5x—1.2 


x= 18 


0.7x+ 0.4=0.6x+ 2.4 


0.23x + 1.47 =0.37x—1.05 


x= 18 


0.48x + 1.56 = 0.58x — 0.64 


0.9x—1.25=0.75x+1.75 


x = 20 


1.2x— 0.91 =0.8x+ 2.29 


0.05n+ 0.10(n+ 8)=2.15 


n=9 


0.05n+ 0.10(n+ 7) =3.55 


0.10d + 0.25(d + 5)=4.05 


0.10d + 0.25(d+ 7) =5.25 


0.05(q — 5) + 0.25q = 3.05 


q=11 


0.05(q —8) + 0.25q =4.10 


Everyday Math 


Coins Taylor has $2.00 in dimes and pennies. 
The number of pennies is 2 more than the 
number of dimes. Solve the equation 0.10d 
+0.01(d +2) =2 for d, the number of dimes. 


d= 18 


Stamps Travis bought $9.45 worth of 49-cent 
stamps and 21-cent stamps. The number of 21- 
cent stamps was 5 less than the number of 49- 
cent stamps. Solve the equation 0.49s+ 0.21(s 
—5)=9.45 for s, to find the number of 49-cent 
stamps Travis bought. 


Writing Exercises 


Explain how to find the least common 
denominator of 38,16,and23. 


Answers will vary. 


If an equation has several fractions, how does 
multiplying both sides by the LCD make it 
easier to solve? 


If an equation has fractions only on one side, 
why do you have to multiply both sides of the 
equation by the LCD? 


Answers will vary. 


In the equation 0.35x + 2.1 =3.85, what is the 
LCD? How do you know? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next Chapter? 
Why or why not? 


Chapter Review Exercises 


Solve Equations using the Subtraction and 
Addition Properties of Equality 


In the following exercises, determine whether the 
given number is a solution to the equation. 


x+16=31,x=15 


yes 
w-8=5,w=3 
— 9n=45,n=54 
no 


4a=72,a=18 


In the following exercises, solve the equation using 
the Subtraction Property of Equality. 


x+7=19 
12 
y+t2=-—6 
a+13=53 
a=43 
n+3.6=5.1 


In the following exercises, solve the equation using 
the Addition Property of Equality. 


u-—7=10 


ie = 17 


c—311=911 


c=1211 


p—4.8=14 
In the following exercises, solve the equation. 


n—-12=32 


n= 44 


y+16=—9 


f+23=4 


f=103 


d—3.9=8.2 


7Xx+10-—6x+3=5 
6(n—-1)-—5n= -14 
n= -8 


8(3p +5) —23(p—1)=35 


In the following exercises, translate each English 
sentence into an algebraic equation and then solve 
it. 


The sum of —6 and m is 25. 
—-6 +m = 25;m = 31 


Four less than n is 13. 


In the following exercises, translate into an 
algebraic equation and solve. 


Rochelle’s daughter is 11 years old. Her son is 3 
years younger. How old is her son? 


s = 11 — 3; 8 years old 


Tan weighs 146 pounds. Minh weighs 15 
pounds more than Tan. How much does Minh 
weigh? 


Peter paid $9.75 to go to the movies, which was 
$46.25 less than he paid to go to a concert. 
How much did he pay for the concert? 


c — 46.25 = 9.75; $56.00 


Elissa earned $152.84 this week, which was 
$21.65 more than she earned last week. How 
much did she earn last week? 


Solve Equations using the Division and 
Multiplication Properties of Equality 


In the following exercises, solve each equation using 
the Division Property of Equality. 


Sx=72 


x=9 


13a=—65 


0.25p =5.25 


In the following exercises, solve each equation using 
the Multiplication Property of Equality. 


n6=18 

n = 108 
y—10=30 
36 = 34x 

x = 48 
58u= 1516 


In the following exercises, solve each equation. 


c9 = 36 


0.45x =6.75 


x= 15 


1112 =23y 


5r—3r+9r=35-2 


r=3 


24x + 8x —11lx= —7-14 


Solve Equations with Variables and Constants on 
Both Sides 


In the following exercises, solve the equations with 
constants on both sides. 


x = -22 


32=—4-9n 


In the following exercises, solve the equations with 
variables on both sides. 


7y=6y-13 


y= —-13 


Sa+21=2a 


k= —6k—35 


k=-5 


4x — 38 = 3x 


In the following exercises, solve the equations with 
constants and variables on both sides. 


12x—-9=3x+45 
x =6 

5n—20= —7n—80 
4u+16=—-19-u 
u= —7 


58c —4=38c+4 


In the following exercises, solve each linear 
equation using the general strategy. 


6(x + 6) = 24 


x= -2 


9(2p —5) =72 


—(s+4)=18 


s= -—22 


8+3(n—-9)=17 


23-3(y-7)=8 


y=12 


13(6m+21)=m-—7 


8(r— 2) =6(r + 10) 


r= 36 


5+ 7(2—5x)=2(9x+ 1) -—(13x — 57) 


4(3.5y + 0.25) =365 


y = 26 


0.25(q — 8) =0.1(q+ 7) 


Solve Equations with Fraction or Decimal 
Coefficients 


In the following exercises, solve each equation by 
clearing the fractions. 


25n—110=710 


n=2 


13x+15x=8 


34a—13=12a+ 56 


a=143 


12(k+ 3)=13(k+ 16) 


In the following exercises, solve each equation by 
clearing the decimals. 


0.8x—0.3=0.7x+ 0.2 


x= 5 


0.36u + 2.55=0.41u+6.8 


0.6p—1.9=0.78p + 1.7 


p = -—20 


0.10d + 0.05(d— 4) =2.05 


Chapter Practice Test 


Determine whether each number is a solution to 
the equation. 
3x+5=23. 


@6 
@®235 


@ yes 
® no 


In the following exercises, solve each equation. 


n—18=31 


9c=144 


c= 16 


4y-8=16 


=—Ox= 15 $9x=1=—21 


x= -5 


—15a=120 


23k=6 


x= 9 


Xx+3.8=8.2 


10y= —5y +60 


A aoa 


8n+2=6n+12 


9m—2—-4m+m=42-8 


m= 6 


—5(2x+ 1)=45 


—(d+9)=23 


d= —32 


13(6m+21)=m—7 


2(6x+ 5)-8= — 22 


x= -2 


8(3a+5)—7(4a-—3)=20-—3a 


14p+13=12 


p=23 


0.1d+0.25(d+ 8) =4.1 


Translate and solve: The difference of twice x 
and 4 is 16. 


2x —-4=16;x = 10 


Samuel paid $25.82 for gas this week, which 
was $3.47 less than he paid last week. How 
much did he pay last week? 


Introduction 
class ="introduction" Note the many individual 
shapes in this building. (credit: Bert Kaufmann, 


Flickr) y HIN \ 
Wff..\\\\ 


aM) 


Lf ond \y 


Me SP a ASS “eV 
teak 


'" 


We are surrounded by all sorts of geometry. 
Architects use geometry to design buildings. Artists 
create vivid images out of colorful geometric shapes. 
Street signs, automobiles, and product packaging all 
take advantage of geometric properties. In this 
chapter, we will begin by considering a formal 
approach to solving problems and use it to solve a 
variety of common problems, including making 
decisions about money. Then we will explore 
geometry and relate it to everyday situations, using 
the problem-solving strategy we develop. 


Use a Problem Solving Strategy 
By the end of this section, you will be able to: 


¢ Approach word problems with a positive 
attitude 

* Use a problem solving strategy for word 
problems 

* Solve number problems 


Before you get started, take this readiness quiz. 


1. Translate “6 less than twice x” into an 

algebraic expression. 

If you missed this problem, review [link]. 
2. Solve: 23x = 24. 

If you missed this problem, review [link]. 
3. Solve: 3x+8=14. 

If you missed this problem, review [link]. 


Negative thoughts about word problems can be 
barriers to success.When it comes to word problems, 
a positive attitude is a big step toward success. 


Approach Word Problems with a Positive 
Attitude 


The world is full of word problems. How much 
money do I need to fill the car with gas? How much 
should I tip the server at a restaurant? How many 
socks should I pack for vacation? How big a turkey 
do I need to buy for Thanksgiving dinner, and what 
time do I need to put it in the oven? If my sister and 
I buy our mother a present, how much will each of 
us pay? 


Now that we can solve equations, we are ready to 
apply our new skills to word problems. Do you 
know anyone who has had negative experiences in 
the past with word problems? Have you ever had 
thoughts like the student in [link]? 


When we feel we have no control, and continue 
repeating negative thoughts, we set up barriers to 


success. We need to calm our fears and change our 
negative feelings. 


Start with a fresh slate and begin to think positive 
thoughts like the student in . Read the positive 
thoughts and say them out loud. 


If we take control and believe we can be successful, 
we will be able to master word problems. 


Think of something that you can do now but 
couldn't do three years ago. Whether it's driving a 
car, snowboarding, cooking a gourmet meal, or 
speaking a new language, you have been able to 
learn and master a new skill. Word problems are no 
different. Even if you have struggled with word 


problems in the past, you have acquired many new 
math skills that will help you succeed now! 


Use a Problem-solving Strategy for Word 
Problems 


In earlier chapters, you translated word phrases into 
algebraic expressions, using some basic 
mathematical vocabulary and symbols. Since then 
you've increased your math vocabulary as you 
learned about more algebraic procedures, and 
you've had more practice translating from words 
into algebra. 


You have also translated word sentences into 
algebraic equations and solved some word 
problems. The word problems applied math to 
everyday situations. You had to restate the situation 
in one sentence, assign a variable, and then write an 
equation to solve. This method works as long as the 
situation is familiar to you and the math is not too 
complicated. 


Now we'll develop a strategy you can use to solve 
any word problem. This strategy will help you 
become successful with word problems. We'll 
demonstrate the strategy as we solve the following 
problem. 


Pete bought a shirt on sale for $18, which is 


one-half the original price. What was the 
original price of the shirt? 


Solution 


Step 1. Read the problem. Make sure you 
understand all the words and ideas. You may 
need to read the problem two or more times. If 
there are words you don't understand, look 
them up in a dictionary or on the Internet. 


* In this problem, do you understand what is 
being discussed? Do you understand every 
word? 


Step 2. Identify what you are looking for. It's 
hard to find something if you are not sure 
what it is! Read the problem again and look 
for words that tell you what you are looking 
for! 


* In this problem, the words “what was the 
original price of the shirt” tell you that what 
you are looking for: the original price of the 
shirt. 


Step 3. Name what you are looking for. 
Choose a variable to represent that quantity. 
You can use any letter for the variable, but it 


may help to choose one that helps you 
remember what it represents. 


¢ Let p= the original price of the shirt 


Step 4. Translate into an equation. It may 
help to first restate the problem in one 
sentence, with all the important information. 
Then translate the sentence into an equation. 


Step 5. Solve the equation using good algebra 
techniques. Even if you know the answer right 
away, using algebra will better prepare you to 
solve problems that do not have obvious 
answers. 


Write the equation. 


I8=4p 
Multiply both sides by 
2 


2-18=2-+p 
Simplify. 


36=p 


Step 6. Check the answer in the problem and 
make sure it makes sense. 


* We found that p = 36, which means the 
original price was $36. Does $36 make 
sense in the problem? Yes, because 18 is 
one-half of 36, and the shirt was on sale at 
half the original price. 


Step 7. Answer the question with a complete 
sentence. 


* The problem asked “What was the original 
price of the shirt?” The answer to the 
question is: “The original price of the shirt 
was $36.” 


If this were a homework exercise, our work 
might look like this: 


Joaquin bought a bookcase on sale for $120, 
which was two-thirds the original price. What 


was the original price of the bookcase? 


Two-fifths of the people in the senior center 
dining room are men. If there are 16 men, 
what is the total number of people in the 
dining room? 


We list the steps we took to solve the previous 
example. 


Problem-Solving Strategy 


Read the word problem. Make sure you understand 
all the words and ideas. You may need to read the 
problem two or more times. If there are words you 
don't understand, look them up in a dictionary or 
on the internet. Identify what you are looking for. 
Name what you are looking for. Choose a variable 
to represent that quantity. Translate into an 
equation. It may be helpful to first restate the 
problem in one sentence before translating. Solve 
the equation using good algebra techniques. Check 
the answer in the problem. Make sure it makes 
sense. Answer the question with a complete 
sentence. 


Let's use this approach with another example. 


Yash brought apples and bananas to a picnic. 
The number of apples was three more than 
twice the number of bananas. Yash brought 11 


apples to the picnic. How many bananas did 
he bring? 


Solution 


Step 1. Read the 


Priv Daciite 


Step 2. Identify what! How many bananas did 


OU ara lanlinag for, ha heinad 
op ULe 1YUYUNILIS 1 21 W11116> 


Step 3. Name what Let b=number of 
you are looking for. | bananas 

Choose a variable to 

represent the number 


Vl VULLULLUD. 


Step 4. Translate. 
Restate the problem in 
one sentence with all 


The number twice the number 
the of _of apples was 3- morethan of bananas 


11 = a 1 2b 
infu. LLLULLULLe 


Translate into an 


ani1atinn 
vyuuanuvil. 


Step 5. Solve the 
equation. 


14 9b 


Subtract 3 from each 
side. 


Simplify. 


Divide each side by 2. 


8 2b 


Simplify. 


Step 6. Check: First, is 
our answer reasonable? 
Yes, bringing four 
bananas to a picnic 
seems reasonable. The 
problem says the 
number of apples was 
three more than twice 
the number of bananas. 
If there are four 
bananas, does that 
make eleven apples? 
Twice 4 bananas is 8. 
Three more than 8 is 


11 
Step 7. Answer the Yash brought 4 
question. bananas to the picnic. 


Guillermo bought textbooks and notebooks at 
the bookstore. The number of textbooks was 3 
more than the number of notebooks. He 
bought 5 textbooks. How many notebooks did 
he buy? 


Gerry worked Sudoku puzzles and crossword 
puzzles this week. The number of Sudoku 
puzzles he completed is seven more than the 
number of crossword puzzles. He completed 
14 Sudoku puzzles. How many crossword 
puzzles did he complete? 


In Solve Sales Tax, Commission, and Discount 
Applications, we learned how to translate and solve 
basic percent equations and used them to solve sales 
tax and commission applications. In the next 
example, we will apply our Problem Solving 
Strategy to more applications of percent. 


Nga's car insurance premium increased by $60, 


which was 8% of the original cost. What was 
the original cost of the premium? 


Solution 


Step 1. Read the 
problem. Remember, if 
there are words you 
don't understand, look 


tham iin 
U1ivi11 Up. 


Step 2. Identify what: the original cost of the 


tad arn lanlina far nAramin1 
jf SAS uLltv DASA) LvV.ie Pp? OTiaitusit 


Step 3. Name. Choos2 Let c=the original cost 
a variable to represerit 
the original cost of 


nramin1 
Pt V1iiL Uli. 


Step 4. Translate. 
Restate as one 
sentence. Translate 


: the original 
int $60 was 8% of cost 

= _ 08 , c 
Step = Solve the 
equation. 


Divide both sides by 
0.08. 


Cim r 

Simplify, 

Step 6. Check: Is our 
answer reasonable? 
Yes, a $750 premium 
on auto insurance is 
reasonable. Now let's 
check our algebra. Is 
8% of 750 equal to 60? 


750 =Cc 


0.08(750) = 60 


£m ir 
Step 7. Answer the The original cost of 
question. Nga's premium was 


$750. 


Pilar's rent increased by 4%. The increase was 
$38. What was the original amount of Pilar's 
rent? 


Steve saves 12% of his paycheck each month. 
If he saved $504 last month, how much was 
his paycheck? 


Solve Number Problems 


Now we will translate and solve number problems. 
In number problems, you are given some clues 
about one or more numbers, and you use these clues 
to build an equation. Number problems don't 
usually arise on an everyday basis, but they provide 
a good introduction to practicing the Problem 


Solving Strategy. Remember to look for clue words 
such as difference, of, and and. 


The difference of a number and six is 13. Find 
the number. 


Solution 


Step 1. Read the 
problem. Do you 


understand all the 
TA rma | a 9 


Vv¥VVittve. 


Step 2. Identify what: the number 


WTANAW1T AKMN lAnlLinag far 
JUU ate 1yuuNIIIG 1U1. 


Step 3. Name. Choose Let n=the number 
a variable to represerit 


tha nirmbhar 
LLL LLULIIWLL. 


Step 4. Translate. 
Restate as one 


eyene difference of a number and 6 is 13, 


| _i aaa = 2 


naiw4ntinn 
Veyeativil. 


Step 5. Solve the 


eq n-6=13 
Add 6 to both sides. 
Simplify. 


n—-6+6=13+6 


na 10 


Step 6. Check: 
The difference of 19 


and Gia 19 Tt ahanolra 


Usb Y iV 2BvVe £E VLE LLY: 


Step 7. Answer the The number is 19. 
question. 


The difference of a number and eight is 17. 
Find the number. 


The difference of a number and eleven is —7. 
Find the number. 


The sum of twice a number and seven is 15. 
Find the number. 


Solution 


Step 1. Read the 


pivviwstiie 


Step 2. Identify what’ the number 


wad arn laAnlina far 
JV are 1yyuNiig 1vi- 


Step 3. Name. Choose Let n=the number 


a variable to represent 
tha bor, 


Step 4. Translate. 
Restate the problem is 


The sum of twice a number and 7 is 15. 


Qen + 7 = 435 
Translate into an 


. 
anaii14tinn 
Vyuuuvil. 


Step 5. Solve the 
equation. 


Pe 


Subtract 7 from each 
side and simplify. 


Divide each side by 2 
and simplify. 


Step 6. Check: is the 
sum of twice 4 and 7 
equal to 15? 


2-447=15 


84+7=15 


Step 7. Answer the The number is 4. 
question. 


The sum of four times a number and two is 14. 
Find the number. 


The sum of three times a number and seven is 
25. Find the number. 


Some number word problems ask you to find two or 
more numbers. It may be tempting to name them all 
with different variables, but so far we have only 
solved equations with one variable. We will define 
the numbers in terms of the same variable. Be sure 
to read the problem carefully to discover how all the 
numbers relate to each other. 


One number is five more than another. The 


sum of the numbers is twenty-one. Find the 
numbers. 


Solution 


Step 1. Read 


tha neronhla 


m™m 
4de PLyuiTiine 


Step 2. 
Identify what 
you are looking 


far 
LuULe 


Step 3. Name. 
Choose a 
variable to 
represent the 
first number. 
What do you 
know about the 
second 
number? 


Tranclata 
RLULLVIIULLWe 


Step 4. 
Translate. 
Restate the 
problem as one 
sentence with 
all the 
important 
information. 
Translate into 
an n + 
Substitute the 
variable 


1% number + 2° number 


. 
aAVrATrAcCACINANAa 
SEAN ee RevVULVilve 


Step 5. Solve 
the equation. 


n+5 


You are 
looking for two 
numbers. 


Let n= 1st 
number 

One number is 
five more than 
another. 
x+5=2nd 
number 


The sum of the 
numbers is 21. 
The sum of the 
1st number and 
the 2nd 
number is 21. 


Combine like 
terms. 


Subtract five 
from both sides 


coe wr (is ee / e 2n= 16 

Divide by two 

and simplify. 

Find the 

second number 

tne n+5 24 number 


Substitute n = 
8 


Stan 5 Chaaol- 
pve 


WAAAY ihe 


Do these 
numbers chec k 
in 132845 
problem? 

Is one number 
5 more than 

the 13=13V 
Is thirteen, 5 
more than 8? 
1S. 


- 
Is 8+ 13=21 


the two 
numbers 21? 


Step 7. Answer The numbers 
the question. are 8 and 13. 


One number is six more than another. The sum 
of the numbers is twenty-four. Find the 
numbers. 


The sum of two numbers is fifty-eight. One 
number is four more than the other. Find the 
numbers. 


The sum of two numbers is negative fourteen. 


One number is four less than the other. Find 


the numbers. 


Solution 


Step 1. Read 


tha anvrnhlam 
tie prvuirciil. 


Step 2. 
Identify what 


you are looking 
far 


LvV.ie 


Step 3. Name. 
Choose a 
variable. 

What do you 
know about the 
second 
number? 


Tranalata 
LLULLIULL. 


Step 4. 
Translate. 
Write as one 
sentence. 
Translate into 


two numbers 


Let n = Ist 
number 

One number is 
4 less than the 
other. 

n-4 = 2nd 


niamhaar 
£LU L11UV0L 


The sum of two 
numbers is 
negative 
fourteen. 


an equation. 
Substitute the 


1t*number + 2 number = -14 _ 
Va. 4 
a n + n-4 = -14 


aAVNrATraAcACIiNnnNa 
SEAN PAS ReVVULVilve 


Step 5. Solve 
the equation. 


Combine like 
terms. 


Add 4 to eacli 
side and 


coin 2n=—-10 
ULLLipsiiry.e 


Divide by 2. 


Substitute n= 
—5 to find the 


oa n—4 24 number 
Met LILLE BELLE ELIVW Le 


ND 


Ctan GB Chool-- 


tee We WJLAW Eke 
Is —9 four less 
than —5? 
9 
-~5-4+-9 


Is their sum 
— 14? 


~5 + (—9) 2-14 
4 AY 
Step 7. Answer The numbers 
the question. are —5 and 


ae 


The sum of two numbers is negative twenty- 
three. One number is 7 less than the other. 
Find the numbers. 


The sum of two numbers is negative eighteen. 
One number is 40 more than the other. Find 


the numbers. 


One number is ten more than twice another. 
Their sum is one. Find the numbers. 


Solution 


Step 1. Read 


tha anvronhlam 
tute prvuirii.. 


Step 2. two numbers 
Identify what 


you are looking 
far 


LV.ie 


Step 3. Name. Let x = Ist 
Choose a number 
variable. 2x + 10 = 2nd 
One number is number 


ten more than 


° 
trartnn annthar 
UvVVACY ULLUVLLLLI. 


Step 4. Their sum is 


Translate. 
Restate as one 
sentence, 
Translate intc 
an equation 


The sum of the two numbers _ is 


X+ (2x + 10) = 
Step 5. Solve 
the equation. 
Combine like 
terms. 


Q-1 1M 1 
a a as 


Subtract 10 
from each side. 
Divide each 
side by 3 to get 
/(_ aor 


niimhbhae 
ALULIIULe 


Substitute to 


get the second 
2x + 10 


ni1 
ALU. 


ela 21 1Nn 
“aL ~y 1 ay 


Ctan BG Chool- 


vw BS 2 We WEE Eke 


Is 4 ten more 
than twice 


one. 


a 9 
'2(-3) + 10 = 4 


Is their sum 1? 


—-6+10=4 
4=4/ 
~34+4=1 
lai/ 
Step 7. Answer The numbers 
the question. are —3 and 4. 


One number is eight more than twice another. 
Their sum is negative four. Find the numbers. 


One number is three more than three times 
another. Their sum is negative five. Find the 


numbers. 


Consecutive integers are integers that immediately 
follow each other. Some examples of consecutive 
integers are: 

mee Pp Aes ke ee 

ue 10,— 9,= 8) 75.4 

1 90,1515152;15354. 


Notice that each number is one more than the 
number preceding it. So if we define the first integer 
as n, the next consecutive integer is n+ 1. The one 
after that is one more thann+1, so it isn+1+1, or 
Hoe Z, 

nlst integern + 12nd consecutive integern + 23rd 
consecutive integer 


PO 


The sum of two consecutive integers is 47. 
Find the numbers. 


Solution 

Step 1. Read 

the-preblem. 

Step 2. two 

Identify what consecutive 

you are looking integers 

far 

Step 3. Name. Let n = Ist 
integer 
n+ 1 = next 
consecutive 
integer 

Step 4. 

Translate. 


Re The sum oftheintegers is 47. 


SEI n+n+1 = 47 
Translate into 


. 
an ani119ntinn 
“11 CYyuUUuuvil. 


Step 5. Solve 
the equation. 


ee eee ee ee, her | 
wo... — 6s 


Combine like 
terms. 

Subtract 1 from 
each side. 


Divide each 
side by 2. 

222 
Substitute to 


get the second 
n+1 


nit 
SS 


Step 6. Check: 


? 
23424 47 


ATT am AT fF 
rc 2. = 


Step 7. Answer 
the question. 


The two 
consecutive 
integers are 23 
and 24. 


The sum of two consecutive integers is 95. 
Find the numbers. 


The sum of two consecutive integers is — 31. 
Find the numbers. 


Find three consecutive integers whose sum is 
42. 


Solution 


Step 1. Read 


tha anvrnhlam 
tie pryvuiriil. 


Step 2. three 

Identify what consecutive 

you are looking integers 

far 

Step 3. Name. Let n = Ist 
integer 
n+1 = 2nd 
consecutive 
integer 
n+ 2 = 3rd 
consecutive 
integer 

Step 4. 

Translate. 


Re The sum of the three integers _ is 42. 


Sel n+ n+l 4+ n+2 = 42 
Translate into 


. 
an ann1190tinn 
ait Veyucatruire 


Step 5. Solve 

the equation. 
a a 

Combine like 

terms. 


2 9 Am 
merv—saZ 


Subtract 3 from 
each side. 


Divide each 
side by 3. 


Substitute to 
get the second 


n+1 


nit 
BLUlssee wae 


Substitute to 
get the third 


n11 n+? 
gnu__-— __. 


Step 6. Check: 


? 


13+ 14+ 15= 42 


Step 7. Answer 
the question. 


The three 
consecutive 
integers are 13, 
14, and 15. 


Find three consecutive integers whose sum is 
96. 


Bo FES Paes Pe 


Find three consecutive integers whose sum is 
alee 


The Links to Literacy activities Math Curse, Missing 

ittens and Among the Odds and Evens will provide 
you with another view of the topics covered in this 
section. 


Key Concepts 


* Problem Solving Strategy 


Read the word problem. Make sure you 
understand all the words and ideas. You may 
need to read the problem two or more times. If 
there are words you don't understand, look 
them up in a dictionary or on the internet. 
Identify what you are looking for. Name what 
you are looking for. Choose a variable to 
represent that quantity. Translate into an 
equation. It may be helpful to first restate the 
problem in one sentence before translating. 
Solve the equation using good algebra 
techniques. Check the answer in the problem. 
Make sure it makes sense. Answer the question 
with a complete sentence. 


Practice Makes Perfect 


Use a Problem-solving Strategy for Word 
Problems 


In the following exercises, use the problem-solving 
strategy for word problems to solve. Answer in 
complete sentences. 


Two-thirds of the children in the fourth-grade 
class are girls. If there are 20 girls, what is the 
total number of children in the class? 


There are 30 children in the class. 


Three-fifths of the members of the school choir 
are women. If there are 24 women, what is the 
total number of choir members? 


Zachary has 25 country music CDs, which is 
one-fifth of his CD collection. How many CDs 
does Zachary have? 


Zachary has 125 CDs. 


One-fourth of the candies in a bag of are red. If 
there are 23 red candies, how many candies are 
in the bag? 


There are 16 girls in a school club. The number 
of girls is 4 more than twice the number of 
boys. Find the number of boys in the club. 


There are 6 boys in the club. 


There are 18 Cub Scouts in Troop 645. The 
number of scouts is 3 more than five times the 
number of adult leaders. Find the number of 


adult leaders. 


Lee is emptying dishes and glasses from the 
dishwasher. The number of dishes is 8 less than 
the number of glasses. If there are 9 dishes, 
what is the number of glasses? 


There are 17 glasses. 


The number of puppies in the pet store window 
is twelve less than the number of dogs in the 
store. If there are 6 puppies in the window, 
what is the number of dogs in the store? 


After 3 months on a diet, Lisa had lost 12% of 
her original weight. She lost 21 pounds. What 
was Lisa's original weight? 


Lisa's original weight was 175 pounds. 


Tricia got a 6% raise on her weekly salary. The 
raise was $30 per week. What was her original 
weekly salary? 


Tim left a $9 tip for a $50 restaurant bill. What 
percent tip did he leave? 


18% 


Rashid left a $15 tip for a $75 restaurant bill. 
What percent tip did he leave? 


Yuki bought a dress on sale for $72. The sale 
price was 60% of the original price. What was 
the original price of the dress? 


The original price was $120. 


Kim bought a pair of shoes on sale for $40.50. 
The sale price was 45% of the original price. 
What was the original price of the shoes? 


Solve Number Problems 


In the following exercises, solve each number word 
problem. 


The sum of a number and eight is 12. Find the 
number. 


The sum of a number and nine is 17. Find the 
number. 


The difference of a number and twelve is 3. 
Find the number. 


15 


The difference of a number and eight is 4. Find 
the number. 


The sum of three times a number and eight is 
23. Find the number. 


The sum of twice a number and six is 14. Find 
the number. 


The difference of twice a number and seven is 
17. Find the number. 


12 


The difference of four times a number and 
seven is 21. Find the number. 


Three times the sum of a number and nine is 
12. Find the number. 


= 


Six times the sum of a number and eight is 30. 
Find the number. 


One number is six more than the other. Their 
sum is forty-two. Find the numbers. 


18, 24 


One number is five more than the other. Their 
sum is thirty-three. Find the numbers. 


The sum of two numbers is twenty. One number 
is four less than the other. Find the numbers. 


8,12 


The sum of two numbers is twenty-seven. One 
number is seven less than the other. Find the 
numbers. 


A number is one more than twice another 
number. Their sum is negative five. Find the 
numbers. 


a eee 


One number is six more than five times 
another. Their sum is six. Find the numbers. 


The sum of two numbers is fourteen. One 
number is two less than three times the other. 
Find the numbers. 


4,10 


The sum of two numbers is zero. One number is 
nine less than twice the other. Find the 
numbers. 


One number is fourteen less than another. If 
their sum is increased by seven, the result is 85. 
Find the numbers. 


32, 46 


One number is eleven less than another. If their 
sum is increased by eight, the result is 71. Find 
the numbers. 


The sum of two consecutive integers is 77. Find 
the integers. 


38, 39 


The sum of two consecutive integers is 89. Find 
the integers. 


The sum of two consecutive integers is — 23. 
Find the integers. 


=A = 1 


The sum of two consecutive integers is — 37. 
Find the integers. 


The sum of three consecutive integers is 78. 
Find the integers. 


20; 207 27 


The sum of three consecutive integers is 60. 
Find the integers. 


Find three consecutive integers whose sum is 
30; 


fi 99-13 


Find three consecutive integers whose sum is 
=3. 


Everyday Math 


Shopping Patty paid $35 for a purse on sale for 
$10 off the original price. What was the 
original price of the purse? 


The original price was $45. 


Shopping Travis bought a pair of boots on sale 
for $25 off the original price. He paid $60 for 
the boots. What was the original price of the 


boots? 


Shopping Minh spent $6.25 on 5 sticker books 
to give his nephews. Find the cost of each 
sticker book. 


Each sticker book cost $1.25. 


Shopping Alicia bought a package of 8 peaches 
for $3.20. Find the cost of each peach. 


Shopping Tom paid $1,166.40 for a new 
refrigerator, including $86.40 tax. What was 
the price of the refrigerator before tax? 


The price of the refrigerator before tax was 
$1,080. 


Shopping Kenji paid $2,279 for a new living 
room set, including $129 tax. What was the 
price of the living room set before tax? 


Writing Exercises 


Write a few sentences about your thoughts and 
opinions of word problems. Are these thoughts 
positive, negative, or neutral? If they are 
negative, how might you change your way of 
thinking in order to do better? 


Answers will vary. 


When you start to solve a word problem, how 
do you decide what to let the variable 
represent? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 
in your road to success. In math, every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no—I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Solve Money Applications 
By the end of this section, you will be able to: 


* Solve coin word problems 
* Solve ticket and stamp word problems 


Before you get started, take this readiness quiz. 


1. Multiply: 14(0.25). 
If you missed this problem, review [link]. 


2. Simplify: 100(0.2 + 0.05n). 

If you missed this problem, review [link]. 
3. Solve: 0.25x + 0.10(x+ 4) =2.5 

If you missed this problem, review [link]. 


To determine the total value of a stack of nickels, 
multiply the number of nickels times the value of 
one nickel.(Credit: Darren Hester via ppdigital) 


Solve Coin Word Problems 
Imagine taking a handful of coins from your pocket 
or purse and placing them on your desk. How would 


you determine the value of that pile of coins? 


If you can form a step-by-step plan for finding the 


total value of the coins, it will help you as you begin 
solving coin word problems. 


One way to bring some order to the mess of coins 
would be to separate the coins into stacks according 
to their value. Quarters would go with quarters, 
dimes with dimes, nickels with nickels, and so on. 
To get the total value of all the coins, you would 
add the total value of each pile. 


How would you determine the value of each pile? 
Think about the dime pile—how much is it worth? 
If you count the number of dimes, you'll know how 
many you have—the number of dimes. 


But this does not tell you the value of all the dimes. 
Say you counted 17 dimes, how much are they 
worth? Each dime is worth $0.10—that is the value 


of one dime. To find the total value of the pile of 17 
dimes, multiply 17 by $0.10 to get $1.70. This is the 
total value of all 17 dimes. 

17-$0.10 = $1.70number-value = total value 


Finding the Total Value for Coins of the Same Type 
For coins of the same type, the total value can be 
found as follows: 


mumber-value = total value 

where number is the number of coins, value is the 
value of each coin, and total value is the total value 
of all the coins. 


You could continue this process for each type of 
coin, and then you would know the total value of 
each type of coin. To get the total value of all the 
coins, add the total value of each type of coin. 


Let's look at a specific case. Suppose there are 14 
quarters, 17 dimes, 21 nickels, and 39 pennies. We'll 
make a table to organize the information — the type 
of coin, the number of each, and the value. 


Type Number Value ($) Total Value 


O1194rtanrd 1A OOoe 2EnN 
ww UaLteLyv 1st Ves VYeisJy 
Nimoaae 17 aA1n L770 
witsivcys a7 VUeLlLyU deriv 
Niavlrala 91 ANE TONE 
LVELUEINULD on Ue bevy 
Pennies ao 0:01 0.39 


The total value of all the coins is $6.64. Notice how 
[link] helped us organize all the information. Let's 
see how this method is used to solve a coin word 
problem. 


Adalberto has $2.25 in dimes and nickels in 


his pocket. He has nine more nickels than 
dimes. How many of each type of coin does he 
have? 


Solution 


Step 1. Read the problem. Make sure you 
understand all the words and ideas. 


* Determine the types of coins involved. 
Think about the strategy we used to find the 


value of the handful of coins. The first thing 
you need is to notice what types of coins are 


involved. Adalberto has dimes and nickels. 


* Create a table to organize the 
information. 


© Label the columns ‘type’, ‘number’, 
‘value’, ‘total value’. 

© List the types of coins. 

© Write in the value of each type of 
coin. 

© Write in the total value of all the 

coins. 


We can work this problem all in cents or in 
dollars. Here we will do it in dollars and put in 
the dollar sign ($) in the table as a reminder. 


The value of a dime is $0.10 and the value of a 
nickel is $0.05. The total value of all the coins 
is $2.25. 


Type Number Value ($) Total 
Walaa (ey 
VeleeEwe VY 

Dimes O=10 

Mekels e205 


reer AS) 


Step 2. Identify what you are looking for. 


¢ We are asked to find the number of dimes 
and nickels Adalberto has. 


Step 3. Name what you are looking for. 


* Use variable expressions to represent the 
number of each type of coin. 

Multiply the number times the value to 
get the total value of each type of coin. 
In this problem you cannot count each 
type of coin—that is what you are looking 
for—but you have a clue. There are nine 
more nickels than dimes. The number of 
nickels is nine more than the number of 
dimes. 

Letd = number of dimes. 

d+9=number of nickels 

Fill in the “number” column to help get 
everything organized. 


Type Number’ Value ($) Total 
Walaa (ey 
VelEUe Ly 
Dimes d 0.10 
DHekels d+-9 0.05 
7a a7 


Now we have all the information we need 
from the problem! 


You multiply the number times the value to 
get the total value of each type of coin. While 
you do not know the actual number, you do 
have an expression to represent it. 


And so now multiply number-value and write 
the results in the Total Value column. 


Type Number Value ($) Total 
Walaa (@y\ 
VeleuEe Vy 

Dimes d 0.10 Gai. 

Nickals do D5 0.05(d+ 9) 


Step 4. Translate into an equation. Restate 
the problem in one sentence. Then translate 
into an equation. 


Step 5. Solve the equation using good algebra 
techniques. 


Write the equation. 


NINA 1 ANE A st ANWAME 
wei vw T VvVeve\e 7 Be - 6 ia ha 0 het 
Distribute. 
NMA 1 ANEA 1 NAW OME 
Ve VO TT VM VIO OT iT Oh he 
Combine like terms. 
mM 1 7 « INNA A AL 
V.LJIG TT VAAL — £4.24) 
Subtract 0.45 from 
each side. 
Oo 15d— 1.20 
Divide to find the 
number of dimes. 
7A 1% 
we—= Ia 
The number of nickels 
isd +9 
d+9 


12+9 


Step 6. Check. 


12dimes:12(0.10) = 1.2021nickels:21(0.05) =1.0 
$2.25/ 


Step 7. Answer the question. 


Adalberto has twelve dimes and twenty-one 
nickels. 


If this were a homework exercise, our work 
might look like this: 


Check: 


12 dimes12(0.10) = 1.2021 
nickels21(0.05)=1.05. $2.25 


Michaela has $2.05 in dimes and nickels in her 
change purse. She has seven more dimes than 
nickels. How many coins of each type does she 
have? 


9 nickels, 16 dimes 


Liliana has $2.10 in nickels and quarters in her 
backpack. She has 12 more nickels than 
quarters. How many coins of each type does 
she have? 


17 nickels, 5 quarters 


Solve a coin word problem. 


Read the problem. Make sure you understand all 
the words and ideas, and create a table to organize 
the information. Identify what you are looking for. 
Name what you are looking for. Choose a variable 
to represent that quantity. 


* Use variable expressions to represent the 
number of each type of coin and write them in 
the table. 

* Multiply the number times the value to get the 
total value of each type of coin. 


Translate into an equation. Write the equation by 
adding the total values of all the types of coins. 
Solve the equation using good algebra techniques. 
Check the answer in the problem and make sure it 
makes sense. Answer the question with a complete 
sentence. 


You may find it helpful to put all the numbers into 
the table to make sure they check. 


[eae i 


1 en W721... (0. mioaa.1 72 I 
| AAS INULEILIVCUL VCcILUT LY) LULGAL VaLluUuT | 
es, Ee Se, See 


Maria has $2.43 in quarters and pennies in her 


wallet. She has twice as many pennies as 
quarters. How many coins of each type does 
she have? 


Solution 


Step 1. Read the problem. 


* Determine the types of coins involved. 
We know that Maria has quarters and 
pennies. 

* Create a table to organize the 
information. 


© Label the columns type, number, 
value, total value. 

© List the types of coins. 

© Write in the value of each type of 

O 


coin. 
Write in the total value of all the 
coins. 
Type Number Value ($) Total 
Walia (ey 
VeLEUED VY 
On19rtara ODE 
Weeks tWWwriv Ved 
Dennies H-)4 
2.43 


Step 2. Identify what you are looking for. 


We are looking for the number of quarters and 


pennies. 


Step 3. Name: Represent the number of 
quarters and pennies using variables. 


We know Maria has twice as many pennies as 
quarters. The number of pennies is defined in 
terms of quarters. 


Letqrepresent the number of quarters. 


Then the number of pennies is2q. 


Type 


O19 +taA4re 
WwUuuiteiv 


Dannina 


2 ULi111vvV 


Number Value ($) Total 
Walaa (@)\ 
V ©eLEUw LY 

n Nn Ok 

4 Ved 

2g 9.91 

2.43 


Multiply the ‘number’ and the ‘value’ to get 
the ‘total value’ of each type of coin. 


Type Number Value ($) Total 
Valiasa (ey 
Veleewe Vy 
O119+tara n NOE A 9Ba 
See triv SSL WVYedul S700 EREAS | 
Pennies Ze 8-1 0.01(2q) 
2.43 


Step 4. Translate. Write the equation by 
adding the 'total value’ of all the types of 
coins. 


Step 5. Solve the equation. 


Write the equation. 


Multiply. 
NI4a t+ ANIA — 9 AD 
0.252 +0.02¢— 3,42 
Combine like terms. 


O2ig=243 


Divide by 0.27. 


The number of penni:2s 
is 2q. 
2q 


18 pennies 
Step 6. Check the answer in the problem. 


Maria has 9 quarters and 18 pennies. Does this 
make $2.43? 


9 quarters9(0.25) =2.2518 
pennies18(0.01)=0.18___ Total$2.43V 


Step 7. Answer the question. Maria has nine 
quarters and eighteen pennies. 


Sumanta has $4.20 in nickels and dimes in her 
desk drawer. She has twice as many nickels as 
dimes. How many coins of each type does she 


have? 


42 nickels, 21 dimes 


Alison has three times as many dimes as 
quarters in her purse. She has $9.35 
altogether. How many coins of each type does 
she have? 


51 dimes, 17 quarters 


In the next example, we'll show only the completed 
table—make sure you understand how to fill it in 


step by step. 


Danny has $2.14 worth of pennies and nickels 
in his piggy bank. The number of nickels is 
two more than ten times the number of 
pennies. How many nickels and how many 
pennies does Danny have? 


Solution 


Step 1: Read the 


pivviwtiie 


Determine the types of Pennies and nickels 


coins involved. 


Cranta a tahla 
W1eULe u LULL. 


Write in the value of 
each type of coin. 


Step 2: Identify what: 


WWNA11 ANA lanlinag far 
JV are 1yyuNiig 1yi- 


Step 3: Name. 
Represent the number 
of each type of coin 
using variables. 

The number of nickels 
is defined in terms of 
the number of pennies, 


an ctart with nanniaac 
UV ULULE VVELEL Preritiivcv. 


The number of nickels 
is two more than then 
times the number of 
pennies. 


Pennies are worth 
$0.01. 


Nickels are worth 
Wawa 


wuevue 


the number of pennies 


ULL LLU INUILYD 


Let p=number of 
pennies 


10p + 2=number of 
nickels 


Multiply the number and the value to get the 
total value of each type of coin. 


Type Number 


Value ($) Total 


VWalasa (@\ 
V eLreeew Lys 
J eA Se le Wert Wes a 
nickels 10p+ 2 0.05 0.05(1 0p 
+2) 


$2.14 


Step 4. Translate: Write the equation by 
adding the total value of all the types of coins. 


Step 5. Solve the equation. 


nm — A nanniac 
rr. ¢ pws 


How many nickels? 


in. 1 9 
aVp ol 


IMfA\N 1. 9 
aur 1 = 


42 nickels 


Step 6. Check. Is the total value of 4 pennies 
and 42 nickels equal to $2.14? 
4(0.01) + 42(0.05) = ?2.142.14=2.14V 


Step 7. Answer the question. Danny has 4 
pennies and 42 nickels. 


Jesse has $6.55 worth of quarters and nickels 
in his pocket. The number of nickels is five 
more than two times the number of quarters. 
How many nickels and how many quarters 
does Jesse have? 


41 nickels, 18 quarters 


Elaine has $7.00 in dimes and nickels in her 
coin jar. The number of dimes that Elaine has 


is seven less than three times the number of 
nickels. How many of each coin does Elaine 
have? 


22 nickels, 59 dimes 


Solve Ticket and Stamp Word Problems 


The strategies we used for coin problems can be 
easily applied to some other kinds of problems too. 
Problems involving tickets or stamps are very 
similar to coin problems, for example. Like coins, 
tickets and stamps have different values; so we can 
organize the information in tables much like we did 
for coin problems. 


At a school concert, the total value of tickets 
sold was $1,506. Student tickets sold for $6 
each and adult tickets sold for $9 each. The 
number of adult tickets sold was 5 less than 
three times the number of student tickets sold. 
How many student tickets and how many 


adult tickets were sold? 


Solution 


Step 1: Read the problem. 


* Determine the types of tickets involved. 
There are student tickets and adult 


tickets. 
* Create a table to organize the 
information. 
Type Number Value ($) Total 
Walaa (ey 
V eLreeew Lys 
Student 6 
Adaalt 9 
1,506 


Step 2. Identify what you are looking for. 


We are looking for the number of student and 
adult tickets. 


Step 3. Name. Represent the number of each 
type of ticket using variables. 


We know the number of adult tickets sold 


wasbless than three times the number of 
student tickets sold. 


Letsbe the number of student tickets. 
Then3s — 5is the number of adult tickets. 


Multiply the number times the value to get the 
total value of each type of ticket. 


Type Number Value ($) Total 
Valiasa (ey 
VeLEUED VY) 
Student 6 6s 
Adalt 2s—5 9 9(3s — 5) 
1,506 


Step 4. Translate: Write the equation by 
adding the total values of each type of ticket. 
6s + 9(3s—5) = 1506 


Step 5. Solve the equation. 
6s + 27s — 45 =150633s 
— 45 = 150633s = 1551s = 47students 


Substitute to find the number of adults. 


Step 6. Check. There were 47 student tickets 
at $6 each and 136 adult tickets at $9 each. Is 
the total value $1506? We find the total value 
of each type of ticket by multiplying the 
number of tickets times its value; we then add 
to get the total value of all the tickets sold. 
47-6 = 2821369=1224 15067 


Step 7. Answer the question. They sold 47 
student tickets and 136 adult tickets. 


The first day of a water polo tournament, the 
total value of tickets sold was $17,610. One- 
day passes sold for $20 and tournament passes 
sold for $30. The number of tournament passes 
sold was 37 more than the number of day 
passes sold. How many day passes and how 
many tournament passes were sold? 


330 day passes, 367 tournament passes 


At the movie theater, the total value of tickets 
sold was $2,612.50. Adult tickets sold for $10 
each and senior/child tickets sold for $7.50 

each. The number of senior/child tickets sold 


was 25 less than twice the number of adult 
tickets sold. How many senior/child tickets 
and how many adult tickets were sold? 


112 adult tickets, 199 senior/child tickets 


Now we'll do one where we fill in the table all at 
once. 


Monica paid $10.44 for stamps she needed to 
mail the invitations to her sister's baby shower. 


The number of 49-cent stamps was four more 
than twice the number of 8-cent stamps. How 
many 49-cent stamps and how many 8-cent 
stamps did Monica buy? 


Solution 


The type of stamps are 49-cent stamps and 8- 


cent stamps. Their names also give the value. 


“The number of 49 cent stamps was four more 
than twice the number of 8 cent stamps.” 


Letx = number of 8-cent stamps2x + 4 =number 


of 49-cent stamps 


Type Number 


49-cent 2x+4 


otamna 


8-cent x 


otamna 
vuuitipy 


10.44 


Write the equation 


fram tha total a ralaina 


ALWV4ALL LLL ECV LU VULULYV 


Solve the equation. 


Value ($) Total 


Val. a co 


a1 
Lae SS 


0.49 0.49(2x 

+4) 
0.08 0.08x 
0.49(2x 


+4}+0,08x= 10,44 
0.98x 

+1.96 + 0.08x=10.44 
1.06x+1.96=10.44 
1.06x=8.48 


x—8 
Monica bought 8 eiglit- 


rant ctamna 
Vw11t oluiiipy. 


Find the number of 49- 2x+ 4forx=8. 


cent stamps she bought 
by Oxy. alas 


tin 
vuL UGE. 


2x+4 
2:84+4 
16+4 
20 

Check. 

8(0.08) + 20(0.49) =? 

10.44 

0.644+ 9.80 =?10.44 

10.44=10.44V¥ 


Monica bought eight 8-cent stamps and twenty 
49-cent stamps. 


Eric paid $16.64 for stamps so he could mail 
thank you notes for his wedding gifts. The 
number of 49-cent stamps was eight more than 
twice the number of 8-cent stamps. How many 


49-cent stamps and how many 8-cent stamps 
did Eric buy? 


32 at 49 cents, 12 at 8 cents 


Kailee paid $14.84 for stamps. The number of 
49-cent stamps was four less than three times 
the number of 21-cent stamps. How many 49- 
cent stamps and how many 21-cent stamps did 
Kailee buy? 


26 at 49 cents, 10 at 21 cents 


Key Concepts 


¢ Finding the Total Value for Coins of the 
Same Type 


© For coins of the same type, the total value 
can be found as follows: 
number-value = total value 
where number is the number of coins, 
value is the value of each coin, and total 
value is the total value of all the coins. 


¢ Solve a Coin Word Problem 


Read the problem. Make sure you understand 
all the words and ideas, and create a table to 
organize the information. Identify what you 
are looking for. Name what you are looking 
for. Choose a variable to represent that 
quantity. 


© Use variable expressions to represent the 
number of each type of coin and write 
them in the table. 

© Multiply the number times the value to get 
the total value of each type of coin. 


Translate into an equation. Write the equation 
by adding the total values of all the types of 
coins. Solve the equation using good algebra 
techniques. Check the answer in the problem 
and make sure it makes sense. Answer the 
question with a complete sentence. 


* Type Number Value ($ Total 


Valiaio (C)\ 
Veinuewe VYyy 


Practice Makes Perfect 
Solve Coin Word Problems 


In the following exercises, solve the coin word 
problems. 


Jaime has $2.60 in dimes and nickels. The 
number of dimes is 14 more than the number of 
nickels. How many of each coin does he have? 


8 nickels, 22 dimes 


Lee has $1.75 in dimes and nickels. The number 
of nickels is 11 more than the number of dimes. 
How many of each coin does he have? 


Ngo has a collection of dimes and quarters with 
a total value of $3.50. The number of dimes is 7 
more than the number of quarters. How many 
of each coin does he have? 


15 dimes, 8 quarters 


Connor has a collection of dimes and quarters 
with a total value of $6.30. The number of 
dimes is 14 more than the number of quarters. 


How many of each coin does he have? 


Carolyn has $2.55 in her purse in nickels and 
dimes. The number of nickels is 9 less than 
three times the number of dimes. Find the 
number of each type of coin. 


12 dimes and 27 nickels 


Julio has $2.75 in his pocket in nickels and 
dimes. The number of dimes is 10 less than 
twice the number of nickels. Find the number 
of each type of coin. 


Chi has $11.30 in dimes and quarters. The 
number of dimes is 3 more than three times the 
number of quarters. How many dimes and 
nickels does Chi have? 


63 dimes, 20 quarters 


Tyler has $9.70 in dimes and quarters. The 
number of quarters is 8 more than four times 
the number of dimes. How many of each coin 
does he have? 


A cash box of $1 and $5 bills is worth $45. The 
number of $1 bills is 3 more than the number of 
$5 bills. How many of each bill does it contain? 


10 of the $1 bills, 7 of the $5 bills 


Joe's wallet contains $1 and $5 bills worth $47. 
The number of $1 bills is 5 more than the 
number of $5 bills. How many of each bill does 
he have? 


In a cash drawer there is $125 in $5 and $10 
bills. The number of $10 bills is twice the 
number of $5 bills. How many of each are in 
the drawer? 


10 of the $10 bills, 5 of the $5 bills 


John has $175 in $5 and $10 bills in his 
drawer. The number of $5 bills is three times 
the number of $10 bills. How many of each are 
in the drawer? 


Mukul has $3.75 in quarters, dimes and nickels 
in his pocket. He has five more dimes than 
quarters and nine more nickels than quarters. 


How many of each coin are in his pocket? 


16 nickels, 12 dimes, 7 quarters 


Vina has $4.70 in quarters, dimes and nickels in 
her purse. She has eight more dimes than 
quarters and six more nickels than quarters. 
How many of each coin are in her purse? 


Solve Ticket and Stamp Word Problems 


In the following exercises, solve the ticket and 
stamp word problems. 


The play took in $550 one night. The number of 
$8 adult tickets was 10 less than twice the 
number of $5 child tickets. How many of each 
ticket were sold? 


30 child tickets, 50 adult tickets 


If the number of $8 child tickets is seventeen 
less than three times the number of $12 adult 
tickets and the theater took in $584, how many 
of each ticket were sold? 


The movie theater took in $1,220 one Monday 
night. The number of $7 child tickets was ten 
more than twice the number of $9 adult tickets. 
How many of each were sold? 


110 child tickets, 50 adult tickets 


The ball game took in $1,340 one Saturday. 
The number of $12 adult tickets was 15 more 
than twice the number of $5 child tickets. How 
many of each were sold? 


Julie went to the post office and bought both 
$0.49 stamps and $0.34 postcards for her 
office's bills She spent $62.60. The number of 
stamps was 20 more than twice the number of 
postcards. How many of each did she buy? 


40 postcards, 100 stamps 


Before he left for college out of state, Jason 
went to the post office and bought both $0.49 
stamps and $0.34 postcards and spent $12.52. 
The number of stamps was 4 more than twice 
the number of postcards. How many of each did 
he buy? 


Maria spent $16.80 at the post office. She 
bought three times as many $0.49 stamps as 
$0.21 stamps. How many of each did she buy? 


30 at 49 cents, 10 at 21 cents 


Hector spent $43.40 at the post office. He 
bought four times as many $0.49 stamps as 
$0.21 stamps. How many of each did he buy? 


Hilda has $210 worth of $10 and $12 stock 
shares. The numbers of $10 shares is 5 more 
than twice the number of $12 shares. How 
many of each does she have? 


15 at $10 shares, 5 at $12 shares 


Mario invested $475 in $45 and $25 stock 
shares. The number of $25 shares was 5 less 
than three times the number of $45 shares. 
How many of each type of share did he buy? 


Everyday Math 


Parent Volunteer As the treasurer of her 


daughter's Girl Scout troop, Laney collected 
money for some girls and adults to go to a 3- 
day camp. Each girl paid $75 and each adult 
paid $30. The total amount of money collected 
for camp was $765. If the number of girls is 
three times the number of adults, how many 
girls and how many adults paid for camp? 


9 girls, 3 adults 


Parent Volunteer Laurie was completing the 
treasurer's report for her son's Boy Scout troop 
at the end of the school year. She didn't 
remember how many boys had paid the $24 
full-year registration fee and how many had 
paid a $16 partial-year fee. She knew that the 
number of boys who paid for a full-year was ten 
more than the number who paid for a partial- 
year. If $400 was collected for all the 
registrations, how many boys had paid the full- 
year fee and how many had paid the partial- 
year fee? 


Writing Exercises 


Suppose you have 6 quarters, 9 dimes, and 4 
pennies. Explain how you find the total value of 


all the coins. 


Answers will vary. 


Do you find it helpful to use a table when 
solving coin problems? Why or why not? 


In the table used to solve coin problems, one 
column is labeled “number” and another 
column is labeled ‘“value.” What is the 
difference between the number and the value? 


Answers will vary. 


What similarities and differences did you see 
between solving the coin problems and the 
ticket and stamp problems? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Use Properties of Angles, Triangles, and the 
Pythagorean Theorem 
By the end of this section, you will be able to: 


* Use the properties of angles 
* Use the properties of triangles 
* Use the Pythagorean Theorem 


Before you get started, take this readiness quiz. 


iesolverx3--0—117 

If you missed this problem, review [link]. 
2. Solve: a45 = 43. 

If you missed this problem, review [link]. 
3. Simplify: 36+ 64. 

If you missed this problem, review [link]. 


So far in this chapter, we have focused on solving 
word problems, which are similar to many real- 
world applications of algebra. In the next few 
sections, we will apply our problem-solving 
strategies to some common geometry problems. 
ZA is the angle with vertex at pointA. The sum of 
the measures of supplementary angles is 180°. The 
sum of the measures of complementary angles is 
90°. 


Use the Properties of Angles 


Are you familiar with the phrase ‘do a 180”? It 
means to make a full turn so that you face the 
opposite direction. It comes from the fact that the 
measure of an angle that makes a straight line is 
180 degrees. See [link]. 


An angle is formed by two rays that share a 
common endpoint. Each ray is called a side of the 
angle and the common endpoint is called the 
vertex. An angle is named by its vertex. In [link], 
ZA is the angle with vertex at point A. The measure 
of ZA is written mZA. 


We measure angles in degrees, and use the symbol ° 
to represent degrees. We use the abbreviation m to 
for the measure of an angle. So if ZA is 27°, we 
would write mZA= 27. 


If the sum of the measures of two angles is 180°, 
then they are called supplementary angles. In 
[link], each pair of angles is supplementary because 
their measures add to 180°. Each angle is the 
supplement of the other. 


If the sum of the measures of two angles is 90°, then 
the angles are complementary angles. In ; 
each pair of angles is complementary, because their 
measures add to 90°. Each angle is the complement of 
the other. 


Supplementary and Complementary Angles 

If the sum of the measures of two angles is 180°, 
then the angles are supplementary. 

If zA and ZB are supplementary, then mzA 
+mzZB=180". 

If the sum of the measures of two angles is 90°, 
then the angles are complementary. 

If zA and ZB are complementary, then mzA 
+mzZB=90". 


In this section and the next, you will be introduced 
to some common geometry formulas. We will adapt 
our Problem Solving Strategy for Geometry 
Applications. The geometry formula will name the 
variables and give us the equation to solve. 


In addition, since these applications will all involve 
geometric shapes, it will be helpful to draw a figure 
and then label it with the information from the 
problem. We will include this step in the Problem 
Solving Strategy for Geometry Applications. 


Use a Problem Solving Strategy for Geometry 
pplications. 


Read the problem and make sure you understand 

all the words and ideas. Draw a figure and label it 
with the given information. Identify what you are 
looking for. Name what you are looking for and 


choose a variable to represent it. Translate into an 
equation by writing the appropriate formula or 
model for the situation. Substitute in the given 
information. Solve the equation using good algebra 
techniques. Check the answer in the problem and 
make sure it makes sense. Answer the question 
with a complete sentence. 


The next example will show how you can use the 
Problem Solving Strategy for Geometry Applications 
to answer questions about supplementary and 
complementary angles. 


An angle measures 40°. Find © its supplement, 
and © its complement. 


Solution 


GY 


Step 1. Read the 
problem. Draw the 
fig 

the Cy 


Ane 
— 


10 

Step 2. Identify what: 

you are looking for. 
te Suppiement OF a 40° angie. 

Step 3. Name. Choose 

a variable to represerit 

it, let s = the measure of the supplement 

Step 4. Translate. 

Write the appropriate: 


for mZA + mZB = 180 
situation and substitute 
in the given 
information. 


n 
wv 


Step 5. Solve 
equation. 


oS 


Step 6. Check: 


140 + 40 = 180 


100. — 100 4 
ov — 107 Vv 


Step 7. Answer the 


question. 
The supplement of the 40° angle is 140°. 


(AY 
Ay 


Step 1. Read the 
problem. Draw the 
fig 

the 


Step 2. Identify what: 

you are looking for. 

Step 3. Name. Choose 

a variable to represerit 

it, let c= the measure of the complement 
Step 4. Translate. 

Write the appropriate: 


formula for the 
sit. mZA +mZB = 90 


Ra Ht Vee 


in the given 


oie . 
intarmoatinn 
SLLLULILIULLUILe 


Step 5. Solve the 


equation. 
c+40=90 


-»— 4 
C= 


vu 


Step 6. Check: 


50 + 40290 


an — Aan # 


Step 7. Answer the 
question. 


The complement of the 40° angle is 50°. 


An angle measures 25°. Find its: @ supplement 
© complement. 


An angle measures 77°. Find its: ® supplement 
© complement. 


Did you notice that the words complementary and 
supplementary are in alphabetical order just like 90 
and 180 are in numerical order? 


Two angles are supplementary. The larger 
angle is 30° more than the smaller angle. Find 
the measure of both angles. 


Solution 


Step 1. Read the 
problem. Draw the 
fig 

the a +30 


a 
, A A ST 


——— —— 
Step 2. Identify what: 

you are looking for. 

Step 3. Name. Choose 

a variable to represerit 

it. let a = measure of smaller angle 
The larger angle is 30° 
more than the smaller 
angle. 


a DN — an nnn Af lawn ne 2 nln 


e+-30-<measure-ofargerangle 
Step 4. Translate. 

Write the appropriate: 
formula and substitute. 
Step 5. Solve the 

equation. 


(a + 30) + a= 180 


a=75 measure of smaller angle 


a +30 measure of larger angle 


75 + 30 


Step 6. Check: 


mZA + mZB = 180 


75 + 105 = 180 


10m 10m 7 

10vu — 1OUVW 
Step 7. Answer the 
question. 


The measures of the angles are 75° and 105°. 


Two angles are supplementary. The larger 
angle is 100° more than the smaller angle. 
Find the measures of both angles. 


40°, 140° 


Two angles are complementary. The larger 
angle is 40° more than the smaller angle. Find 
the measures of both angles. 


AABC has vertices A,B,andC and sides a,b,andc. 


Use the Properties of Triangles 


What do you already know about triangles? Triangle 
have three sides and three angles. Triangles are 
named by their vertices. The triangle in [link] is 
called AABC, read ‘triangle ABC’. We label each side 
with a lower case letter to match the upper case 
letter of the opposite vertex. 


The three angles of a triangle are related in a special 
way. The sum of their measures is 180°. 
mzA+mzB+mzC=180° 


Sum of the Measures of the Angles of a Triangle 
For any AABC, the sum of the measures of the 
angles is 180°. 

mzA+mzB+mzC=180° 


The measures of two angles of a triangle are 


55° and 82°. Find the measure of the third 
angle. 


Solution 


Step 1. Read the 
problem. Draw the 


Step 2. Identify what: 
you are looking for. 
Step 3. Name. Choos2 
a variable to represerit 
ee let x = the measure of the anale 
Step 4. Translate. 
Write the appropriate: 
formula and substitute. 


i VaR oom 190 
reg Vo feeeae | ree — 1 


Step 5. Solve the 


equation. 
35 + 82 +x = 180 


137 +x = 180 


I| 
5 
as) 


ot 


Step 6. Check: 


? 
55 + 82 + 43 = 180 


1°9n — 1e8Nn 7 
avuvnm .uUvV VY 


Step 7. Answer the 
question. 


The measure of the third angle is 43 degrees. 


The measures of two angles of a triangle are 
31° and 128°. Find the measure of the third 


angle. 


A triangle has angles of 49° and 75°. Find the 
measure of the third angle. 


AABC and AXYZ are similar triangles. Their 
corresponding sides have the same ratio and the 
corresponding angles have the same measure. 


Right Triangles 


Some triangles have special names. We will look 
first at the right triangle. A right triangle has one 
90° angle, which is often marked with the symbol 
shown in [link]. 


If we know that a triangle is a right triangle, we 
know that one angle measures 90° so we only need 
the measure of one of the other angles in order to 
determine the measure of the third angle. 


One angle of a right triangle measures 28’. 
What is the measure of the third angle? 


Solution 


Step 1. Read the 


A 
Step 2. Identify what: 
you are looking for. 


tha mranneciirn 
Cre Pia Cr car car igre 


mf an anala 
vt 


Step 3. Name. Choos= 

a variable to represerit 

it, let x = the measure of the anale 
Step 4. Translate. 

Write the appropriate: 
formula and substitute. 


retA-t-mLB-mLG-=-180 
Step 5. Solve the 
equation. 


x + 90 + 28 = 180 


x + 118= 180 


Step 6. Check: 


180 = 90 +28 + 62 


— 10n #7 
—130" 


Step 7. Answer the 


question. 
The measure of the third angle is 62°. 


One angle of a right triangle measures 56’. 
What is the measure of the other angle? 


One angle of a right triangle measures 45”. 
What is the measure of the other angle? 


In the examples so far, we could draw a figure and 
label it directly after reading the problem. In the 
next example, we will have to define one angle in 
terms of another. So we will wait to draw the figure 
until we write expressions for all the angles we are 
looking for. 


The measure of one angle of a right triangle is 


20° more than the measure of the smallest 
angle. Find the measures of all three angles. 


Solution 


Step 1. Read the 


pivviwstiie 


Step 2. Identify what: the measures of all 


WTWAA1 AKA lanlinag far therano analac 
BULLS LYUINILILG 1LU1. tL ee ULLH1vLv 


Step 3. Name. Choos= 


a variable to represerit 
it, Leta=1* angle 


Now draw the figure 
a+20=2"4 angle 


Zl, eerie eens beeengerees 


given information. 


90 = 34 angle (the right angle) 


Step 4. Translate. 
Write the appropriate: 
for mZA + mZB + mZC = 180 
into the formula. 


mt om tt PO 10% 
eT We T 2zyvy)T av 10V 


Step 5. Solve the 


equation. 
2a + 110 = 180 


2a= 70 


a= 35 first angle 


a+ 20 second angle 


35 + 20 


ae 


00 third anale 
Step 6. Check: 


? 
35 + 55 + 90 = 180 


10m 10M #7 
uv — 1U0U'V 


Step 7. Answer the 
question. 


The three angles measure 35°, 55°, and 90°. 


The measure of one angle of a right triangle is 
50° more than the measure of the smallest 
angle. Find the measures of all three angles. 


207.70, 90" 


The measure of one angle of a right triangle is 
30° more than the measure of the smallest 
angle. Find the measures of all three angles. 


30°, 60°, 90° 


Similar Triangles 


When we use a map to plan a trip, a sketch to build 
a bookcase, or a pattern to sew a dress, we are 
working with similar figures. In geometry, if two 
figures have exactly the same shape but different 
sizes, we say they are similar figures. One is a scale 
model of the other. The corresponding sides of the 
two figures have the same ratio, and all their 
corresponding angles are have the same measures. 


The two triangles in [link] are similar. Each side of 
AABC is four times the length of the corresponding 
side of AXYZ and their corresponding angles have 
equal measures. 


Properties of Similar Triangles 

If two triangles are similar, then their 
corresponding angle measures are equal and their 
corresponding side lengths are in the same ratio. 


The length of a side of a triangle may be referred to 
by its endpoints, two vertices of the triangle. For 
example, in AABC: 


the lengthacan also be writtenBCthe lengthbcan also 
be writtenACthe lengthccan also be writtenAB 


We will often use this notation when we solve 
similar triangles because it will help us match up 
the corresponding side lengths. 


AABC and AXYZ are similar triangles. The 
lengths of two sides of each triangle are 
shown. Find the lengths of the third side of 
each triangle. 


Solution 


Step 1. Read the The figure is provided. 
problem. Draw the 
figure and label it with 


tha aitran infarmatinn 
tate Siveis LILLUL LLLULLLUL Le 


Step 2. Identify what: The length of the sides 


wad arn lanlina far af aimilar trianala 
JPPASS ulv AWE ACADSEEYS) LvV.ie Vs Jiliitiiui cL 1LangsCS 


Step 3. Name. Choos2 Let 
a variable to represerit a = length of the third 
it. side of AABC 
y = length of the third 
side AXYZ 


Ctan A Teanalata 
vw twp Te BE GELEVIUILLWe 


Step 5. Solve the 


equation. 
3a = 4(4.5) 4y = 3(3.2) 
3a = 18 4y = 


_ z£ = 


Step 6. Check: 


" 


On 
uo] 
io) 
Ww 
i) 


4.5 
9 ? 
4(4.5) = 6(3) 4(2.4) = 3.2(3) 


io = iov J0=5.0V 
Step 7. Answer the The third side of AABC 
question. is 6 and the third side 


of AXYZ is 2.4. 


AABC is similar to AXYZ. Find a. 


AABC is similar to AXYZ. Find y. 


In a right triangle, the side opposite the 90° angle is 
called the hypotenuse and each of the other sides is 
called a leg. 


Use the Pythagorean Theorem 


The Pythagorean Theorem is a special property of 
right triangles that has been used since ancient 
times. It is named after the Greek philosopher and 
mathematician Pythagoras who lived around 500 
BCE. 


Remember that a right triangle has a 90° angle, 
which we usually mark with a small square in the 
corner. The side of the triangle opposite the 90° 


angle is called the hypotenuse, and the other two 
sides are called the legs. See [link]. 


The Pythagorean Theorem tells how the lengths of 
the three sides of a right triangle relate to each 
other. It states that in any right triangle, the sum of 
the squares of the two legs equals the square of the 
hypotenuse. 


The Pythagorean Theorem 

In any right triangle AABC, 

a2+b2=c2 

Where c is the length of the hypotenuse a and b are 
the lengths of the legs. 


To solve problems that use the Pythagorean 
Theorem, we will need to find square roots. In 
Simplify and Use Square Roots we introduced the 
notation m and defined it in this way: 

Ifm = n2,thenm = nforn =0 


For example, we found that 25 is 5 because 52=25. 


We will use this definition of square roots to solve 
for the length of a side in a right triangle. 


Use the Pythagorean Theorem to find the 
length of the hypotenuse. 


Solution 


Step 1. Read the 


pivuviwstiie 


Step 2. Identify what: the length of the 

you are looking for. | hypotenuse of the 
triannal 

Step 3. Name. Choose Let c=the length of the 

a variable to represerit hypotenuse 

it. 


A 


Step 4. Translate. 
Write the appropriate: 
formula. 

Su a?+b?=c? 


324 deo? 
Step 5. Solve the 
equation. 

9+ 16=c? 

23=¢ 


Step 6. Check: 


32 + 4? = 5? 
9+ 16425 
25=25 7% 
Step 7. Answer the The length of the 
question. hypotenuse is 5. 


Use the Pythagorean Theorem to find the 
length of the hypotenuse. 


Use the Pythagorean Theorem to find the 
length of the hypotenuse. 


Use the Pythagorean Theorem to find the 
length of the longer leg. 


Solution 


Step 1. Read the 


Pt VvVirtLlile 


Step 2. Identify what: The length of the leg of 


a laalsi x for. tha teianala 
Cu ar S LOOM LULL oe are © ae oo a 
oy & fo} 


Step 3. Name. Choose Let b=the leg of the 
a variable to represerit triangle 


it. Label side b 
b 
5 
13 
L- 
Step 4. Translate. 


Write the appropriate: 
fora7+b?=c? ee, 


522-22 1973 
Te —1s 


Step 5. Solve the 
equation. Isolate the 
va25 +b?=169 tha 
de b2= 144 Juare 
ro 


Sir P= 144 


—— i” 


lia 


Step 6. Check: 


52 4 1222 132 


? 
25 + 144= 169 


1240 140 £ 
Step 7. Answer the The length of the leg is 
question. 12. 


Use the Pythagorean Theorem to find the 
length of the leg. 


Use the Pythagorean Theorem to find the 
length of the leg. 


Kelvin is building a gazebo and wants to brace 
each corner by placing a 10-inch wooden 
bracket diagonally as shown. How far below 
the corner should he fasten the bracket if he 
wants the distances from the corner to each 
end of the bracket to be equal? Approximate to 
the nearest tenth of an inch. 


Solution 


Step 1. Read the 


pivuviwtiie 


Step 2. Identify what: the distance from the 
you are looking for. corner that the bracket 


shoul dA ha attached 


2RVULUL CLUELLLIWU 


Step 3. Name. Choos2 Let x = the distance 
a variable to represerit from the corner 
it. 


x 


| VA 


V 
Step 4. Translate. 
Write the appropriate: 


fot a? + b? = c? 
Su >. ? an7 

A tA — 1U 
Step 5. Solve the 
equation. 
Isc 2x*= 100 dle. 


Us = 50 a of 


the 
Sit x = 1/50 imate 
to ~ 9, fe 


Step 6. Check: 


a’+b=c? 
? 
(7.1)? + (7.1) & 10? 


Vac 


LUV 


Step 7. Answer the Kelvin should fasten 

question. each piece of wood 
approximately 7.1" 
from the corner. 


John puts the base of a 13-ft ladder 5 feet from 
the wall of his house. How far up the wall does 
the ladder reach? 


Randy wants to attach a 17-ft string of lights 
to the top of the 15-ft mast of his sailboat. 
How far from the base of the mast should he 
attach the end of the light string? 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Animation: The Sum of the Interior Angles of 


a Triangle 

* Similar Polygons 

« Example: Determine the Length of the 
Hypotenuse of a Right Triangle 


Key Concepts 
* Supplementary and Complementary Angles 


© If the sum of the measures of two angles is 
180°, then the angles are supplementary. 
If zA and ZB are supplementary, then 
mzA+mzB=180. 

If the sum of the measures of two angles is 
90°, then the angles are complementary. 

If zA and ZB are complementary, then 
mzA+mzB=90. 


‘@ 


O 


O 


* Solve Geometry Applications 


Read the problem and make sure you 
understand all the words and ideas. Draw a 
figure and label it with the given information. 
Identify what you are looking for. Name what 
you are looking for and choose a variable to 
represent it. Translate into an equation by 
writing the appropriate formula or model for 
the situation. Substitute in the given 
information. Solve the equation using good 
algebra techniques. Check the answer in the 
problem and make sure it makes sense. Answer 
the question with a complete sentence. 


¢ Sum of the Measures of the Angles of a 
Triangle 


© For any AABC, the sum of the measures is 
180° 
©O mzA+mzB=180 


¢ Right Triangle 


© A right triangle is a triangle that has one 
90° angle, which is often marked with a 
b symbol. 


¢ Properties of Similar Triangles 
© If two triangles are similar, then their 
corresponding angle measures are equal 


and their corresponding side lengths have 
the same ratio. 


Practice Makes Perfect 
Use the Properties of Angles 


In the following exercises, find @ the supplement 
and ® the complement of the given angle. 


16° 


72. 


In the following exercises, use the properties of 
angles to solve. 


Find the supplement of a 135° angle. 


45° 


Find the complement of a 38° angle. 


Find the complement of a 27.5° angle. 


62.5" 


Find the supplement of a 109.5° angle. 


Two angles are supplementary. The larger angle 
is 56° more than the smaller angle. Find the 
measures of both angles. 


62°, 118° 


Two angles are supplementary. The smaller 
angle is 36° less than the larger angle. Find the 
measures of both angles. 


Two angles are complementary. The smaller 
angle is 34° less than the larger angle. Find the 
measures of both angles. 


62°, 28° 


Two angles are complementary. The larger 
angle is 52° more than the smaller angle. Find 
the measures of both angles. 


Use the Properties of Triangles 


In the following exercises, solve using properties of 
triangles. 


The measures of two angles of a triangle are 26° 


and 98°. Find the measure of the third angle. 


56° 


° 


The measures of two angles of a triangle are 61 
and 84°. Find the measure of the third angle. 


The measures of two angles of a triangle are 
105° and 31°. Find the measure of the third 
angle. 


44° 


° 


The measures of two angles of a triangle are 47 
and 72°. Find the measure of the third angle. 


° 


One angle of a right triangle measures 33°. 
What is the measure of the other angle? 


aval 


° 


One angle of a right triangle measures 51°. 
What is the measure of the other angle? 


One angle of a right triangle measures 22.5”. 
What is the measure of the other angle? 


675° 


One angle of a right triangle measures 36.5”. 
What is the measure of the other angle? 


The two smaller angles of a right triangle have 
equal measures. Find the measures of all three 
angles. 


45°, 45°, 90° 


The measure of the smallest angle of a right 
triangle is 20° less than the measure of the 
other small angle. Find the measures of all 
three angles. 


The angles in a triangle are such that the 
measure of one angle is twice the measure of 
the smallest angle, while the measure of the 
third angle is three times the measure of the 
smallest angle. Find the measures of all three 
angles. 


30°, 60°, 90° 


The angles in a triangle are such that the 
measure of one angle is 20° more than the 
measure of the smallest angle, while the 
measure of the third angle is three times the 
measure of the smallest angle. Find the 
measures of all three angles. 


Find the Length of the Missing Side 


In the following exercises, AABC is similar to AXYZ. 
Find the length of the indicated side. 


side b 


12 


side x 


On a map, San Francisco, Las Vegas, and Los 
Angeles form a triangle whose sides are shown in 


the figure below. The actual distance from Los 
Angeles to Las Vegas is 270 miles. 


Find the distance from Los Angeles to San 
Francisco. 


351 miles 


Find the distance from San Francisco to Las 
Vegas. 


Use the Pythagorean Theorem 


In the following exercises, use the Pythagorean 
Theorem to find the length of the hypotenuse. 


Find the Length of the Missing Side 


In the following exercises, use the Pythagorean 
Theorem to find the length of the missing side. 
Round to the nearest tenth, if necessary. 


8 


In the following exercises, solve. Approximate to the 
nearest tenth, if necessary. 


A 13-foot string of lights will be attached to the 
top of a 12-foot pole for a holiday display. How 
far from the base of the pole should the end of 
the string of lights be anchored? 


5 feet 


Pam wants to put a banner across her garage 
door to congratulate her son on his college 
graduation. The garage door is 12 feet high and 


16 feet wide. How long should the banner be to 
fit the garage door? 


Chi is planning to put a path of paving stones 
through her flower garden. The flower garden is 
a square with sides of 10 feet. What will the 
length of the path be? 


14.1 feet 


Brian borrowed a 20-foot extension ladder to 
paint his house. If he sets the base of the ladder 
6 feet from the house, how far up will the top 
of the ladder reach? 


Everyday Math 


Building a scale model Joe wants to build a 
doll house for his daughter. He wants the doll 
house to look just like his house. His house is 
30 feet wide and 35 feet tall at the highest 
point of the roof. If the dollhouse will be 2.5 
feet wide, how tall will its highest point be? 


2.9 feet 


Measurement A city engineer plans to build a 
footbridge across a lake from point X to point Y, 
as shown in the picture below. To find the 
length of the footbridge, she draws a right 
triangle XYZ, with right angle at X. She 
measures the distance from X to Z,800 feet, and 
from Y to Z,1,000 feet. How long will the 
bridge be? 


Writing Exercises 


Write three of the properties of triangles from 
this section and then explain each in your own 
words. 


Answers will vary. 


Explain how the figure below illustrates the 
Pythagorean Theorem for a triangle with legs of 
length 3 and 4. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Glossary 


angle 
An angle is formed by two rays that share a 
common endpoint. Each ray is called a side of 
the angle. 


complementary angles 
If the sum of the measures of two angles is 
90°, then they are called complementary 
angles. 


hypotenuse 
The side of the triangle opposite the 90° angle 
is called the hypotenuse. 


legs of a right triangle 
The sides of a right triangle adjacent to the 
right angle are called the legs. 


right triangle 
A right triangle is a triangle that has one 90° 
angle. 


similar figures 
In geometry, if two figures have exactly the 
same shape but different sizes, we say they 
are similar figures. 


supplementary angles 
If the sum of the measures of two angles is 
180°, then they are called supplementary 


angles. 


triangle 
A triangle is a geometric figure with three 
sides and three angles. 


vertex of an angle 
When two rays meet to form an angle, the 
common endpoint is called the vertex of the 
angle. 


Use Properties of Rectangles, Triangles, and 
Trapezoids 
By the end of this section, you will be able to: 


* Understand linear, square, and cubic measure 
* Use properties of rectangles 

* Use properties of triangles 

* Use properties of trapezoids 


Before you get started, take this readiness quiz. 


1. The length of a rectangle is 3 less than the 
width. Let w represent the width. Write an 
expression for the length of the rectangle. 


If you missed this problem, review [link]. 
2. Simplify: 12(6h). 

If you missed this problem, review [link]. 
2. cimplity< 520103 7-9): 

If you missed this problem, review [link]. 


In this section, we’ll continue working with 
geometry applications. We will add some more 
properties of triangles, and we’ll learn about the 
properties of rectangles and trapezoids. 

This tape measure measures inches along the top 
and centimeters along the bottom. Square measures 


have sides that are each 1 unit in length. The rug 
contains six squares of 1 square foot each, so the 
total area of the rug is 6 square feet. Cubic measures 
have sides that are 1 unit in length. A cube that 
measures 3 inches on each side is made up of 27 
one-inch cubes, or 27 cubic inches. 

Perimeter = 4inchesArea = 1square inch 

When the ant walks completely around the tile on 
its edge, it is tracing the perimeter of the tile. The 
area of the tile is 1 square inch. 


Understand Linear, Square, and Cubic 
Measure 


When you measure your height or the length of a 
garden hose, you use a ruler or tape measure 
({link]). A tape measure might remind you of a line 
—you use it for linear measure, which measures 
length. Inch, foot, yard, mile, centimeter and meter 
are units of linear measure. 


When you want to know how much tile is needed to 
cover a floor, or the size of a wall to be painted, you 
need to know the area, a measure of the region 
needed to cover a surface. Area is measured is 
square units. We often use square inches, square 
feet, square centimeters, or square miles to measure 
area. A square centimeter is a square that is one 


centimeter (cm) on each side. A square inch is a 
square that is one inch on each side ([link]). 


[link] shows a rectangular rug that is 2 feet long by 
3 feet wide. Each square is 1 foot wide by 1 foot 

long, or 1 square foot. The rug is made of 6 squares. 
The area of the rug is6 square feet. 


When you measure how much it takes to fill a 
container, such as the amount of gasoline that can 
fit in a tank, or the amount of medicine in a syringe, 
you are measuring volume. Volume is measured in 
cubic units such as cubic inches or cubic 
centimeters. When measuring the volume of a 
rectangular solid, you measure how many cubes fill 
the container. We often use cubic centimeters, cubic 
inches, and cubic feet. A cubic centimeter is a cube 
that measures one centimeter on each side, while a 
cubic inch is a cube that measures one inch on each 
side ([link]). 


Suppose the cube in measures 3 inches on 
each side and is cut on the lines shown. How many 
little cubes does it contain? If we were to take the 
big cube apart, we would find 27 little cubes, with 
each one measuring one inch on all sides. So each 
little cube has a volume of 1 cubic inch, and the 
volume of the big cube is 27 cubic inches. 


Doing the Manipulative Mathematics activity 
isualizing Area and Perimeter will help you 

develop a better understanding of the difference 

between the area of a figure and its perimeter. 


For each item, state whether you would use 
linear, square, or cubic measure: 


@ amount of carpeting needed in a room 
® extension cord length 


© amount of sand in a sandbox 


@ length of a curtain rod 


© amount of flour in a canister 


® size of the roof of a doghouse. 


Solution 


@ You are measuring, square measure 
how much surface the 
carpet covers, which is 


tha arnan 
usc ULLCU. 


® You are measuring, linear measure 
how long the extension 
cord is, which is the 


Tanath 
av116 ui. 


© You are measuring, cubic measure 


tha waliama af tha acne 
Lhe VULULLIL UL LILLY OULLU. 


@ You are measuring; linear measure 
the length of the 


. 
ewrtain r4 
VuULLULLE LUU. 


© You are measuring. cubic measure 
the volume of the 


flaws 
11VULe 


@® You are measuring; square measure 
the area of the roof. 


Determine whether you would use linear, 
square, or cubic measure for each item. 


@ amount of paint in a can © height of a tree 
© floor of your bedroom @ diameter of bike 
wheel © size of a piece of sod © amount of 
water in a swimming pool 


@ cubic 

© linear 
© square 
@ linear 


© square 
® cubic 


Determine whether you would use linear, 
square, or cubic measure for each item. 


@ volume of a packing box © size of patio © 
amount of medicine in a syringe @ length of a 


piece of yarn © size of housing lot © height of 
a flagpole 


@ cubic 
® square 
© cubic 
@ linear 
© square 
® linear 


Many geometry applications will involve finding the 
perimeter or the area of a figure. There are also 
many applications of perimeter and area in 
everyday life, so it is important to make sure you 
understand what they each mean. 


Picture a room that needs new floor tiles. The tiles 


come in squares that are a foot on each side—one 
square foot. How many of those squares are needed 
to cover the floor? This is the area of the floor. 


Next, think about putting new baseboard around the 
room, once the tiles have been laid. To figure out 
how many strips are needed, you must know the 
distance around the room. You would use a tape 
measure to measure the number of feet around the 
room. This distance is the perimeter. 


Perimeter and Area 
The perimeter is a measure of the distance around 


a figure. 
The area is a measure of the surface covered by a 
figure. 


[link] shows a square tile that is 1 inch on each 
side. If an ant walked around the edge of the tile, it 
would walk 4 inches. This distance is the perimeter 
of the tile. 


Since the tile is a square that is 1 inch on each side, 
its area is one square inch. The area of a shape is 
measured by determining how many square units 
cover the shape. 


Doing the Manipulative Mathematics activity 
Measuring Area and Perimeter will help you 
develop a better understanding of how to measure 
the area and perimeter of a figure. 


Each of two square tiles is 1 square inch. Two 
tiles are shown together. 


@ What is the perimeter of the figure? 


® What is the area? 


Solution 


@ The perimeter is the distance around the 
figure. The perimeter is 6 inches. 


© The area is the surface covered by the 


figure. There are 2 square inch tiles so the area 
is 2 square inches. 


Find the @ perimeter and © area of the 
figure: 


@ 8 inches 
® 3 sq. inches 


Find the @ perimeter and © area of the 


figure: 


@ 8 centimeters 
® 4 sq. centimeters 


A rectangle has four sides, and four right angles. 
The sides are labeled L for length and W for width. 
The area of this rectangular rug is 6 square feet, its 
length times its width. 


Use the Properties of Rectangles 


A rectangle has four sides and four right angles. 
The opposite sides of a rectangle are the same 
length. We refer to one side of the rectangle as the 
length, L, and the adjacent side as the width, W. See 
[link]. 


The perimeter, P, of the rectangle is the distance 
around the rectangle. If you started at one corner 
and walked around the rectangle, you would walk L 
+W+L+W units, or two lengths and two widths. 
The perimeter then is 
P=L+W+L+ WorP= 2L+ 2W 


What about the area of a rectangle? Remember the 
rectangular rug from the beginning of this section. It 
was 2 feet long by 3 feet wide, and its area was 6 
square feet. See [link]. Since A= 2-3, we see that the 
area, A, is the length, L, times the width, W, so the 


area of a rectangle is A=L-W. 


Properties of Rectangles 


* Rectangles have four sides and four right (90°) 
angles. 
The lengths of opposite sides are equal. 
The perimeter, P, of a rectangle is the sum of 


twice the length and twice the width. See 
[link]. 

P=2L+2W 

The area, A, of a rectangle is the length times 
the width. 


A=L'W 


For easy reference as we work the examples in this 
section, we will restate the Problem Solving Strategy 
for Geometry Applications here. 


Use a Problem Solving Strategy for Geometry 
pplications 


Read the problem and make sure you understand 
all the words and ideas. Draw the figure and label 
it with the given information. Identify what you 
are looking for. Name what you are looking for. 
Choose a variable to represent that quantity. 
Translate into an equation by writing the 
appropriate formula or model for the situation. 
Substitute in the given information. Solve the 


equation using good algebra techniques. Check the 
answer in the problem and make sure it makes 
sense. Answer the question with a complete 
sentence. 


The length of a rectangle is 32 meters and the 
width is 20 meters. Find @ the perimeter, and 
® the area. 


Solution 


© 


Step 1. Read the 
problem. Draw the 
fig 32m 
the 


20 m 20 m 


3zm 
Step 2. Identify what: the perimeter of a 


an laanlina Far ranrtanala 
you are locking LULe au Tah pic 


Step 3. Name. Choose Let P = the perimeter 
a variable to represerit 

Step 4. Translate. 

Write the appropriate: 


formula. 
a ce i ee 
= “\Ve) + 2(2U) 
ae 5. Solve the 
equation. 
P= 64440 
P= i04 


Step 6. Check: 


P= 104 
? 
20 + 324+ 20 + 32= 104 


104 == 104 v7 
Step 7. Answer the _ The perimeter of the 
question. rectangle is 104 


meters. 


® 
Step 1. Read the 
problem. Draw the 
fig 32 m 
the 


20 m 20 m 


Step 2. Identify what: the area of a rectangle 


wad arn laanlinag for, 
Vu Ube 1YUUINILLAD LULL 


Step 3. Name. Choose Let A = the area 
a variable to represent 

Step 4. Translate. 

Write the appropriate: 


formula. 

su 4A. = Ww 
A = 2m. 20m 

Step 5. Solve the 

equation. 


sAnm- BAD 
—wvwtTr 


Step 6. Check: 


A= 640 


32-202 640 


Step 7. Answer the The area of the 
question. rectangle is 60 square 
meters. 


The length of a rectangle is 120 yards and the 
width is 50 yards. Find @ the perimeter and 
® the area. 


® 340 yd 
® 6000 sq. yd 


The length of a rectangle is 62 feet and the 
width is 48 feet. Find @ the perimeter and © 
the area. 


@ 220 ft 
© 2976 sq. ft 


Find the length of a rectangle with perimeter 


50 inches and width 10 inches. 


Solution 


Step 1. Read the 
problem. Draw the 
fig = 
the 
10 in. 10 in. 


Step 2. Identify what: the length of the 


waAdw arn lanlina far rantanala 
bP ULe AVVIALIL } LWV.ie NSN BIAS ESS 


Step 3. Name. Choose Let L = the length 
a variable to represent 
Step 4. Translate. 
Write the appropriate: 
formula. 
Su ? ng? 2L Bae 2 Ww 
50 -_ 7 Ziv) 
Step 5. Solve the 
equation. 


30 — 20 = 2L + 20 — 20 
30 = 2L 


P=530 
9 
15+10+15+10= 50 


50 =: 50 wv” 
Step 7. Answer the —_ The length is 15 
question. inches. 


Find the length of a rectangle with a perimeter 
of 80 inches and width of 25 inches. 


Find the length of a rectangle with a perimeter 
of 30 yards and width of 6 yards. 


In the next example, the width is defined in terms of 
the length. We'll wait to draw the figure until we 
write an expression for the width so that we can 
label one side with that expression. 


The width of a rectangle is two inches less 


than the length. The perimeter is 52 inches. 
Find the length and width. 


Solution 


Step 1. Read the 


pivuviwstiie 


Step 2. Identify what: the length and width of 


wadw arn landing far tha vranrtanala 
Jv ase ztyvunius. 6 1V2- ante PEL LULI SBI 


Step 3. Name. Choos2 Since the width is 
a variable to represerit defined in terms of the 
it. length, we let L = 


length. The width is 
Now we can drawa _ two feet less that the 


figure using these length, so we let L — 2 
expressions for the = width 
length and width. 
a 
L-2 L-2 


Step 4.Translate. 
Write the appropriate: 
formula. The formula 


= 2L 2wW 
My das, fs. 5 zs 
rec_52.0. = 2k + aL 2) 
information. 


Substitute in the given 


es . 
intarmoatinn 
ALALUVLILIULULU Ide 


Step 5. Solve the 52=2L+ 2L—4 
nawudntinn 
Vyuuuvil. 
Cambina lilean tarma Eo AT 
WVYLLLV Le 111 LULLIID. vo” iL ' 
AAA A ta nach aida EA — AT 
2A FP LY CULL oLUL. vu ia 
Nixrtda her A EAEA~— ATA 
wiviuwe vy te vu ait 
1 A —1 
a — 


Now we need to find 
tha vara Ath 


ULLW VV EUELELe 


The width is L — 2. 


L-2 
14-2 
12 


varitdth ic 193 


n T innhana 
2 VV ENELEE LY E2ed LLIVLIUV. 


Step 6. Check: 
Since 


144124+144+12=52, 


thia rararlral 
Lidtv VV ULdIiD. 


Step 7. Answer the The length is 14 feet 
question. and the width is 12 
feet. 


The width of a rectangle is seven meters less 
than the length. The perimeter is 58 meters. 


Find the length and width. 


The length of a rectangle is eight feet more 
than the width. The perimeter is 60 feet. Find 
the length and width. 


dete SOE 


The length of a rectangle is four centimeters 
more than twice the width. The perimeter is 
32 centimeters. Find the length and width. 


Solution 


Step 1. Read the 


am 
pivuviwtiie 


Step 2. Identify what: the length and width 


waa arn laanlina for, 
Jv ape tyyuinii1g ivi 


Step 3. Name. Choos: let W = width 

a variable to represerit The length is four more 

it. than twice the width. 
2w + 4 = length 


2w+4 


fs 


Mu... « A 

“av TF 
Step 4.Translate. 
Write the appropriate: 
for P= oo 0 
2(2w + 4) + 2w 


in uid &t ae 


. 
atinn 
SLALUVLAILIULLU Ide 


Step 5. Solve the 


equation. 
32=4w+8+2w 
32=6w+8 
24 = 6w 
4=w width 
2w +4 length 
2(4) +4 


12thelength-ist2-cm 


Step 6. Check: 


p=2L+2W 
32£2-1242-4 


3232 
Step 7. Answer the — The length is 12 cm 
question. and the width is 4 cm. 


The length of a rectangle is eight more than 
twice the width. The perimeter is 64 feet. Find 
the length and width. 


8 ft, 24 ft 


The width of a rectangle is six less than twice 
the length. The perimeter is 18 centimeters. 
Find the length and width. 


The area of a rectangular room is 168 square 
feet. The length is 14 feet. What is the width? 


Solution 


Step 1. Read the 
problem. 


Step 2. Identify what: the width ofa 


WWAA1 ArNA loghking for, rartanaolar rTaAmMNm™m 
Jv are zvuniit & + EVV UH UL Luvin 


Step 3. Name. Choos: Let W = width 
a variable to represerit 

Step 4.Translate. 

Write the appropriate: 

for A=LW  bstitute 

in 168 = 14W 


infarm atin 
SALLLWVLLLIU Cron 


Step 5. Solve the 


equation. 
168 14W 


1 1 
12= 47 


Step 6. Check: 


A=LW 
168 14-12 
168 _ 152 =f 


Step 7. Answer the The width of the room 
question. is 12 feet. 


The area of a rectangle is 598 square feet. The 
length is 23 feet. What is the width? 


The width of a rectangle is 21 meters. The area 
is 609 square meters. What is the length? 


The perimeter of a rectangular swimming pool 
is 150 feet. The length is 15 feet more than the 
width. Find the length and width. 


Solution 


Step 1. Read the 
problem. Draw the 


W+ 15 
Pa150- 


Step 2. Identify what: the length and width of 


wad arn lanltinag far tha naanl 
Apress uLltv DAC AS ADSTENS) LvV.ie Lib'e pyvt 


Step 3. Name. Choose Let W= width 
a variable to represerit W+15=length 
it. 

The length is 15 feet 


moarn than tha width 
TmUOLT ULLULLL LLLW VV LULL 


Step 4.Translate. 
a the appropriate: 


I aE nr Oa 
150 _ 260 + 15) ! Dee 
Step 5. ie the 
equation. 
150 = 2w + 30 + 2w 
150 = 4w + 30 
120 = 4w 


30 = w the width of the pool 

w + 15 the length of the pool 
30 + 15 
45 


Step 6. Check: 


p=2L+2W 
150 = 2(45) + 2(30) 


147 — 14M 
wv vv 


Step 7. Answer the The length of the pool 
question. is 45 feet and the 
width is 30 feet. 


The perimeter of a rectangular swimming pool 
is 200 feet. The length is 40 feet more than the 
width. Find the length and width. 


307 OL 


The length of a rectangular garden is 30 yards 
more than the width. The perimeter is 300 
yards. Find the length and width. 


60 yd, 90 yd 


The area of a rectangle is the base, b, times the 
height, h. A rectangle can be divided into two 
triangles of equal area. The area of each triangle is 
one-half the area of the rectangle. The height h of a 
triangle is the length of a line segment that connects 
the the base to the opposite vertex and makes a 90° 
angle with the base. In an isosceles triangle, two 
sides have the same length, and the third side is the 
base. In an equilateral triangle, all three sides have 
the same length. 


Use the Properties of Triangles 


We now know how to find the area of a rectangle. 
We can use this fact to help us visualize the formula 
for the area of a triangle. In the rectangle in [link], 
we've labeled the length b and the width h, so it’s 
area is bh. 


We can divide this rectangle into two congruent 
triangles ([link]). Triangles that are congruent have 
identical side lengths and angles, and so their areas 
are equal. The area of each triangle is one-half the 
area of the rectangle, or 12bh. This example helps 
us see why the formula for the area of a triangle is 
A=12bh. 


The formula for the area of a triangle is A=12bh, 
where b is the base and h is the height. 


To find the area of the triangle, you need to know 
its base and height. The base is the length of one 
side of the triangle, usually the side at the bottom. 
The height is the length of the line that connects the 
base to the opposite vertex, and makes a 90° angle 
with the base. [link] shows three triangles with the 
base and height of each marked. 


Triangle Properties 

For any triangle AABC, the sum of the measures of 
the angles is 180°. 

mzA+mzB+mzC=180° 

The perimeter of a triangle is the sum of the 
lengths of the sides. 

P=a+b+c 

The area of a triangle is one-half the base, b, times 
the height, h. 


=12bh 


Find the area of a triangle whose base is 11 
inches and whose height is 8 inches. 


Solution 


Step 1. Read the 
problem. Draw the 
fig 

the 


ii il. 


Step 2. Identify what: the area of the triangle 
yeu-are_lecking for. 

Step 3. Name. Choos2 let A = area of the 

a variable to represerit triangle 

Step 4.Translate. 

Write the appropriate: 


formula. 

Su eee! 
Oi. iy. 2 2 h 
a= BS 11 8 


Step 5. Solve the 
equation. 


A — AA sanam inochas 
fa Sr oupeee auawaiwe 


Step 6. Check: 


all 
44 = 7 (11)8 


AA AA fF 


se oe a 


Step 7. Answer the The area is 44 square 
question. inches. 


Find the area of a triangle with base 13 inches 
and height 2 inches. 


Find the area of a triangle with base 14 inches 
and height 7 inches. 


The perimeter of a triangular garden is 24 feet. 
The lengths of two sides are 4 feet and 9 feet. 
How long is the third side? 


Solution 


Step 1. Read the 


Step 2. Identify what: length of the third side 


nii1 arn looking for, anfia trianala 
you ULwe 1VUVINIIEL & + Vi UU 1141161 


Step 3. Name. Choos2 Let c = the third side 
a variable to represent 

Step 4.Translate. 

Write the appropriate: 

formula. 


\D « 
’ 


inf 
In AA _ A 
dann “=F = 


Step 5. Solve Re 


equation. 
24=13+c 
it=c 


Step 6. Check: 


P=a+b+c 
242449411 


24 = 24¢ 
Step 7. Answer the The third side is 11 
question. feet long. 


The perimeter of a triangular garden is 24 feet. 
The lengths of two sides are 18 feet and 22 
feet. How long is the third side? 


The lengths of two sides of a triangular 
window are 7 feet and 5 feet. The perimeter is 
18 feet. How long is the third side? 


The area of a triangular church window is 90 
square meters. The base of the window is 15 
meters. What is the window’s height? 


Solution 


Step 1. Read the 
problem. Draw the 
fig 

the 


14 ™ 
au 448 


Step 2. Identify what: height of a triangle 
yeu-are_leoking for. 

Step 3. Name. Choose Let h = the height 
a variable to represerit 

Step 4.Translate. 

Write the appropriate: 


formula. 

Su 4 = 5 b h 

inf a: 
a = = : 15 . h 


Step 5. Solve the 
equation. 


= 15 
=> h 


iz=n 


Step 6. Check: 


A= xbh 
bag. 
90= 5-15-12 

00-= 90-4 


Step 7. Answer the ‘The height of the 
question. triangle is 12 meters. 


The area of a triangular painting is 126 square 


inches. The base is 18 inches. What is the 
height? 


A triangular tent door has an area of 15 square 
feet. The height is 5 feet. What is the base? 


Isosceles and Equilateral Triangles 


Besides the right triangle, some other triangles have 
special names. A triangle with two sides of equal 
length is called an isosceles triangle. A triangle 
that has three sides of equal length is called an 
equilateral triangle. [link] shows both types of 
triangles. 


Isosceles and Equilateral Triangles 

An isosceles triangle has two sides the same 
length. 

An equilateral triangle has three sides of equal 
length. 


The perimeter of an equilateral triangle is 93 
inches. Find the length of each side. 


Solution 


Step 1. Read the 
problem. Draw the 
fig 

the 


Darimatar — AQ in 
a CYimCucr —_— vu il. 


Step 2. Identify what: length of the sides of 


wai avn lanlina far an anni1ilataral terianala 
JV are styvuniig iui. uu Cqunaeucrar t11UL116B1c 


Step 3. Name. Choose Let s = length of each 
a variable to represerit side 

Step 4.Translate. 

Write the appropriate: 


formula. 
Ms ie. ty ate os Sk 


Step 5. Solve the 
equation. 
93 = 35 


as 
Ji=—sy 


Step 6. Check: 


93 = 31 + 31 + 31 


2 = O2 / 


Step 7. Answer the Each side is 31 inches. 
question. 


Find the length of each side of an equilateral 
triangle with perimeter 39 inches. 


Find the length of each side of an equilateral 
triangle with perimeter 51 centimeters. 


Arianna has 156 inches of beading to use as 
trim around a scarf. The scarf will be an 
isosceles triangle with a base of 

60 inches. How long can she make the two 
equal sides? 


Solution 


Step 1. Read the 
problem. Draw the 
figure and label it wich 


the 


60 in 


D— 156in 


buy tiie 


Step 2. Identify what: the lengths of the two 


wad arn laAnlina far annatal aidnaac 
vu UuULu ESAS MDE S) LwV.ie — eT A VLU 


Step 3. Name. Choose Let s = the length of 
a variable to represerit each side 

Step 4.Translate. 

Write the appropriate: 


formula. 

P = a + b +> .€ 
inf 156 Sou. s + 60 + Ss 
Step 5. Solve the 
equation. 

156 = 2s + 60 
96 = 2s 
45=5 


Step 6. Check: 


p=a+b+c 


156 = 48 + 60 + 48 


Step 7. Answer the — Arianna can make each 
question. of the two equal sides 


48 inches long. 


A backyard deck is in the shape of an isosceles 
triangle with a base of 20 feet. The perimeter 

of the deck is 48 feet. How long is each of the 
equal sides of the deck? 


A boat’s sail is an isosceles triangle with base 
of 8 meters. The perimeter is 22 meters. How 
long is each of the equal sides of the sail? 


A trapezoid has a larger base, B, and a smaller base, 
b. The height h is the distance between the bases. 
Splitting a trapezoid into two triangles may help 


you understand the formula for its area. 


Use the Properties of Trapezoids 


A trapezoid is four-sided figure, a quadrilateral, 
with two sides that are parallel and two sides that 
are not. The parallel sides are called the bases. We 
call the length of the smaller base b, and the length 
of the bigger base B. The height, h, of a trapezoid is 
the distance between the two bases as shown in 
[link]. 


The formula for the area of a trapezoid is: 
Areatrapezoid = 12h(b+B) 


Splitting the trapezoid into two triangles may help 
us understand the formula. The area of the 
trapezoid is the sum of the areas of the two 
triangles. See [link]. 


The height of the trapezoid is also the height of each 
of the two triangles. See [link]. 


The formula for the area of a trapezoid is 


If we distribute, we get, 


Properties of Trapezoids 


¢ A trapezoid has four sides. See [link]. 

* Two of its sides are parallel and two sides are 
not. 
The area, A, of a trapezoid is A=12h(b+B). 


Find the area of a trapezoid whose height is 6 


inches and whose bases are 14 and 11 inches. 


Solution 


Step 1. Read the 
problem. Draw th 
the 


Step 2. Identify what: the area of the 


wad arn lanlina far tranavni 
jf Ss UL LVVIAIALIL fo) LWVLe Ls of EASE 


Step 3. Name. Choos2 Let A=the area 
a variable to represent 

Step 4.Translate. 

Write the appropriate: 

formula. 


sa4. c re G+) 


ed wo 


a = 2 : “ 
Step 5. Solve th 
equation. 


= 1.62 
A= 5: 6(25) 
A = 3(25) 
A TS onnnen tn nhan 


4am iw op Vciwy L11V Liv oO 


Step 6. Check: Is this 
answer reasonable? 


If we draw a rectangle around the trapezoid 
that has the same big base B and a height h, its 
area should be greater than that of the 
trapezoid. 


If we draw a rectangle inside the trapezoid 
that has the same little base b and a height h, 
its area should be smaller than that of the 
trapezoid. 


The area of the larger rectangle is 84 square 
inches and the area of the smaller rectangle is 
66 square inches. So it makes sense that the 
area of the trapezoid is between 84 and 66 
square inches 


Step 7. Answer the question. The area of the 


trapezoid is 75 square inches. 


The height of a trapezoid is 14 yards and the 
bases are 7 and 16 yards. What is the area? 


161 sq. yd 


The height of a trapezoid is 18 centimeters and 
the bases are 17 and 8 centimeters. What is 
the area? 


Find the area of a trapezoid whose height is 5 
feet and whose bases are 10.3 and 13.7 feet. 


Solution 


Step 1. Read the 
problem. Draw the 
fig a ft. 

the 5 ft. 


Step 2. Identify what: the area of the 
Pes UL LVVIALIL fe) Wie trapezoid 

Step 3. Name. Choose Let A = the area 
a variable to represent 


. 
1t 
Lue 


Step 4.Translate. 
Write the appropriate: 
formula. 
sud < 


A 


ho (b+B) 


je tnlo 


A = 7) =) 2 02112. 
Step 5. Solve the 


equation. 
A= 5. 5(24) 


A=12-5 


A = 0vu square ieet 


Step 6. Check: Is this 
answer reasonable? 
The area of the 
trapezoid should be 
less than the area of a 
rectangle with base 
13.7 and height 5, but 
more than the area of a 
rectangle with base 
10.3 and height 5. 


SE CE 

Step 7. Answer the The area of the 

question. trapezoid is 60 square 
feet. 


The height of a trapezoid is 7 centimeters and 
the bases are 4.6 and 7.4 centimeters. What is 
the area? 


The height of a trapezoid is 9 meters and the 
bases are 6.2 and 7.8 meters. What is the area? 


Vinny has a garden that is shaped like a 
trapezoid. The trapezoid has a height of 3.4 


yards and the bases are 8.2 and 5.6 yards. 
How many square yards will be available to 
plant? 


Solution 


Step 1. Read the 
problem. Draw the 


fig 


8.2 yd. 


Step 2. Identify what: the area of a trapezoid 


wad arn laalinag for, 
Jv ape tyyviniiig ivi 


Step 3. Name. Choose Let A = the area 
a variable to represent 


1 
Lhe 


Step 4.Translate. 
Write the appropriate: 
formula. 
aA, =, 
SESE 5: aESITe the 
equation. 


h . (b + B) 


2A . (54129 
yee oe Sey 


A=4(3.4) (13.8) 

a= 258 square yards 
Step 6. Check: Is this 
answer reasonable? 
Yes. The area of the 
trapezoid is less than 
the area of a rectangle 
with a base of 8.2 yd 
and height 3.4 yd, but 
more than the area of a 
rectangle with base 5.6 
yd and height 3.4 yd. 


Se a 
Step 7. Answer the Vinny has 23.46 square 
question. yards in which he can 

plant. 


Lin wants to sod his lawn, which is shaped like 
a trapezoid. The bases are 10.8 yards and 6.7 
yards, and the height is 4.6 yards. How many 


square yards of sod does he need? 


40.25 sq. yd 


Kira wants cover his patio with concrete 
pavers. If the patio is shaped like a trapezoid 
whose bases are 18 feet and 14 feet and whose 
height is 15 feet, how many square feet of 
pavers will he need? 


240 sq. ft 


The Links to Literacy activity Spaghetti and 
eatballs for All will provide you with another 
iew of the topics covered in this section." 


ACCESS ADDITIONAL ONLINE RESOURCES 


Perimeter of a Rectangle 

Area of a Rectangle 

Perimeter and Area Formulas 
Area of a Triangle 

Area of a Triangle with Fractions 
Area of a Trapezoid 


Key Concepts 
¢ Properties of Rectangles 

© Rectangles have four sides and four right 
(90°) angles. 

© The lengths of opposite sides are equal. 

© The perimeter, P, of a rectangle is the sum 
of twice the length and twice the width. 

BM P=2L+2W 


© The area, A, of a rectangle is the length 
times the width. 


@ A=LW 
- Triangle Properties 


© For any triangle AABC, the sum of the 
measures of the angles is 180°. 


BM mzA+mzB+mzC=180° 


© The perimeter of a triangle is the sum of 
the lengths of the sides. 


M P=a+b+c 


© The area of a triangle is one-half the base, 
b, times the height, h. 


mM A=12bh 


Practice Makes Perfect 
Understand Linear, Square, and Cubic Measure 


In the following exercises, determine whether you 
would measure each item using linear, square, or 
cubic units. 


amount of water in a fish tank 


cubic 


length of dental floss 


living area of an apartment 


square 


floor space of a bathroom tile 


height of a doorway 


linear 


capacity of a truck trailer 


In the following exercises, find the © perimeter and 
® area of each figure. Assume each side of the 
square is 1 cm. 


@ 8cm 
© 3 sq. cm 


@ 10cm 
® 5 sq. cm 


Use the Properties of Rectangles 


In the following exercises, find the @ perimeter and 
® area of each rectangle. 


The length of a rectangle is 85 feet and the 
width is 45 feet. 


@ 260 ft 
® 3825 sq. ft 


The length of a rectangle is 26 inches and the 
width is 58 inches. 


A rectangular room is 15 feet wide by 14 feet 
long. 


@ 58 ft 
® 210 sq. ft 


A driveway is in the shape of a rectangle 20 
feet wide by 35 feet long. 


In the following exercises, solve. 


Find the length of a rectangle with perimeter 
124 inches and width 38 inches. 


24 inches 


Find the length of a rectangle with perimeter 
20.2 yards and width of 7.8 yards. 


Find the width of a rectangle with perimeter 92 
meters and length 19 meters. 


27 meters 


Find the width of a rectangle with perimeter 
16.2 meters and length 3.2 meters. 


The area of a rectangle is 414 square meters. 
The length is 18 meters. What is the width? 


23m 


The area of a rectangle is 782 square 
centimeters. The width is 17 centimeters. What 
is the length? 


The length of a rectangle is 9 inches more than 
the width. The perimeter is 46 inches. Find the 
length and the width. 


7 in., 16 in. 


The width of a rectangle is 8 inches more than 
the length. The perimeter is 52 inches. Find the 
length and the width. 


The perimeter of a rectangle is 58 meters. The 
width of the rectangle is 5 meters less than the 
length. Find the length and the width of the 
rectangle. 


17m,12m 


The perimeter of a rectangle is 62 feet. The 
width is 7 feet less than the length. Find the 
length and the width. 


The width of the rectangle is 0.7 meters less 
than the length. The perimeter of a rectangle is 
52.6 meters. Find the dimensions of the 
rectangle. 


13.5 m, 12.8 m 


The length of the rectangle is 1.1 meters less 
than the width. The perimeter of a rectangle is 
49.4 meters. Find the dimensions of the 
rectangle. 


The perimeter of a rectangle of 150 feet. The 
length of the rectangle is twice the width. Find 
the length and width of the rectangle. 


25 ft, 50 ft 


The length of a rectangle is three times the 
width. The perimeter is 72 feet. Find the length 
and width of the rectangle. 


The length of a rectangle is 3 meters less than 
twice the width. The perimeter is 36 meters. 
Find the length and width. 


7m, 11m 


The length of a rectangle is 5 inches more than 
twice the width. The perimeter is 34 inches. 
Find the length and width. 


The width of a rectangular window is 24 
inches. The area is 624 square inches. What is 
the length? 


26 in. 


The length of a rectangular poster is 28 inches. 
The area is 1316 square inches. What is the 
width? 


The area of a rectangular roof is 2310 square 
meters. The length is 42 meters. What is the 
width? 


55m 


The area of a rectangular tarp is 132 square 
feet. The width is 12 feet. What is the length? 


The perimeter of a rectangular courtyard is 160 
feet. The length is 10 feet more than the width. 
Find the length and the width. 


35 ft, 45 ft 


The perimeter of a rectangular painting is 306 
centimeters. The length is 17 centimeters more 
than the width. Find the length and the width. 


The width of a rectangular window is 40 inches 
less than the height. The perimeter of the 
doorway is 224 inches. Find the length and the 
width. 


76 in., 36 in. 


The width of a rectangular playground is 7 
meters less than the length. The perimeter of 
the playground is 46 meters. Find the length 
and the width. 


Use the Properties of Triangles 


In the following exercises, solve using the properties 
of triangles. 


Find the area of a triangle with base 12 inches 
and height 5 inches. 


60 sq. in. 


Find the area of a triangle with base 45 
centimeters and height 30 centimeters. 


Find the area of a triangle with base 8.3 meters 
and height 6.1 meters. 


25.315 sq. m 


Find the area of a triangle with base 24.2 feet 
and height 20.5 feet. 


A triangular flag has base of 1 foot and height 
of 1.5 feet. What is its area? 


0.75 sq. ft 


A triangular window has base of 8 feet and 
height of 6 feet. What is its area? 


If a triangle has sides of 6 feet and 9 feet and 
the perimeter is 23 feet, how long is the third 
side? 


8 ft 


If a triangle has sides of 14 centimeters and 18 
centimeters and the perimeter is 49 
centimeters, how long is the third side? 


What is the base of a triangle with an area of 
207 square inches and height of 18 inches? 


23 in. 


What is the height of a triangle with an area of 
893 square inches and base of 38 inches? 


The perimeter of a triangular reflecting pool is 
36 yards. The lengths of two sides are 10 yards 
and 15 yards. How long is the third side? 


11 ft 


A triangular courtyard has perimeter of 120 
meters. The lengths of two sides are 30 meters 
and 50 meters. How long is the third side? 


An isosceles triangle has a base of 20 
centimeters. If the perimeter is 76 centimeters, 
find the length of each of the other sides. 


28 cm 


An isosceles triangle has a base of 25 inches. If 
the perimeter is 95 inches, find the length of 
each of the other sides. 


Find the length of each side of an equilateral 
triangle with a perimeter of 51 yards. 


L7ett 


Find the length of each side of an equilateral 
triangle with a perimeter of 54 meters. 


The perimeter of an equilateral triangle is 18 


meters. Find the length of each side. 


6m 


The perimeter of an equilateral triangle is 42 
miles. Find the length of each side. 


The perimeter of an isosceles triangle is 42 feet. 
The length of the shortest side is 12 feet. Find 
the length of the other two sides. 


15 ft 


The perimeter of an isosceles triangle is 83 
inches. The length of the shortest side is 24 
inches. Find the length of the other two sides. 


A dish is in the shape of an equilateral triangle. 
Each side is 8 inches long. Find the perimeter. 


24 in. 


A floor tile is in the shape of an equilateral 
triangle. Each side is 1.5 feet long. Find the 
perimeter. 


A road sign in the shape of an isosceles triangle 
has a base of 36 inches. If the perimeter is 91 
inches, find the length of each of the other 
sides. 


27.5 in. 


A scarf in the shape of an isosceles triangle has 
a base of 0.75 meters. If the perimeter is 2 
meters, find the length of each of the other 
sides. 


The perimeter of a triangle is 39 feet. One side 
of the triangle is 1 foot longer than the second 
side. The third side is 2 feet longer than the 
second side. Find the length of each side. 


12 ft, 13 ft, 14 ft 


The perimeter of a triangle is 35 feet. One side 
of the triangle is 5 feet longer than the second 
side. The third side is 3 feet longer than the 
second side. Find the length of each side. 


One side of a triangle is twice the smallest side. 


The third side is 5 feet more than the shortest 
side. The perimeter is 17 feet. Find the lengths 
of all three sides. 


3 ft, 6 ft, 8 ft 


One side of a triangle is three times the smallest 
side. The third side is 3 feet more than the 
shortest side. The perimeter is 13 feet. Find the 
lengths of all three sides. 


Use the Properties of Trapezoids 


In the following exercises, solve using the properties 
of trapezoids. 


The height of a trapezoid is 12 feet and the 
bases are 9 and 15 feet. What is the area? 


144 sq. ft 


The height of a trapezoid is 24 yards and the 
bases are 18 and 30 yards. What is the area? 


Find the area of a trapezoid with a height of 51 
meters and bases of 43 and 67 meters. 


2805 sq. m 


Find the area of a trapezoid with a height of 62 
inches and bases of 58 and 75 inches. 


The height of a trapezoid is 15 centimeters and 
the bases are 12.5 and 18.3 centimeters. What 
is the area? 


231 sq. cm 


The height of a trapezoid is 48 feet and the 
bases are 38.6 and 60.2 feet. What is the area? 


Find the area of a trapezoid with a height of 4.2 
meters and bases of 8.1 and 5.5 meters. 


28.56 sq. m 


Find the area of a trapezoid with a height of 
32.5 centimeters and bases of 54.6 and 41.4 
centimeters. 


Laurel is making a banner shaped like a 


trapezoid. The height of the banner is 3 feet 
and the bases are 4 and 5 feet. What is the area 
of the banner? 


13.5 sq. ft 


Niko wants to tile the floor of his bathroom. 
The floor is shaped like a trapezoid with width 
5 feet and lengths 5 feet and 8 feet. What is the 
area of the floor? 


Theresa needs a new top for her kitchen 
counter. The counter is shaped like a trapezoid 
with width 18.5 inches and lengths 62 and 50 
inches. What is the area of the counter? 


1036 sq. in. 


Elena is knitting a scarf. The scarf will be 
shaped like a trapezoid with width 8 inches and 
lengths 48.2 inches and 56.2 inches. What is 
the area of the scarf? 


Everyday Math 


Fence Jose just removed the children’s playset 
from his back yard to make room for a 
rectangular garden. He wants to put a fence 
around the garden to keep out the dog. He has 
a 50 foot roll of fence in his garage that he 
plans to use. To fit in the backyard, the width 
of the garden must be 10 feet. How long can he 
make the other side if he wants to use the 
entire roll of fence? 


15 ft 


Gardening Lupita wants to fence in her tomato 
garden. The garden is rectangular and the 
length is twice the width. It will take 48 feet of 
fencing to enclose the garden. Find the length 
and width of her garden. 


Fence Christa wants to put a fence around her 
triangular flowerbed. The sides of the flowerbed 
are 6 feet, 8 feet, and 10 feet. The fence costs 
$10 per foot. How much will it cost for Christa 
to fence in her flowerbed? 


$24 


Painting Caleb wants to paint one wall of his 


attic. The wall is shaped like a trapezoid with 
height 8 feet and bases 20 feet and 12 feet. The 
cost of the painting one square foot of wall is 
about $0.05. About how much will it cost for 
Caleb to paint the attic wall? 


Writing Exercises 


If you need to put tile on your kitchen floor, do 
you need to know the perimeter or the area of 
the kitchen? Explain your reasoning. 


Answers will vary. 


If you need to put a fence around your 
backyard, do you need to know the perimeter 
or the area of the backyard? Explain your 
reasoning. 


Look at the two figures. 


@ Which figure looks like it has the larger 
area? Which looks like it has the larger 
perimeter? 


® Now calculate the area and perimeter of 
each figure. Which has the larger area? Which 
has the larger perimeter? 


Answers will vary. 


The length of a rectangle is 5 feet more than the 
width. The area is 50 square feet. Find the 
length and the width. 


@ Write the equation you would use to solve 
the problem. 


© Why can’t you solve this equation with the 
methods you learned in the previous chapter? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Glossary 


area 
The area is a measure of the surface covered 
by a figure. 


equilateral triangle 
A triangle with all three sides of equal length 
is called an equilateral triangle. 


isosceles triangle 
A triangle with two sides of equal length is 
called an isosceles triangle. 


perimeter 
The perimeter is a measure of the distance 
around a figure. 


rectangle 


A rectangle is a geometric figure that has four 
sides and four right angles. 


trapezoid 
A trapezoid is four-sided figure, a 
quadrilateral, with two sides that are parallel 
and two sides that are not. 


Solve Geometry Applications: Circles and Irregular 
Figures 
By the end of this section, you will be able to: 


* Use the properties of circles 
¢ Find the area of irregular figures 


Before you get started, take this readiness quiz. 


1. Evaluate x2 when x=5. 

If you missed this problem, review [link]. 

2. Using 3.14 for 1, approximate the (a) 
circumference and (b) the area of a circle with 
radius 8 inches. 

If you missed this problem, review [link]. 

. Simplify 227(0.25)2 and round to the nearest 
thousandth. 
If you missed this problem, review [link]. 


In this section, we’ll continue working with 
geometry applications. We will add several new 
formulas to our collection of formulas. To help you 
as you do the examples and exercises in this section, 
we will show the Problem Solving Strategy for 
Geometry Applications here. 


Problem Solving Strategy for Geometry 


Applications 


Read the problem and make sure you understand all 
the words and ideas. Draw the figure and label it 
with the given information. Identify what you are 
looking for. Name what you are looking for. Choose 
a variable to represent that quantity. Translate into 
an equation by writing the appropriate formula or 
model for the situation. Substitute in the given 
information. Solve the equation using good algebra 
techniques. Check the answer in the problem and 
make sure it makes sense. Answer the question with 
a complete sentence. 


Use the Properties of Circles 


Do you remember the properties of circles from 
Decimals and Fractions Together? We’ll show them 
here again to refer to as we use them to solve 
applications. 


Properties of Circles 


r is the length of the radius 

d is the length of the diameter 

d=2r 

Circumference is the perimeter of a circle. The 
formula for circumference is 

C= 2nr 

The formula for area of a circle is 

A=mr2 


Remember, that we approximate xz with 3.14 or 227 
depending on whether the radius of the circle is 
given as a decimal or a fraction. If you use the m key 
on your calculator to do the calculations in this 
section, your answers will be slightly different from 
the answers shown. That is because the key uses 
more than two decimal places. 


A circular sandbox has a radius of 2.5 feet. 


Find the © circumference and © area of the 
sandbox. 


Solution 


@ 
Step 1. Read the 


Step 2. Identify what: the circumference of 


aw arn lanling far tha nivola 
you UsLe 1VYUVINIIL & ivis Labs V1 LL 


Step 3. Name. Choos: Let c = circumference 
a variable to represerit of the circle 

Step 4. Translate. 

Write the appropriate C= 2zr 


formula C= 27(2.5) 
Substitute 

Step 5. Solve the C= 2(3.14)(2.5) 
equation Geils 


SAS UULLLVile 


Step 6. Check. Does 
this answer make 


sense? 

Yes. If we draw a 
square around the 
circle, its sides would 
be 5 ft (twice the 
radius), so its 
perimeter would be 20 
ft. This is slightly more 
than the circle's 
circumference, 15.7 ft. 


5 ft 


Step 7. Answer the The circumference of 
question. the sandbox is 15.7 
feet. 


® 
Step 1. Read the 


Step 2. Identify what: the area of the circle 


mon an laalina Far 
you are AVVAALLIL fe) LWV.ie 


Step 3. Name. Choos: Let A = the area of the 
a variable to represerit circle 

Step 4. Translate. 

Write the appropriate A=sr2 


formula A=n(2.5)2 
Substitute 

Step 5. Solve the A= (3.14)(2.5)2 
equaticn. A~=19.625sq. ft 


ras 
Step 6. Check. 

Yes. If we draw a 

square around the 

circle, its sides would 

be 5 ft, as shown in 

part @. So the area of 

the square would be 25 

sq. ft. This is slightly 

more than the circle's 


aran 10 625 SG. ft. 


ULL, thvYveVeai 


Step 7. Answer the The area of the circle is 
question. 19.625 square feet. 


A circular mirror has radius of 5 inches. Find 
the @ circumference and © area of the 
mirror. 


@ 31.4 in. 
® 78.5 sq. in. 


A circular spa has radius of 4.5 feet. Find the 
@ circumference and © area of the spa. 


@ 28.26 ft 
© 63.585 sq. ft 


We usually see the formula for circumference in 
terms of the radius r of the circle: 
C=2mr 


But since the diameter of a circle is two times the 
radius, we could write the formula for the 


circumference in terms ofd. 
C=2nrUsing the commutative property, we 
getC =2-2rThen substitutingd = 2rCc = 1-dSoC = nd 


We will use this form of the circumference when 
we're given the length of the diameter instead of the 
radius. 


A circular table has a diameter of four feet. 
What is the circumference of the table? 


Solution 


Step 1. Read the 
problem. Draw the 
figure and label it wich 
the given information. 


— 


Step 2. Identify what: the circumference of 
«x Far tha tahla 


a Iaantlsi 
you are 10CE LvV.ie Lab's LUI 


Step 3. Name. Choos2 Let c = the 

a variable to represerit circumference of the 
at tahla 

Step 4. Translate. 

Write the appropriate C=2d 


formula for the C=n(4) 
eee 
eee a Solve the C=(3.14)(4) 


equation, using 3.14 C=+12.56feet 
far 3 

Step 6. Check: If we 

put a square around 

the circle, its side 

would be 4. 

The perimeter would 

be 16. It makes sense 

that the circumference 

of the circle, 12.56, is a 


little less than 16. 


4 ft 4 ft 


4 ft 


Step 7. Answer the The diameter of the 
question. table is 12.56 square 
feet. 


Find the circumference of a circular fire pit 
whose diameter is 5.5 feet. 


W727 


If the diameter of a circular trampoline is 12 
feet, what is its circumference? 


37.68 ft 


Find the diameter of a circle with a 
circumference of 47.1 centimeters. 


Solution 


Step 1. Read the 
problem. Draw the 
figure and label it wich 
the given information. 


Cc =47.icm 
Step 2. Identify what: the diameter of the 


wad arn lanlina far aivrela 
JV Bt 1YUYUINIILG 1VU1- Viti Liv 


Step 3. Name. Choos2 Let d = the diameter 
a variable to represerit of the circle 


Ctan A Tuanalata 
UUWp re peessv1Lee 


Write the formula. 
Substitute, using 3.14. 
to C=nd 


471 = 3 14d 
Step 5. Solve. 


47.1 | 3.14d 
3.14 ~ 3.14 


13-d 
Step 6. Check: 
C=nd 


47.1 = ?(3.14)(15) 


AT1—AT17 
fs et UT EF oh 


Step 7. Answer the — The diameter of the 
question. circle is approximately 
15 centimeters. 


Find the diameter of a circle with 
circumference of 94.2 centimeters. 


Find the diameter of a circle with 
circumference of 345.4 feet. 


110 ft 


Find the Area of Irregular Figures 


So far, we have found area for rectangles, triangles, 
trapezoids, and circles. An irregular figure is a 
figure that is not a standard geometric shape. Its 
area cannot be calculated using any of the standard 
area formulas. But some irregular figures are made 
up of two or more standard geometric shapes. To 
find the area of one of these irregular figures, we 
can split it into figures whose formulas we know 
and then add the areas of the figures. 


Find the area of the shaded region. 


Solution 


The given figure is irregular, but we can break 
it into two rectangles. The area of the shaded 
region will be the sum of the areas of both 
rectangles. 


The blue rectangle has a width of 12 anda 
length of 4. The red rectangle has a width of 2, 
but its length is not labeled. The right side of 
the figure is the length of the red rectangle 
plus the length of the blue rectangle. Since the 


right side of the blue rectangle is 4 units long, 
the length of the red rectangle must be 6 units. 


The area of the figure is 60 square units. 


Is there another way to split this figure into 
two rectangles? Try it, and make sure you get 
the same area. 


Find the area of each shaded region: 


Find the area of each shaded region: 


110 sq. units 


Find the area of the shaded region. 


Solution 


We can break this irregular figure into a 
triangle and rectangle. The area of the figure 
will be the sum of the areas of triangle and 
rectangle. 


The rectangle has a length of 8 units and a 
width of 4 units. 


We need to find the base and height of the 
triangle. 


Since both sides of the rectangle are 4, the 
vertical side of the triangle is 3, which is 7 — 4. 


The length of the rectangle is 8, so the base of 
the triangle will be 3, which is 8—4. 


Now we can add the areas to find the area of 
the irregular figure. 


The area of the figure is 36.5 square units. 


Find the area of each shaded region. 


36.5 sq. units 


Find the area of each shaded region. 


A high school track is shaped like a rectangle 
with a semi-circle (half a circle) on each end. 
The rectangle has length 105 meters and width 
68 meters. Find the area enclosed by the track. 
Round your answer to the nearest hundredth. 


Solution 


We will break the figure into a rectangle and 
two semi-circles. The area of the figure will be 
the sum of the areas of the rectangle and the 
semicircles. 


The rectangle has a length of 105 m and a 
width of 68 m. The semi-circles have a 
diameter of 68 m, so each has a radius of 34 
m. 


103.2 sq. units 


Find the area: 


38.24 sq. units 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Circumference of a Circle 
Area of a Circle 
Area of an L-shaped polygon 
Area of an L-shaped polygon with Decimals 
Perimeter Involving a Rectangle and Circle 
Area Involving a Rectangle and Circle 


Key Concepts 


¢ Problem Solving Strategy for Geometry 


Applications 


Read the problem and make sure you 
understand all the words and ideas. Draw the 
figure and label it with the given information. 
Identify what you are looking for. Name what 
you are looking for. Choose a variable to 
represent that quantity. Translate into an 
equation by writing the appropriate formula or 
model for the situation. Substitute in the given 
information. Solve the equation using good 
algebra techniques. Check the answer in the 
problem and make sure it makes sense. Answer 
the question with a complete sentence. 


¢ Properties of Circles 


Cy d=2r 
© Circumference: C= 2xr or C=nxd 
© Area: A=xr2 


Practice Makes Perfect 
Use the Properties of Circles 


In the following exercises, solve using the properties 
of circles. 


The lid of a paint bucket is a circle with radius 
7 inches. Find the ®@ circumference and © area 
of the lid. 


@ 43.96 in. 
® 153.86 sq. in. 


An extra-large pizza is a circle with radius 8 
inches. Find the @ circumference and © area 
of the pizza. 


A farm sprinkler spreads water in a circle with 
radius of 8.5 feet. Find the @ circumference 
and © area of the watered circle. 


@ 53.38 ft 
© 226.865 sq. ft 


A circular rug has radius of 3.5 feet. Find the © 
circumference and © area of the rug. 


A reflecting pool is in the shape of a circle with 
diameter of 20 feet. What is the circumference 
of the pool? 


62.8 ft 


A turntable is a circle with diameter of 10 
inches. What is the circumference of the 
turntable? 


A circular saw has a diameter of 12 inches. 
What is the circumference of the saw? 


37.68 in. 


A round coin has a diameter of 3 centimeters. 
What is the circumference of the coin? 


A barbecue grill is a circle with a diameter of 
2.2 feet. What is the circumference of the grill? 


6.908 ft 


The top of a pie tin is a circle with a diameter 
of 9.5 inches. What is the circumference of the 
top? 


A circle has a circumference of 163.28 inches. 
Find the diameter. 


52 in. 


A circle has a circumference of 59.66 feet. Find 
the diameter. 


A circle has a circumference of 17.27 meters. 
Find the diameter. 


5.5m 


A circle has a circumference of 80.07 
centimeters. Find the diameter. 


In the following exercises, find the radius of the 
circle with given circumference. 


A circle has a circumference of 150.72 feet. 


24 ft 


A circle has a circumference of 251.2 
centimeters. 


A circle has a circumference of 40.82 miles. 


6.5 mi 


A circle has a circumference of 78.5 inches. 


Find the Area of Irregular Figures 


In the following exercises, find the area of the 
irregular figure. Round your answers to the nearest 
hundredth. 


16 sq. units 


30 sq. units 


57.5 sq. units 


12 sq. units 


67.5 sq. units 


89 sq. units 


44.81 sq. units 


41.12 sq. units 


35.13 sq. units 


95.625 sq. units 


In the following exercises, solve. 


A city park covers one block plus parts of four 
more blocks, as shown. The block is a square 
with sides 250 feet long, and the triangles are 
isosceles right triangles. Find the area of the 
park. 


187,500 sq. ft 


A gift box will be made from a rectangular 
piece of cardboard measuring 12 inches by 20 
inches, with squares cut out of the corners of 
the sides, as shown. The sides of the squares are 
3 inches. Find the area of the cardboard after 


the corners are cut out. 


Perry needs to put in a new lawn. His lot is a 
rectangle with a length of 120 feet and a width 
of 100 feet. The house is rectangular and 
measures 50 feet by 40 feet. His driveway is 


rectangular and measures 20 feet by 30 feet, as 
shown. Find the area of Perry’s lawn. 


9400 sq. ft 


Denise is planning to put a deck in her back 
yard. The deck will be a 20-ft by 12-ft rectangle 
with a semicircle of diameter 6 feet, as shown 
below. Find the area of the deck. 


Everyday Math 


Area of a Tabletop Yuki bought a drop-leaf 
kitchen table. The rectangular part of the table 
is a 1-ft by 3-ft rectangle with a semicircle at 
each end, as shown. @ Find the area of the 
table with one leaf up. © Find the area of the 
table with both leaves up. 


@ 6.5325 sq. ft 
© 10.065 sq. ft 


Painting Leora wants to paint the nursery in 
her house. The nursery is an 8-ft by 10-ft 
rectangle, and the ceiling is 8 feet tall. There is 
a 3-ft by 6.5-ft door on one wall, a 3-ft by 6.5-ft 
closet door on another wall, and one 4-ft by 
3.5-ft window on the third wall. The fourth wall 
has no doors or windows. If she will only paint 
the four walls, and not the ceiling or doors, 


how many square feet will she need to paint? 


Writing Exercises 


Describe two different ways to find the area of 
this figure, and then show your work to make 
sure both ways give the same area. 


Answers will vary. 


A circle has a diameter of 14 feet. Find the area 
of the circle © using 3.14 form © using 227 for 
zt. © Which calculation to do prefer? Why? 


Self Check 


@ After completing the exercises, use this checklist 


to evaluate your mastery of the objectives of this 
section. 


® After looking at the checklist, do you think you 
are well prepared for the next section? Why or why 
not? 


Glossary 


irregular figure 
An irregular figure is a figure that is not a 
standard geometric shape. Its area cannot be 
calculated using any of the standard area 
formulas. 


Solve Geometry Applications: Volume and Surface 
Area 
By the end of this section, you will be able to: 


* Find volume and surface area of rectangular 
solids 

¢ Find volume and surface area of spheres 

¢ Find volume and surface area of cylinders 

¢ Find volume of cones 


Before you get started, take this readiness quiz. 


1. Evaluate x3 when x=5. 

If you missed this problem, review [link]. 
2. Evaluate 2x when x=5. 

If you missed this problem, review [link]. 
3. Find the area of a circle with radius 72. 

If you missed this problem, review [link]. 


In this section, we will finish our study of geometry 
applications. We find the volume and surface area of 
some three-dimensional figures. Since we will be 
solving applications, we will once again show our 
Problem-Solving Strategy for Geometry 
Applications. 

Problem Solving Strategy for Geometry 


Applications 


Read the problem and make sure you understand all 
the words and ideas. Draw the figure and label it 
with the given information. Identify what you are 
looking for. Name what you are looking for. Choose 
a variable to represent that quantity. Translate into 
an equation by writing the appropriate formula or 
model for the situation. Substitute in the given 
information. Solve the equation using good algebra 
techniques. Check the answer in the problem and 
make sure it makes sense. Answer the question with 
a complete sentence. 


This wooden crate is in the shape of a rectangular 
solid. Breaking a rectangular solid into layers makes 
it easier to visualize the number of cubic units it 
contains. This 4 by 2 by 3 rectangular solid has 24 
cubic units. For each face of the rectangular solid 
facing you, there is another face on the opposite 
side. There are 6 faces in all. 


Find Volume and Surface Area of 
Rectangular Solids 


A cheerleading coach is having the squad paint 
wooden crates with the school colors to stand on at 
the games. (See [link]). The amount of paint needed 
to cover the outside of each box is the surface area, 
a square measure of the total area of all the sides. 
The amount of space inside the crate is the volume, 


a cubic measure. 


Each crate is in the shape of a rectangular solid. Its 
dimensions are the length, width, and height. The 
rectangular solid shown in has length 4 units, 
width 2 units, and height 3 units. Can you tell how 
many cubic units there are altogether? Let’s look 
layer by layer. 


Altogether there are 24 cubic units. Notice that 24 is 
the length x width x height. 


The volume, V, of any rectangular solid is the 


product of the length, width, and height. 
V=LWH 


We could also write the formula for volume of a 
rectangular solid in terms of the area of the base. 
The area of the base, B, is equal to length x width. 
B=LW 


We can substitute B for L‘W in the volume formula 
to get another form of the volume formula. 


We now have another version of the volume 
formula for rectangular solids. Let’s see how this 
works with the 4 x 2 x 3 rectangular solid we started 
with. See [link]. 


To find the surface area of a rectangular solid, think 

about finding the area of each of its faces. How 

many faces does the rectangular solid above have? 

You can see three of them. 

Afront = L x WAside = L xX WAtop = L x WAfront = 4-3Aside = 


Notice for each of the three faces you see, there is 

an identical opposite face that does not show. 

S= (front + back) + (left side + right side) + (top 

+ bottom)S = (2-front) + (2-left 

side) + (2:top)S = 2:12+ 26+ 2-88 = 244+ 12+ 16S=52sq. 
units 


The surface area S of the rectangular solid shown in 
[link] is 52 square units. 


In general, to find the surface area of a rectangular 
solid, remember that each face is a rectangle, so its 
area is the product of its length and its width (see 
[link]). Find the area of each face that you see and 
then multiply each area by two to account for the 
face on the opposite side. 

S=2LH + 2LW + 2WH 


olume and Surface Area of a Rectangular Solid 
For a rectangular solid with length L, width W, and 
height H: 


Doing the Manipulative Mathematics activity 


“Painted Cube” will help you develop a better 
understanding of volume and surface area. 


For a rectangular solid with length 14 cm, 
height 17 cm, and width 9 cm, find the © 
volume and © surface area. 


Solution 


Step 1 is the same for both @ and ©, so we 
will show it just once. 


Step 1. Read the 
problem. Draw the 
fig 

lak 

inf 


14 


(ey) 
Y 


Step 2. Identify what: 


TANAI1 AKA loghking for, 
je UL LVVIALIL & + 


Step 3. Name. Choos2 
a variable to represerit 


° 
1t 
Le 


Step 4. Translate. 


Write the appropriate: 


formula. 


Su thoti vee 
ule 


WVvVUtLLE 


Step 5. Solve the 


ani1atinn 
vyuuanuvil. 


Step 6. Check 


We leave it to you to 


check your 


. 
ralaulatinna 
VULLCULULLULID. 


Step 7. Answer the 
question. 


the volume of the 


rartanoaiuilar anlid 
au eee Coe AUL JUL 


Let V= volume 


V=LWH 
V=14:9:17 


V=2,142 


The surface area is 
1,034 square 


reantimatarc 


VV lataseswriwive 


AY 


Step 2. Identify what: the surface area of the 


WTAAAI1T AKMN lTAnlLina far anlida 
yuu are 1yuunui 6 1V1- vu. 


Step 3. Name. Choos: Let S= surface area 

a variable to represerit 

Step 4. Translate. 

Write the appropriate S=2LH+2LW+2WH 

formula. S=2(14:17) + 2(14:9) + 2(9-17) 


Crsthaotituita 
VMVUYOILILELLYe 


Step 5. Solve the S=1,034 


namnatinan 
Wey VEE ike 


Step 6. Check: Double- 
check with a 


ealaiulatar 
Step 7. Answer the The surface area is 
question. 1,034 square 


centimeters. 


Find the @ volume and © surface area of 
rectangular solid with the: length 8 feet, width 
9 feet, and height 11 feet. 


@ 792 cu. ft 
® 518 sq. ft 


Find the @ volume and © surface area of 
rectangular solid with the: length 15 feet, 
width 12 feet, and height 8 feet. 


@ 1,440 cu. ft 
© 792 sq. ft 


A rectangular crate has a length of 30 inches, 
width of 25 inches, and height of 20 inches. 
Find its @ volume and © surface area. 


Solution 


Step 1 is the same for both © and ©, so we 
will show it just once. 


Step 1. Read the 
problem. Draw the 


fig 
lat 20 
inf 
25 
30 
@ 


Step 2. Identify what: the volume of the crate 


wad awn lanlina far 
Jv ape 1tyvyunNiiig ivi- 


Step 3. Name. Choos: let V= volume 
a variable to represent 


Step 4. Translate. 
Write the appropriate V=LWH 


formula. V =30-25-20 
Substitute. 
Step 5. Solve the V=15,000 


ananii14tinn 


BLEU YU LLLUULIe 


Step 7. Answer the The volume is 15,000 
question. cubic inches. 


AY 


Step 2. Identify what: the surface area of the 


m1i1tanrnna lanlinag far erata 
you uUuLwv EAS ADSOEES) LV.ie RLU 


Step 3. Name. Choose: let S= surface area 

a variable to represerit 

Step 4. Translate. 

Write the appropriate S=2LH+2LW+2WH 


formula. S = 2(30-20) + 2(30°25) + 
Cithoetituta 
Step 5. Solve the S= 3,700 


. 
ani19atianan 
veyuunuvil. 


Step 6. Check: Check it 


iwatr.)eal fl 
J VULULILe 


Step 7. Answer the The surface area is 
question. 3,700 square inches. 


A rectangular box has length 9 feet, width 4 
feet, and height 6 feet. Find its @ volume and 
® surface area. 


@ 216 cu. ft 
© 228 sq. ft 


A rectangular suitcase has length 22 inches, 
width 14 inches, and height 9 inches. Find its 
@ volume and © surface area. 


2772 cuein. 
® 1,264 sq. in. 


Volume and Surface Area of a Cube 


A cube is a rectangular solid whose length, width, 
and height are equal. See Volume and Surface Area 
of a Cube, below. Substituting, s for the length, 
width and height into the formulas for volume and 
surface area of a rectangular solid, we get: 
V=LWHS = 2LH+ 2LW + 2WHV =s's‘sS = 2s's + 25's 
+ 2s'sV =s3S = 282 + 282 + 2s2S = 682 


So for a cube, the formulas for volume and surface 
area are V=s3 and S=6s2. 


olume and Surface Area of a Cube 
For any cube with sides of length s, 


Volume: V= s? 
Surface Area: S = 6s2 


A cube is 2.5 inches on each side. Find its @ 
volume and © surface area. 


Solution 


Step 1 is the same for both @ and ©, so we 
will show it just once. 


Step 1. Read the 
problem, Draw the 

fig 

fy 2.5 
inf 


Pint 
2.5 


G) 
(a) 


Step 2. Identify what: 


WWANA1 AKrNA lanling far 
JV are 1yyuNiig 1vi- 


Step 3. Name. Choos=2 
a variable to represerit 
Step 4. Translate. 
Write the appropriate: 


farm al n 
bvVUL1i1uUiue 


Step 5. Solve. 


Substituta and solve, 
WOLLLULY ULL DULVE 


Step 6. Check: Check 


LOU in vatarls 
yaw VVULINe 


Step 7. Answer the 
question. 


(A) 


a 


Step 2. Identify what: 


WWTWAA1 ANA lanblinag far 
Jv are 1tyvyuniiig 1vi- 


Step 3. Name. Choos= 
a variable to represerit 
Step 4. Translate. 
Write the appropriate: 


farm al cel 
bVL1i1uU1U.e 


Step 5. Solve. 


Substituta and solve, 
WVOLLLULE ULL DULVE 


the volume of the cube 


let V = volume 


The volume is 15.625 
cubic inches. 


the surface area of the 


eith4s 
VUYLo 


let S = surface area 


Step 6. Check: The 


rhaoal, ic loft ta x7 EOAL 
V42Ue nN do teat Ly yuu. 


Step 7. Answer the The surface area is 
question. 37.5 square inches. 


For a cube with side 4.5 meters, find the @ 
volume and © surface area of the cube. 


@ 91.125 cu. m 
® 121.5 sq.m 


For a cube with side 7.3 yards, find the @ 
volume and © surface area of the cube. 


@ 389.017 cu. yd. 
® 319.74 sq. yd. 


A notepad cube measures 2 inches on each 
side. Find its ®@ volume and © surface area. 


Solution 


Step 1. Read the 
problem. Draw the 
fig 

la Zen 
in 


AN 
Step 2. Identify what: the volume of the cube 


nii1 arn loghking for, 
you UL LVVIAALIL & + 


Step 3. Name. Choos: let V = volume 
a variable to represent 


1 
Bbhe 


Step 4. Translate. 


Write the appropriate: 


farm al nn 
LULU. 


Step 5. Solve the 


ani1atinn 
veya. 


Step 6. Check: Check 
that you did the 
calculations 


earraootl« 
Vvisrcruy. 


Step 7. Answer the 
question. 


Step 2. Identify what: 


WAA1 AKrKA lanling far 
Jv are 1tyyuniiig 1vi- 


Step 3. Name. Choos2 
a variable to represerit 
Step 4. Translate. 
Write the appropriate: 


farm al cay 
LULU. 


Step 5. Solve the 


an11atinan 
veyuuuvi. 


Step 6. Check: The 


rhaoeal, ic loft ta SEA 
Vs2CN do stat ly yy” 


Step 7. Answer the 
question. 


The volume is 8 cubic 
inches. 


the surface area of the 


eith4sa 
VUYLo 


let S = surface area 


The surface area is 24 
square inches. 


A packing box is a cube measuring 4 feet on 
each side. Find its @ volume and © surface 
area. 


@ 64 cu. ft 
© 96 sq. ft 


A wall is made up of cube-shaped bricks. Each 
cube is 16 inches on each side. Find the @ 
volume and © surface area of each cube. 


@ 4,096 cu. in. 
® 1536 sq. in. 


Find the Volume and Surface Area of 
Spheres 


A sphere is the shape of a basketball, like a three- 
dimensional circle. Just like a circle, the size of a 
sphere is determined by its radius, which is the 
distance from the center of the sphere to any point 
on its surface. The formulas for the volume and 
surface area of a sphere are given below. 


Showing where these formulas come from, like we 
did for a rectangular solid, is beyond the scope of 
this course. We will approximate x with 3.14. 


olume and Surface Area of a Sphere 
For a sphere with radius r: 


A sphere has a radius 6 inches. Find its @ 
volume and © surface area. 


Solution 


Step 1 is the same for both © and ©, so we 
will show it just once. 


Step 1. Read the 
problem. Draw the 
fig 

it) 

inf 


AN 
Step 2. Identify what: the volume of the 
h 


Step 3. Name. Choos: let V = volume 
a variable to represent 


Step 4. Translate. 
Write the appropriate V=43z1r3 


farm al na 
LULU. 


Step 5. Solve. V = 43(3.14)63 


W~an/, 29eubic incehoaa 


Au LL10110C0 


Step 6. Check: Double- 
check your math on a 


ralaulatar 
VuUuLeULULUL. 


Step 7. Answer the The volume is 
question. approximately 904.32 
cubic inches. 


(A) 
(h) 


Step 2. Identify what: the surface area of the 


WTWAA1 AKA looking for, eith4s 
Jv are savy & + VuUuVve 


Step 3. Name. Choos2 let S = surface area 
a variable to represerit 

Step 4. Translate. 

Write the appropriate) S=4str2 


farm al nn 
LVUL1L11U1LUe 


Step 5. Solve. S = 4(3.14)62 
Cc 


Step 6. Check: Double- 
check your math on a 


ralaulatar 
VuUuLseuLmryut 


Step 7. Answer the The surface area is 
question. approximately 452.16 
square inches. 


Find the @ volume and © surface area of a 
sphere with radius 3 centimeters. 


@ 113.04 cu. cm 
® 113.04 sq. cm 


Find the @ volume and © surface area of each 
sphere with a radius of 1 foot 


@ 4.19 cu. ft 
® 12.56 sq. ft 


A globe of Earth is in the shape of a sphere 
with radius 14 centimeters. Find its @ volume 
and © surface area. Round the answer to the 


nearest hundredth. 


Solution 


Step 1. Read the 
problem. Draw a figure 


G) 


Step 2. Identify what: the volume of the 


TmM1 awn lanlinag Far anhara 
Op eS uLltv ERECT) Lv.ie Ce 


Step 3. Name. Choos: let V = volume 
a variable to represerit 


1 
te 


Step 4. Translate. 
Write the appropriate V=43zr3 


formula. V = 43(3.14)143 
Substitute. (Use 3.14 


far ar \ 


LULL vuy 


Stan 5 Colwva, YW~171 AQQ91 
~ hk IwWwVeait 


SS e4 We Wwvivw iy o) 


Step 6. Check: We 
leave it to you to check 


TOUT ealaiulatiana 
pS RULY ULULLILVILLVe 


Step 7. Answer the The volume is 


question. approximately 
11,488.21 cubic 
inches. 

® 


Step 2. Identify what: the surface area of the 


WWAA1 AKA lanling far onhara 
Jyvue are 1tyyuniiig 1vi- vpiusie 


Step 3. Name. Choos2 let S = surface area 
a variable to represerit 

Step 4. Translate. 

Write the appropriate. S=4str2 


formula. S = 4(3.14)142 
Substitute. (Use 3.14 

for 3) 

Sten 5. Salve, S~ 2461.76 


a We Wwvivw 


Step 6. Check: We 
leave it to you to check 


AIO in ral ot al atinna 
SS RULYULULLIVLLVe 


Step 7. Answer the The surface area is 
question. approximately 2461.76 
square inches. 


A beach ball is in the shape of a sphere with 
radius of 9 inches. Find its @ volume and © 
surface area. 


@ 3052.08 cu. in. 
® 1017.36 sq. in. 


A Roman statue depicts Atlas holding a globe 
with radius of 1.5 feet. Find the @ volume and 
® surface area of the globe. 


@ 14.13 cu. ft 
® 28.26 sq. ft 


A cylinder has two circular bases of equal size. The 
height is the distance between the bases.Seeing how 
a cylinder is similar to a rectangular solid may make 
it easier to understand the formula for the volume of 
a cylinder. By cutting and unrolling the label of a 
can of vegetables, we can see that the surface of a 
cylinder is a rectangle. The length of the rectangle is 
the circumference of the cylinder’s base, and the 
width is the height of the cylinder. 


Find the Volume and Surface Area of a 
Cylinder 


If you have ever seen a can of soda, you know what 
a cylinder looks like. A cylinder is a solid figure 
with two parallel circles of the same size at the top 
and bottom. The top and bottom of a cylinder are 
called the bases. The height h of a cylinder is the 
distance between the two bases. For all the cylinders 
we will work with here, the sides and the height, h , 
will be perpendicular to the bases. 


Rectangular solids and cylinders are somewhat 
similar because they both have two bases and a 


height. The formula for the volume of a rectangular 
solid, V=Bh , can also be used to find the volume of 
a cylinder. 


For the rectangular solid, the area of the base, B , is 
the area of the rectangular base, length x width. 
For a cylinder, the area of the base, B, is the area of 
its circular base, mr2. [link] compares how the 
formula V=Bh is used for rectangular solids and 
cylinders. 


To understand the formula for the surface area of a 
cylinder, think of a can of vegetables. It has three 
surfaces: the top, the bottom, and the piece that 
forms the sides of the can. If you carefully cut the 
label off the side of the can and unroll it, you will 
see that it is a rectangle. See [link]. 


The distance around the edge of the can is the 
circumference of the cylinder’s base it is also the 
length L of the rectangular label. The height of the 
cylinder is the width W of the rectangular label. So 
the area of the label can be represented as 


To find the total surface area of the cylinder, we add 
the areas of the two circles to the area of the 
rectangle. 


The surface area of a cylinder with radius r and 
height h, is 
S=2nr2 + 2nrh 


olume and Surface Area of a Cylinder 
For a cylinder with radius r and height h: 


A cylinder has height 5 centimeters and radius 
3 centimeters. Find the © volume and © 
surface area. 


Solution 


Step 1. Read the 
problem. Draw the 
fig 3 
it 1 

inf 


5 


eS 
Step 2. Identify what: the volume of the 


WTANA1T AKN lAnlLinag far aewlindar 
yUU are 1UUNII1g 1U1. vy wae. 


Step 3. Name. Choos: let V = volume 
a variable to represerit 

Step 4. Translate. 

Write the appropriate V=sar2h 


formula. V =(3.14)32°5 
Substitute. (Use 3.14 

far mo 

LUL vu 

Can FE Calx«ra V7J~1A19 
vip We WuUiv we vo Lh FPheow 


Step 6. Check: We 
leave it to you to check 


tadw4n ealaulatinna 
J VUL CULLULUELLIVIID. 


Step 7. Answer the The volume is 
question. approximately 141.3 
cubic inches. 


(A) 
(h) 


Step 2. Identify what: the surface area of the 


WWANA1 ArNA loghking for, ewlindar 
Jv are ztyveunnii & + Se Ae 


Step 3. Name. Choos2 let S = surface area 
a variable to represerit 

Step 4. Translate. 

Write the appropriate) S=2xr2+ 2xrh 


formula. S = 2(3.14)32 + 2(3.14) 
Substitute. (Use 3.14 (3)5 

far aa 

Sten 5. Salve. S= 150.72 


aye We Wwvivw 


Step 6. Check: We 
leave it to you to check 


° 
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Step 7. Answer the The surface area is 
question. approximately 150.72 
square inches. 


Find the @ volume and © surface area of the 
cylinder with radius 4 cm and height 7cm. 


@ 351.68 cu. cm 
© 276.32 sq. cm 


Find the @ volume and © surface area of the 
cylinder with given radius 2 ft and height 8 ft. 


@ 100.48 cu. ft 
® 125.6 sq. ft 


Find the © volume and © surface area of a 
can of soda. The radius of the base is 4 
centimeters and the height is 13 centimeters. 
Assume the can is shaped exactly like a 
cylinder. 


Solution 


Step 1. Read the 
problem. Draw the 
fig = 4 
lat 
int, 


given 


(ey) 
Step 2. Identify what: the volume of the 


wad awn lanlina far artlindar 
JV Gre 1YUYINIILA 116 vy theater 


Step 3. Name. Choos: let V = volume 
a variable to represent 


Step 4. Translate. 
Write the appropriate V=sar2h 


formula. V =(3.14)42°13 
Substitute. (Use 3.14 

fora 

Can GE Calxra W~65219 


oes] e/ we Wwwvivwve bg 


Step 6. Check: We 

leave it to you to 

Step 7. Answer the The volume is 
question. approximately 653.12 


cubic centimeters. 


(RY 


Step 2. Identify what: the surface area of the 


wai awa laAnlina Far artlindar 
SYS uLlv REA /SEEENS) LvV.ie Sf LELINIVE 


Step 3. Name. Choos2 let S = surface area 

a variable to represerit 

Step 4. Translate. 

Write the appropriate) S=2r2+ 2nrh 
formula. S = 2(3.14)42 + 2(3.14) 
Substitute. (Use 3.14 (4)13 


ar\ 


fox 
TOL vuy 
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Step 6. Check: We 
leave it to you to check 


twain calaulatinna 
Af VUL CULLULELLILYU IID. 


Step 7. Answer the The surface area is 
question. approximately 427.04 
square centimeters. 


Find the @ volume and © surface area of a 
can of paint with radius 8 centimeters and 
height 19 centimeters. Assume the can is 
shaped exactly like a cylinder. 


@ 3,818.24 cu. cm 
® 1,356.48 sq. cm 


Find the @ volume and © surface area of a 
cylindrical drum with radius 2.7 feet and 
height 4 feet. Assume the drum is shaped 
exactly like a cylinder. 


@ 91.5624 cu. ft 
® 113.6052 sq. ft 


The height of a cone is the distance between its 
base and the vertex. The volume of a cone is less 
than the volume of a cylinder with the same base 
and height. 


Find the Volume of Cones 


The first image that many of us have when we hear 
the word ‘cone’ is an ice cream cone. There are 
many other applications of cones (but most are not 
as tasty as ice cream cones). In this section, we will 
see how to find the volume of a cone. 


In geometry, a cone is a solid figure with one 
circular base and a vertex. The height of a cone is 
the distance between its base and the vertex.The 
cones that we will look at in this section will always 
have the height perpendicular to the base. See 
[link]. 


Earlier in this section, we saw that the volume of a 
cylinder is V=ar2h. We can think of a cone as part 
of a cylinder. [link] shows a cone placed inside a 
cylinder with the same height and same base. If we 
compare the volume of the cone and the cylinder, 
we can see that the volume of the cone is less than 
that of the cylinder. 


In fact, the volume of a cone is exactly one-third of 
the volume of a cylinder with the same base and 
height. The volume of a cone is 


Since the base of a cone is a circle, we can substitute 
the formula of area of a circle, mr2 , for B to get the 
formula for volume of a cone. 


In this book, we will only find the volume of a cone, 
and not its surface area. 


olume of a Cone 
For a cone with radius r and height h. 


Find the volume of a cone with height 6 inches 
and radius of its base 2 inches. 


Solution 


Step 1. Read the 
problem. Draw the 
fig t 


2 


Step 2. Identify what: the volume of the cone 


Step 3. Name. Choos: let V = volume 

a variable to represerit 

Step 4. Translate. 

Write the appropriate V=13sr2h 
formula. V ~133.14(2)2(6) 
Substitute. (Use 3.14 


far av\ 
LUL vuy 
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Step 6. Check: We 
leave it to you to check 
your 


ealaulatinna 
Step 7. Answer the The volume is 
question. approximately 25.12 


cubic inches. 


Find the volume of a cone with height 7 inches 
and radius 3 inches 


65.94 cu. in. 


Find the volume of a cone with height 9 
centimeters and radius 5 centimeters 


235-5)cll, cm 


Marty’s favorite gastro pub serves french fries 
in a paper wrap shaped like a cone. What is 
the volume of a conic wrap that is 8 inches tall 
and 5 inches in diameter? Round the answer to 
the nearest hundredth. 


Solution 


Step 1. Read the 
problem. Draw the 


figs t wich 
the ation. 
Nc the 
ba at the 


to] 


Step 2. Identify what: the volume of the cone 


wad awa lanlinag Far 
S/S uLltv DEANS) LvV.ie 


Step 3. Name. Choos: let V = volume 

a variable to represerit 

Step 4. Translate. 

Write the appropriate V=13sr2h 
formula. Substitute. V~133.14(2.5)2(8) 
(Use 3.14 for a, and 

notice that we were 

given the distance 

across the circle, which 


is its diameter. The 
radisi98 ia 9 [= Ben al vas 
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Step 6. Check: We 
leave it to you to check 


train ealaulatinna 
J VUL CULLULUELIYVIIDd. 


Step 7. Answer the The volume of the 
question. wrap is approximately 
52.33 cubic inches. 


How many cubic inches of candy will fit in a 
cone-shaped pinata that is 18 inches long and 
12 inches across its base? Round the answer to 
the nearest hundredth. 


678.24 cu. in. 


What is the volume of a cone-shaped party hat 
that is 10 inches tall and 7 inches across at the 
base? Round the answer to the nearest 
hundredth. 


128.2-cu; in, 


Summary of Geometry Formulas 


The following charts summarize all of the formulas 
covered in this chapter. 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Volume of a Cone 


Key Concepts 


* Volume and Surface Area of a Rectangular 
Solid 


O V=LWH 
OQ §=2LH+ 2LW+2WH 


* Volume and Surface Area of a Cube 


OO V=s3 
© S=6s2 


* Volume and Surface Area of a Sphere 


() V=43003 
O S=4nr2 


* Volume and Surface Area of a Cylinder 


Cy V=ar2h 
© S=2nxr2+ 2nrh 


* Volume of a Cone 


© For a cone with radius r and height h: 
Volume: V=13ar2h 


Practice Makes Perfect 


Find Volume and Surface Area of Rectangular 
Solids 


In the following exercises, find @ the volume and © 


the surface area of the rectangular solid with the 
given dimensions. 


length 2 meters, width 1.5 meters, height 3 
meters 


@ 9cu.m 
© 27 sq.m 


length 5 feet, width 8 feet, height 2.5 feet 


length 3.5 yards, width 2.1 yards, height 2.4 
yards 


@ 17.64 cu. yd. 
® 41.58 sq. yd. 


length 8.8 centimeters, width 6.5 centimeters, 
height 4.2 centimeters 


In the following exercises, solve. 


Moving van A rectangular moving van has 
length 16 feet, width 8 feet, and height 8 feet. 
Find its ® volume and © surface area. 


@ 1,024 cu. ft 
® 640 sq. ft 


Gift box A rectangular gift box has length 26 
inches, width 16 inches, and height 4 inches. 
Find its @ volume and © surface area. 


Carton A rectangular carton has length 21.3 
cm, width 24.2 cm, and height 6.5 cm. Find its 
@ volume and © surface area. 


@ 3,350.49 cu. cm 
® 1,622.42 sq. cm 


Shipping container A rectangular shipping 
container has length 22.8 feet, width 8.5 feet, 
and height 8.2 feet. Find its © volume and © 
surface area. 


In the following exercises, find @ the volume and © 
the surface area of the cube with the given side 
length. 


5 centimeters 


@ 125 cu. cm 
® 150 sq. cm 


6 inches 


10.4 feet 


@ 1124.864 cu. ft. 
© 648.96 sq. ft 


12.5 meters 


In the following exercises, solve. 


Science center Each side of the cube at the 
Discovery Science Center in Santa Ana is 64 
feet long. Find its ® volume and ©® surface 
area. 


@ 262,144 cu. ft 
© 24,576 sq. ft 


Museum A cube-shaped museum has sides 45 
meters long. Find its ® volume and © surface 
area. 


Base of statue The base of a statue is a cube 
with sides 2.8 meters long. Find its @ volume 
and © surface area. 


@ 21.952 cu. m 
© 47.04 sq. m 


Tissue box A box of tissues is a cube with sides 
4.5 inches long. Find its ® volume and © 
surface area. 


Find the Volume and Surface Area of Spheres 


In the following exercises, find @ the volume and © 
the surface area of the sphere with the given radius. 
Round answers to the nearest hundredth. 


3 centimeters 


@ 113.04 cu. cm 
® 113.04 sq. cm 


9 inches 


7.5 feet 


@ 1,766.25 cu. ft 
® 706.5 sq. ft 
2.1 yards 


In the following exercises, solve. Round answers to 
the nearest hundredth. 


Exercise ball An exercise ball has a radius of 


15 inches. Find its ® volume and © surface 
area. 


@ 14,130 cu. in. 
® 2,826 sq. in. 


Balloon ride The Great Park Balloon is a big 
orange sphere with a radius of 36 feet . Find its 
@ volume and © surface area. 


Golf ball A golf ball has a radius of 4.5 
centimeters. Find its @ volume and © surface 
area. 


@ 381.51 cu. cm 
® 254.34 sq. cm 


Baseball A baseball has a radius of 2.9 inches. 
Find its @ volume and © surface area. 


Find the Volume and Surface Area of a Cylinder 


In the following exercises, find @ the volume and © 
the surface area of the cylinder with the given 
radius and height. Round answers to the nearest 


hundredth. 


radius 3 feet, height 9 feet 


@ 254.34 cu. ft 
© 226.08 sq. ft 


radius 5 centimeters, height 15 centimeters 


radius 1.5 meters, height 4.2 meters 


@ 29.673 cu. m 
® 53.694 sq. m 


radius 1.3 yards, height 2.8 yards 


In the following exercises, solve. Round answers to 
the nearest hundredth. 


Coffee can A can of coffee has a radius of 5 cm 
and a height of 13 cm. Find its @ volume and 
® surface area. 


@ 1,020.5 cu. cm 
® 565.2 sq. cm 


Snack pack A snack pack of cookies is shaped 
like a cylinder with radius 4 cm and height 3 
cm. Find its @ volume and © surface area. 


Barber shop pole A cylindrical barber shop 
pole has a diameter of 6 inches and height of 24 
inches. Find its ® volume and © surface area. 


@ 678.24 cu. in. 
® 508.68 sq. in. 


Architecture A cylindrical column has a 
diameter of 8 feet and a height of 28 feet. Find 
its @ volume and © surface area. 


Find the Volume of Cones 


In the following exercises, find the volume of the 
cone with the given dimensions. Round answers to 


the nearest hundredth. 


height 9 feet and radius 2 feet 


37.68 cu. ft 


height 8 inches and radius 6 inches 


height 12.4 centimeters and radius 5 cm 


324.47 cu. cm 


height 15.2 meters and radius 4 meters 


In the following exercises, solve. Round answers to 
the nearest hundredth. 


Teepee What is the volume of a cone-shaped 
teepee tent that is 10 feet tall and 10 feet across 
at the base? 


261.67 cu. ft 


Popcorn cup What is the volume of a cone- 
shaped popcorn cup that is 8 inches tall and 6 
inches across at the base? 


Silo What is the volume of a cone-shaped silo 


that is 50 feet tall and 70 feet across at the 
base? 


64,108.33 cu. ft 


Sand pile What is the volume of a cone-shaped 
pile of sand that is 12 meters tall and 30 meters 
across at the base? 


Everyday Math 


Street light post The post of a street light is 
shaped like a truncated cone, as shown in the 
picture below. It is a large cone minus a smaller 
top cone. The large cone is 30 feet tall with 
base radius 1 foot. The smaller cone is 10 feet 
tall with base radius of 0.5 feet. To the nearest 
tenth, 


@) find the volume of the large cone. 
® find the volume of the small cone. 
© find the volume of the post by subtracting 


the volume of the small cone from the volume 
of the large cone. 


@ 31.4 cu. ft 
® 2.6 cu. ft 
© 28.8 cu. ft 


Ice cream cones A regular ice cream cone is 4 
inches tall and has a diameter of 2.5 inches. A 
waffle cone is 7 inches tall and has a diameter 
of 3.25 inches. To the nearest hundredth, 


@ find the volume of the regular ice cream 
cone. 


®) find the volume of the waffle cone. 


© how much more ice cream fits in the waffle 
cone compared to the regular cone? 


Writing Exercises 


The formulas for the volume of a cylinder and a 
cone are similar. Explain how you can 
remember which formula goes with which 
shape. 


Answers will vary. 


Which has a larger volume, a cube of sides of 8 
feet or a sphere with a diameter of 8 feet? 
Explain your reasoning. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Glossary 


cone 
A cone is a solid figure with one circular base 
and a vertex. 


cube 
A cube is a rectangular solid whose length, 
width, and height are equal. 


cylinder 
A cylinder is a solid figure with two parallel 
circles of the same size at the top and bottom. 


Solve a Formula for a Specific Variable 
By the end of this section, you will be able to: 


* Use the distance, rate, and time formula 
* Solve a formula for a specific variable 


Before you get started, take this readiness quiz. 


1. Write 35 miles per gallon as a unit rate. 
If you missed this problem, review [link]. 
2. Solve 6x + 24=96. 


If you missed this problem, review [link]. 

3. Find the simple interest earned after 5 years 
on $1,000 at an interest rate of 4%. 
If you missed this problem, review [link]. 


Use the Distance, Rate, and Time Formula 


One formula you'll use often in algebra and in 
everyday life is the formula for distance traveled by 
an object moving at a constant speed. The basic idea 
is probably already familiar to you. Do you know 
what distance you travel if you drove at a steady 
rate of 60 miles per hour for 2 hours? (This might 


happen if you use your car’s cruise control while 
driving on the Interstate.) If you said 120 miles, you 
already know how to use this formula! 


The math to calculate the distance might look like 
this: 

distance = (60miles1 hour) 

(2hours)distance = 120miles 


In general, the formula relating distance, rate, and 
time is 
distance = rate-time 


Distance, Rate and Time 
For an object moving in at a uniform (constant) 
rate, the distance traveled, the elapsed time, and 


the rate are related by the formula 
d=rt 
where d= distance, r= rate, and t= time. 


Notice that the units we used above for the rate 
were miles per hour, which we can write as a ratio 
mileshour. Then when we multiplied by the time, in 
hours, the common units ‘hour’ divided out. The 
answer was in miles. 


Jamal rides his bike at a uniform rate of 12 


miles per hour for 312 hours. How much 
distance has he traveled? 


Solution 

Step 1. Read the d=? 
problem. r=12mph 
You may want to t=312hours 


create a mini-chart to 
summarize the 
information in the 


pivuviwtiie 


Step 2. Identify what: distance traveled 


waa arn lanling far 
of YS UL LVVIALIL fe) LWV.ie 


Step 3. Name. Choose let d = distance 
a variable to represent 


1 
Ble 


Step 4. Translate. d=rt 
Write the appropriate: 

formula for the d+=12-312 
situation. 


Substitute in the given 


ae ° 
intarmoatinan 
SLLLULILIULLU IL 


Step 5. Solve the d=42miles 


. 
ani194tian 
veyuuauvil. 


Step 6. Check: Does 42 
miles make sense? 


Jamal rides 


12 miles in 1 hour, 

24 miles in 2 hours, 
36 miles in 3 hours, 
48 miles in 4 hours, 


AD milan in Dm hair in rane anshlian 


Step 7. Answer the Jamal rode 42 miles. 
question with a 
complete sentence. 


Lindsay drove for 512 hours at 60 miles per 
hour. How much distance did she travel? 


Trinh walked for 213 hours at 3 miles per 
hour. How far did she walk? 


Rey is planning to drive from his house in San 
Diego to visit his grandmother in Sacramento, 


a distance of 520 miles. If he can drive at a 
steady rate of 65 miles per hour, how many 
hours will the trip take? 


Solution 


Step 1. Read the 
problem. 
Summarize the 
information in the 


pivuviwtiie 


Step 2. Identify what: 


Step 3. Name: 
Choose a variable to 


. 
nrannraannt 1+ 
PUEPLCverie ite 


Step 4. Translate. 


Write the appropriate: 


d=520miles 
r=65mph 
pe 


how many hours (time) 


let t = time 
d=rt 
520=65t 


formula. 

Substitute in the given 
infarmatinn 

Step 5. Solve the t 


anari14tinn 
Veyeatruite 


Step 6. Check: 
Substitute the numbers 
into the formula and 
make sure 

the result is a true 
statement. 

d=rt 

520=?65'8 


ELON —FLoOnon~ 7 
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Step 7. Answer the Rey's trip will take 8 
question with a hours. 

complete sentence. 

We know the units of 

time will be hours 

because 

we divided miles by 

miles per hour. 


Lee wants to drive from Phoenix to his 
brother’s apartment in San Francisco, a 
distance of 770 miles. If he drives at a steady 


rate of 70 miles per hour, how many hours 
will the trip take? 


Yesenia is 168 miles from Chicago. If she 
needs to be in Chicago in 3 hours, at what rate 
does she need to drive? 


Solve a Formula for a Specific Variable 


In this chapter, you became familiar with some 
formulas used in geometry. Formulas are also very 
useful in the sciences and social sciences—fields 
such as chemistry, physics, biology, psychology, 
sociology, and criminal justice. Healthcare workers 
use formulas, too, even for something as routine as 
dispensing medicine. The widely used spreadsheet 


program Microsoft Exceltm relies on formulas to do 
its calculations. Many teachers use spreadsheets to 
apply formulas to compute student grades. It is 
important to be familiar with formulas and be able 
to manipulate them easily. 


In [link] and [link], we used the formula d=rt. This 
formula gives the value of d when you substitute in 
the values of r and t. But in [link], we had to find 
the value of t. We substituted in values of d and r 
and then used algebra to solve to t. If you had to do 
this often, you might wonder why there isn’t a 
formula that gives the value of t when you 
substitute in the values of d and r. We can get a 
formula like this by solving the formula d=rt for t. 


To solve a formula for a specific variable means 
to get that variable by itself with a coefficient of 1 
on one side of the equation and all the other 
variables and constants on the other side. We will 
call this solving an equation for a specific variable in 
general. This process is also called solving a literal 
equation. The result is another formula, made up 
only of variables. The formula contains letters, or 
literals. 


Let’s try a few examples, starting with the distance, 
rate, and time formula we used above. 


Solve the formula d=rt for t: 


@ when d=520 and r=65 
® in general. 


Solution 


We'll write the solutions side-by-side so you 
can see that solving a formula in general uses 
the same steps as when we have numbers to 
substitute. 


@ whend = _ © in general 
520 andr = 
&5 
Write the 
forumla. 
d=-73 
Substitute any 
given values. 
520 =-65+ 
Divide to 
isolate t. 


Simplify. 


Notice that the solution for @ is the same as 
that in [link]. We say the formula t = dr is 
solved for t. We can use this version of the 
formula anytime we are given the distance and 
rate and need to find the time. 


Solve the formula d=rt for r: 


@ when d=180 and t=4 
@ in general 


Solve the formula d=rt for r: 


@ when d=780 and t=12 


® in general 


@r=65 
®r=dt 


We used the formula A=12bh in Use Properties of 
Rectangles, Triangles, and Trapezoids to find the 
area of a triangle when we were given the base and 
height. In the next example, we will solve this 
formula for the height. 


The formula for area of a triangle is A=12bh. 
Solve this formula for h: 


@ when A= 90 and b=15 
® in general 


Solution 


® in general 


Write the 
forumla. 

A= > bh 
Substitute any 
given values. 

90 = = -15-h 


r= 


Clear the 
fractions. 


2:A=2: 
Simplify. 


bo} 
> 
a 
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Solve for h. 


We can now find the height of a triangle, if we 
know the area and the base, by using the 
formula 

h=2Ab 


Use the formula A=12bh to solve for h: 


@ when A=170 and b=17 
® in general 


@h=20 ®©®h=2Ab 


Use the formula A=12bh to solve for b: 


@ when A=62 and h=31 
® in general 


In Solve Simple Interest Applications, we used the 
formula I= Prt to calculate simple interest, where I 
is interest, P is principal, r is rate as a decimal, and t 
is time in years. 


Solve the formula I= Prt to find the principal, 
Pe 


@ when I= $5,600,r = 4%,t = 7years 


® in general 


Solution 
I = $5600, r =in general 
4%, t = 7 
ORES 
Write the 
forumla. 
7=Prt rt 


Substitute any 
given values. 
T=Prt_ (0.04\(7) 


Multiply r- t. 


T= P(rt) 0-28) 


Divide to 
isolate P. 
I _ P(rt) (0.28) 


- re 98 


Simplify. 


State the The principal is 


oa , $20,000. 


Use the formula I = Prt. 


Find t: ® when I= $2,160,r = 6%,P = $12,000; 
® in general 


@t=3 years 
©®t=IPr 


Use the formula I = Prt. 


Find r: ®@ when I= $5,400,P = 
$9,000,t= 5years © in general 


@Qr=0:.12=12% 
®r=IPt 


Later in this class, and in future algebra classes, 
you'll encounter equations that relate two variables, 
usually x and y. You might be given an equation 
that is solved for y and need to solve it for x, or vice 
versa. In the following example, we’re given an 
equation with both x and y on the same side and 
we'll solve it for y. To do this, we will follow the 
same steps that we used to solve a formula for a 
specific variable. 


Solve the formula 3x + 2y = 18 for y: 


@ when x=4 
® in general 


Solution 


ar. 1 alk Hviiwias 


Write the 
equation. 


Substitute any 


ot’ vy 1 ower 

Simplify if 

possible. 
33-+2y=18 


1 an} — 
Subtract to 


isolate the y- 
toy Sr — 3x 4+ 2v= 18 — 3x 


Simplify. 
Dyan 18-—3 
Divide. 
2y = 18 — 3x 
Simplify. : 
18 — 3x 
i do 9) 


Solve the formula 3x + 4y=10 for y: 


@ when x=2 
® in general 


Solve the formula 5x + 2y = 18 for y: 


@ when x=4 
® in general 


In the previous examples, we used the numbers in 
part (a) as a guide to solving in general in part (b). 
Do you think you’re ready to solve a formula in 
general without using numbers as a guide? 


Solve the formula P=a+b+c for a. 


Solution 


We will isolate a on one side of the equation. 


We will isolate 
a on one side 
of the 


. 
ani94tinn 
veyuunuvis. 


Write the P=a+b+c 


. 
anii194tinn 
veyuuauvil. 


Subtract b and 
c from both 
sidP —b-c=at+b+c-—b-c 


m 


Simplify. P—b-—c=a 


So,a=P—b-c 


Solve the formula P=a+b+c for b. 


Solve the formula P=a+b-+c for c. 


Solve the equation 3x +y=10 for y. 


Solution 


We will isolate y on one side of the equation. 


We will isolate 
y on one side 


Write the 


ananii4tinn 


Subtract 3x 


from both sides 
to3n 3a y= 10 — 3x 


Simplify. 


Solve the formula 7x+ y=11 for y. 


Solve the formula 11x+y=8 for y. 


Solve the equation 6x + 5y =13 for y. 


Solution 


We will isolate y on one side of the equation. 


We will isolate y on 
one side of the 


° 
anarn14tinn 


Write the equation. 


Avr 1 oe 12 


ne 


Subtract to isolate the 
term with y. 
6x-+-Sy—6n-=12—-6% 
Simplify. 
Sy = 13 — 6 
Divide 5 to make the 
coefficient 1. 


Simplify. 


Solve the formula 4x+ 7y =9 for y. 


Solve the formula 5x+ 8y=1 for y. 


The Links to Literacy activity What's Faster than a 
jpeeding Cheetah? will provide you with another 
iew of the topics covered in this section. 


ACCESS ADDITIONAL ONLINE RESOURCES 


Distance = RatexTime 

Distance, Rate, Time 

Simple Interest 

Solving a Formula for a Specific Variable 
Solving a Formula for a Specific Variable 


Key Concepts 


- Distance, Rate, and Time 


O d=rt 


Section Exercises 


Practice Makes Perfect 
Use the Distance, Rate, and Time Formula 


In the following exercises, solve. 


Steve drove for 812 hours at 72 miles per hour. 
How much distance did he travel? 


612 mi 


Socorro drove for 456 hours at 60 miles per 
hour. How much distance did she travel? 


Yuki walked for 134 hours at 4 miles per hour. 
How far did she walk? 


7 mi 


Francie rode her bike for 212 hours at 12 miles 
per hour. How far did she ride? 


Connor wants to drive from Tucson to the 
Grand Canyon, a distance of 338 miles. If he 


drives at a steady rate of 52 miles per hour, 
how many hours will the trip take? 


6.5 hours 


Megan is taking the bus from New York City to 
Montreal. The distance is 384 miles and the bus 
travels at a steady rate of 64 miles per hour. 
How long will the bus ride be? 


Aurelia is driving from Miami to Orlando at a 
rate of 65 miles per hour. The distance is 235 
miles. To the nearest tenth of an hour, how 
long will the trip take? 


3.6 hours 


Kareem wants to ride his bike from St. Louis, 
Missouri to Champaign, Illinois. The distance is 
180 miles. If he rides at a steady rate of 16 
miles per hour, how many hours will the trip 
take? 


Javier is driving to Bangor, Maine, which is 240 
miles away from his current location. If he 
needs to be in Bangor in 4 hours, at what rate 


does he need to drive? 


60 mph 


Alejandra is driving to Cincinnati, Ohio, 450 
miles away. If she wants to be there in 6 hours, 
at what rate does she need to drive? 


Aisha took the train from Spokane to Seattle. 
The distance is 280 miles, and the trip took 3.5 
hours. What was the speed of the train? 


80 mph 


Philip got a ride with a friend from Denver to 
Las Vegas, a distance of 750 miles. If the trip 
took 10 hours, how fast was the friend driving? 


Solve a Formula for a Specific Variable 


In the following exercises, use the formula. d=rt. 


Solve for t: 


@ when d=350 and r=70 
® in general 


@t=5 
®t=dr 


Solve for t: 


@ when d= 240 and r=60 
® in general 


Solve for t: 
@ when d=510 and r=60 


® in general 


@t=8.5 
®t=dr 


Solve for t: 


@ when d=175 and r=50 
® in general 


Solve for r: 


@ when d=204 and t=3 
® in general 


@r=68 
®r=dt 


Solve for r: 


@ when d=420 and t=6 
® in general 


Solve for r: 
@ when d=160 and t=2.5 


® in general 


@r=64 
®r=dt 


Solve for r: 


@ when d=180 and t=4.5 
® in general. 


In the following exercises, use the formula A= 12bh. 


Solve for b: 
@ when A=126 and h=18 


® in general 


@b=14 
@®b=2Ah 


Solve for h: 


@ when A=176 and b=22 
® in general 


Solve for h: 


@ when A=375 and b=25 
® in general 


@h=30 
@h=2Ab 


Solve for b: 


@ when A=65 and h=13 
® in general 


In the following exercises, use the formula I= Prt. 


Solve for the principal, P for: 
@I= $5,480, r=4%, t =7years 


® in general 


@P=$19,571.43 
®P=Irt 


Solve for the principal, P for: 


@I= $3,950, r=6%, t = 5years 
® in general 


Solve for the time, t for: 
@I=$2,376, P=$9,000, r=4.4% 


® in general 


@t=6years 
®t=IPr 


Solve for the time, t for: 


@I=$624, P=$6,000, r=5.2% 
® in general 


In the following exercises, solve. 


Solve the formula 2x + 3y =12 for y: 


@ when x=3 
® in general 


@y=2 
®y =12-—2x3 


Solve the formula 5x + 2y=10 for y: 


@ when x=4 
® in general 


Solve the formula 3x +y=7 for y: 


@ when x= —2 
® in general 


@y=13 
®y=7 —- 3x 


Solve the formula 4x +y=5 for y: 


@ when x= —3 
® in general 


Solve a+ b=90 for b. 


@b 
®Oa 


90 -—a 
90 — b 


Solve a+ b=90 for a. 


Solve 180=a+b+c for a. 


a=180-—-b-c 


Solve 180=a+b+c for c. 


Solve the formula 8x + y=15 for y. 


y=15 —- 8x 


Solve the formula 9x + y=13 for y. 


Solve the formula —4x+ y= -—6 for y. 


y= -6+ 4x 


Solve the formula —5x+y=-—1 for y. 


Solve the formula 4x + 3y =7 for y. 


y=7—-—4x3 


Solve the formula 3x + 2y=11 for y. 


Solve the formula x— y= —4 for y. 


y=4+x 


Solve the formula x— y= —3 for y. 


Solve the formula P= 2L+ 2W for L. 


L=P—2W2 


Solve the formula P= 2L+ 2W for W. 


Solve the formula C=:1d for d. 


d=Ci 


Solve the formula C=:d for x. 


Solve the formula V=LWH for L. 


L=VWH 


Solve the formula V=LWH for H. 


Everyday Math 


Converting temperature While on a tour in 
Greece, Tatyana saw that the temperature was 
40° Celsius. Solve for F in the formula C=59(F 
— 32) to find the temperature in Fahrenheit. 


104° F 


Converting temperature Yon was visiting the 
United States and he saw that the temperature 
in Seattle was 50° Fahrenheit. Solve for C in the 
formula F=95C + 32 to find the temperature in 
Celsius. 


Writing Exercises 


Solve the equation 2x + 3y =6 for y: 
@ when x= —3 
® in general 


© Which solution is easier for you? Explain 
why. 


Answers will vary 


Solve the equation 5x— 2y=10 for x: 


@ when y=10 

® in general 

© Which solution is easier for you? Explain 
why. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next Chapter? 
Why or why not? 


Chapter Review Exercises 


Use a Problem Solving Strategy 


Approach Word Problems with a Positive 
Attitude 


In the following exercises, solve. 


How has your attitude towards solving word 
problems changed as a result of working 
through this chapter? Explain. 


Answers will vary. 


Did the Problem Solving Strategy help you 
solve word problems in this chapter? Explain. 


Use a Problem Solving Strategy for Word 
Problems 


In the following exercises, solve using the problem- 
solving strategy for word problems. Remember to 
write a complete sentence to answer each question. 


Three-fourths of the people at a concert are 
children. If there are 87 children, what is the 
total number of people at the concert? 


There are 116 people at the concert. 


There are 9 saxophone players in the band. The 
number of saxophone players is one less than 
twice the number of tuba players. Find the 
number of tuba players. 


Reza was very sick and lost 15% of his original 
weight. He lost 27 pounds. What was his 
original weight? 


His original weight was 180 pounds. 


Dolores bought a crib on sale for $350. The sale 
price was 40% of the original price. What was 
the original price of the crib? 


Solve Number Problems 


In the following exercises, solve each number word 
problem. 


The sum of a number and three is forty-one. 
Find the number. 


38 


Twice the difference of a number and ten is 
fifty-four. Find the number. 


One number is nine less than another. Their 
sum is twenty-seven. Find the numbers. 


18, 9 


The sum of two consecutive integers is — 135. 
Find the numbers. 


Solve Money Applications 
Solve Coin Word Problems 


In the following exercises, solve each coin word 
problem. 


Francie has $4.35 in dimes and quarters. The 
number of dimes is 5 more than the number of 
quarters. How many of each coin does she 
have? 


16 dimes, 11 quarters 


Scott has $0.39 in pennies and nickels. The 
number of pennies is 8 times the number of 
nickels. How many of each coin does he have? 


Paulette has $140 in $5 and $10 bills. The 
number of $10 bills is one less than twice the 
number of $5 bills. How many of each does she 
have? 


6 of $5 bills, 11 of $10 bills 


Lenny has $3.69 in pennies, dimes, and 
quarters. The number of pennies is 3 more than 
the number of dimes. The number of quarters is 
twice the number of dimes. How many of each 
coin does he have? 


Solve Ticket and Stamp Word Problems 


In the following exercises, solve each ticket or stamp 
word problem. 


A church luncheon made $842. Adult tickets 
cost $10 each and children’s tickets cost $6 
each. The number of children was 12 more than 
twice the number of adults. How many of each 
ticket were sold? 


35 adults, 82 children 


Tickets for a basketball game cost $2 for 
students and $5 for adults. The number of 
students was 3 less than 10 times the number of 
adults. The total amount of money from ticket 
sales was $619. How many of each ticket were 
sold? 


Ana spent $4.06 buying stamps. The number of 
$0.41 stamps she bought was 5 more than the 
number of $0.26 stamps. How many of each did 
she buy? 


3 of 26 -cent stamps, 8 of 41 -cent stamps 


Yumi spent $34.15 buying stamps. The number 
of $0.56 stamps she bought was 10 less than 4 
times the number of $0.41 stamps. How many 
of each did she buy? 


Use Properties of Angles, Triangles, and the 
Pythagorean Theorem 


Use Properties of Angles 


In the following exercises, solve using properties of 
angles. 


What is the supplement of a 48° angle? 


132° 


What is the complement of a 61° angle? 


Two angles are complementary. The smaller 
angle is 24° less than the larger angle. Find the 
measures of both angles. 


335.07" 


Two angles are supplementary. The larger angle 
is 45° more than the smaller angle. Find the 
measures of both angles. 


Use Properties of Triangles 


In the following exercises, solve using properties of 
triangles. 


The measures of two angles of a triangle are 22 
and 85 degrees. Find the measure of the third 
angle. 


73 


One angle of a right triangle measures 41.5 
degrees. What is the measure of the other small 
angle? 


One angle of a triangle is 30° more than the 


smallest angle. The largest angle is the sum of 
the other angles. Find the measures of all three 
angles. 


30°, 60°, 90° 


One angle of a triangle is twice the measure of 
the smallest angle. The third angle is 60° more 
than the measure of the smallest angle. Find the 
measures of all three angles. 


In the following exercises, AABC is similar to AXYZ. 
Find the length of the indicated side. 


side x 


15 


side b 


Use the Pythagorean Theorem 


In the following exercises, use the Pythagorean 
Theorem to find the length of the missing side. 
Round to the nearest tenth, if necessary. 


In the following exercises, solve. Approximate to the 
nearest tenth, if necessary. 


Sergio needs to attach a wire to hold the 
antenna to the roof of his house, as shown in 
the figure. The antenna is 8 feet tall and Sergio 
has 10 feet of wire. How far from the base of 
the antenna can he attach the wire? 


6 feet 


Seong is building shelving in his garage. The 
shelves are 36 inches wide and 15 inches tall. 
He wants to put a diagonal brace across the 


back to stabilize the shelves, as shown. How 
long should the brace be? 


Use Properties of Rectangles, Triangles, and 
Trapezoids 


Understand Linear, Square, Cubic Measure 


In the following exercises, would you measure each 
item using linear, square, or cubic measure? 


amount of sand in a sandbag 


cubic 


height of a tree 


size of a patio 


square 


length of a highway 


In the following exercises, find 


@ the perimeter 
® the area of each figure 


@ 8 units 
® 3 sq. units 


Use Properties of Rectangles 


In the following exercises, find the @ perimeter © 
area of each rectangle 


The length of a rectangle is 42 meters and the 
width is 28 meters. 


@ 140 m 
© 1176 sq.m 


The length of a rectangle is 36 feet and the 
width is 19 feet. 


A sidewalk in front of Kathy’s house is in the 


shape of a rectangle 4 feet wide by 45 feet long. 


@ 98 ft. 
© 180 sq. ft. 


A rectangular room is 16 feet wide by 12 feet 
long. 


In the following exercises, solve. 


Find the length of a rectangle with perimeter of 
220 centimeters and width of 85 centimeters. 


25 cm 


Find the width of a rectangle with perimeter 39 
and length 11. 


The area of a rectangle is 2356 square meters. 
The length is 38 meters. What is the width? 


62m 


The width of a rectangle is 45 centimeters. The 


area is 2700 square centimeters. What is the 
length? 


The length of a rectangle is 12 centimeters 
more than the width. The perimeter is 74 
centimeters. Find the length and the width. 


24.5 in,,..12-5) in. 


The width of a rectangle is 3 more than twice 
the length. The perimeter is 96 inches. Find the 
length and the width. 


Use Properties of Triangles 


In the following exercises, solve using the properties 
of triangles. 


Find the area of a triangle with base 18 inches 
and height 15 inches. 


135 sq. in. 


Find the area of a triangle with base 33 
centimeters and height 21 centimeters. 


A triangular road sign has base 30 inches and 
height 40 inches. What is its area? 


600 sq. in. 


If a triangular courtyard has sides 9 feet and 12 
feet and the perimeter is 32 feet, how long is 
the third side? 


A tile in the shape of an isosceles triangle has a 
base of 6 inches. If the perimeter is 20 inches, 
find the length of each of the other sides. 


7 in., 7 in. 


Find the length of each side of an equilateral 
triangle with perimeter of 81 yards. 


The perimeter of a triangle is 59 feet. One side 
of the triangle is 3 feet longer than the shortest 
side. The third side is 5 feet longer than the 
shortest side. Find the length of each side. 


17 ft., 20 ft., 22 ft. 


One side of a triangle is three times the smallest 
side. The third side is 9 feet more than the 
shortest side. The perimeter is 39 feet. Find the 
lengths of all three sides. 


Use Properties of Trapezoids 


In the following exercises, solve using the properties 
of trapezoids. 


The height of a trapezoid is 8 feet and the bases 
are 11 and 14 feet. What is the area? 


100 sq. ft. 


The height of a trapezoid is 5 yards and the 
bases are 7 and 10 yards. What is the area? 


Find the area of the trapezoid with height 25 
meters and bases 32.5 and 21.5 meters. 


675 sq. m 


A flag is shaped like a trapezoid with height 62 
centimeters and the bases are 91.5 and 78.1 
centimeters. What is the area of the flag? 


Solve Geometry Applications: Circles and 
Irregular Figures 


Use Properties of Circles 


In the following exercises, solve using the properties 
of circles. Round answers to the nearest hundredth. 


A circular mosaic has radius 3 meters. Find the 
@ circumference 


® area of the mosaic 


@ 18.84 m 
© 28.26 sq. m 


A circular fountain has radius 8 feet. Find the 


@ circumference 
® area of the fountain 


Find the diameter of a circle with circumference 
150.72 inches. 


48 in. 


Find the radius of a circle with circumference 
345.4 centimeters 


Find the Area of Irregular Figures 


In the following exercises, find the area of each 
shaded region. 


30 sq. units 


300 sq. units 


199.25 sq. units 


Solve Geometry Applications: Volume and 
Surface Area 


Find Volume and Surface Area of Rectangular 
Solids 


In the following exercises, find the 


@ volume 
© surface area of the rectangular solid 


a rectangular solid with length 14 centimeters, 
width 4.5 centimeters, and height 10 
centimeters 


@ 630 cu. cm 
® 496 sq. cm 


a cube with sides that are 3 feet long 


a cube of tofu with sides 2.5 inches 


@ 15.625 cu. in. 
® 37.5 sq. in. 


a rectangular carton with length 32 inches, 
width 18 inches, and height 10 inches 


Find Volume and Surface Area of Spheres 


In the following exercises, find the 


@ volume 
© surface area of the sphere. 


a sphere with radius 4 yards 


@ 267.95 cu. yd. 
® 200.96 sq. yd. 


a sphere with radius 12 meters 


a baseball with radius 1.45 inches 


@ 12.76 cu. in. 
© 26.41 sq. in. 


a soccer ball with radius 22 centimeters 


Find Volume and Surface Area of Cylinders 
In the following exercises, find the 


@ volume 
® surface area of the cylinder 


a cylinder with radius 2 yards and height 6 
yards 


@ 75.36 cu. yd. 
® 100.48 sq. yd. 


a cylinder with diameter 18 inches and height 
40 inches 


a juice can with diameter 8 centimeters and 
height 15 centimeters 


@ 753.6 cu. cm 
© 477.28 sq. cm 


a cylindrical pylon with diameter 0.8 feet and 
height 2.5 feet 


Find Volume of Cones 


In the following exercises, find the volume of the 
cone. 


a cone with height 5 meters and radius 1 meter 


5.233 cu. m 


a cone with height 24 feet and radius 8 feet 


a cone-shaped water cup with diameter 2.6 
inches and height 2.6 inches 


4.599 cu. in. 


a cone-shaped pile of gravel with diameter 6 
yards and height 5 yards 


Solve a Formula for a Specific Variable 
Use the Distance, Rate, and Time Formula 


In the following exercises, solve using the formula 
for distance, rate, and time. 


A plane flew 4 hours at 380 miles per hour. 
What distance was covered? 


1520 miles 


Gus rode his bike for 112 hours at 8 miles per 


hour. How far did he ride? 


Jack is driving from Bangor to Portland at a 
rate of 68 miles per hour. The distance is 107 
miles. To the nearest tenth of an hour, how 
long will the trip take? 


1.6 hours 


Jasmine took the bus from Pittsburgh to 
Philadelphia. The distance is 305 miles and the 
trip took 5 hours. What was the speed of the 
bus? 


Solve a Formula for a Specific Variable 


In the following exercises, use the formula d=rt. 


Solve for t: 
@ when d=403 and r=65 


® in general 


@t=6.2 
®t=dr 


Solve for r: 


@ when d=750 and t=15 
® in general 


In the following exercises, use the formula A= 12bh. 


Solve for b: 


@ when A=416 and h=32 
® in general 


@b= 26 
®b=2Ah 
Solve for h: 


@ when A=48 and b=8 
® in general 


In the following exercises, use the formula I = Prt. 


Solve for the principal, P, for: 


@I=$720, r=4%, t= 3years 


® in general 


@P = $6000 
®P=I(rt) 


Solve for the time, t for: 


@I=$3630, P=$11,000, r=5.5% 
® in general 


In the following exercises, solve. 


Solve the formula 6x + 5y = 20 for y: 
@ when x=0 


® in general 


@y=4 
®y =20-6x5 


Solve the formula 2x + y=15 for y: 


@ when x= —5 
® in general 


Solve a+b=90 for a. 


a= 90 —b 


Solve 180=a+b+c for a. 


Solve the formula 4x + y=17 for y. 


y = 17 - 4x 


Solve the formula —3x+y= -—6 for y. 


Solve the formula P= 2L+ 2W for W. 


W=P-2L2 


Solve the formula V=LWH for H. 


Describe how you have used two topics from 
this chapter in your life outside of math class 
during the past month. 


Chapter Practice Test 


Four-fifths of the people on a hike are children. 
If there are 12 children, what is the total 
number of people on the hike? 


The sum of 13 and twice a number is — 19. 
Find the number. 


=16 


One number is 3 less than another number. 
Their sum is 65. Find the numbers. 


Bonita has $2.95 in dimes and quarters in her 
pocket. If she has 5 more dimes than quarters, 
how many of each coin does she have? 


7 quarters, 12 dimes 


At a concert, $1600 in tickets were sold. Adult 
tickets were $9 each and children’s tickets were 
$4 each. If the number of adult tickets was 30 
fewer than twice the number of children’s 
tickets, how many of each kind were sold? 


Find the complement of a 52° angle. 


38° 


The measure of one angle of a triangle is twice 
the measure of the smallest angle. The measure 
of the third angle is 14 more than the measure 
of the smallest angle. Find the measures of all 
three angles. 


The perimeter of an equilateral triangle is 145 
feet. Find the length of each side. 


48.3 


AABC is similar to AXYZ. Find the length of side 
c 


Find the length of the missing side. Round to 
the nearest tenth, if necessary. 


10 


Find the length of the missing side. Round to 
the nearest tenth, if necessary. 


A baseball diamond is shaped like a square with 
sides 90 feet long. How far is it from home 
plate to second base, as shown? 


127.5: T 


The length of a rectangle is 2 feet more than 
five times the width. The perimeter is 40 feet. 
Find the dimensions of the rectangle. 


A triangular poster has base 80 centimeters and 
height 55 centimeters. Find the area of the 
poster. 


2200 square centimeters 


A trapezoid has height 14 inches and bases 20 
inches and 23 inches. Find the area of the 
trapezoid. 


A circular pool has diameter 90 inches. What is 
its circumference? Round to the nearest tenth. 


282.6 inches 


Find the area of the shaded region. Round to 
the nearest tenth. 


Find the volume of a rectangular room with 
width 12 feet, length 15 feet, and height 8 feet. 


1440 


A coffee can is shaped like a cylinder with 
height 7 inches and radius 5 inches. Find (a) 
the surface area and (b) the volume of the can. 
Round to the nearest tenth. 


A traffic cone has height 75 centimeters. The 
radius of the base is 20 centimeters. Find the 
volume of the cone. Round to the nearest tenth. 


31,400 cubic inches 


Leon drove from his house in Cincinnati to his 
sister’s house in Cleveland. He drove at a 
uniform rate of 63 miles per hour and the trip 
took 4 hours. What was the distance? 


The Catalina Express takes 112 hours to travel 
from Long Beach to Catalina Island, a distance 
of 22 miles. To the nearest tenth, what is the 
speed of the boat? 


14.7 miles per hour 


Use the formula I= Prt to solve for the 
principal, P, for: 


@I=$1380,r=5%,t =3 years 
® in general 


Solve the formula A=12bh for h: 


@ when A=1716 and b=66 
® in general 


@height=52 
®h=2Ab 


Solve x+ 5y=14 for y. 


Introduction to Polynomials 

class = "introduction" The paths of rockets are 
calculated using polynomials. (credit: NASA, Public 
Domain) 


Expressions known as polynomials are used widely 
in algebra. Applications of these expressions are 
essential to many careers, including economists, 
engineers, and scientists. In this chapter, we will 
find out what polynomials are and how to 
manipulate them through basic mathematical 
operations. 


Add and Subtract Polynomials 
By the end of this section, you will be able to: 


Identify polynomials, monomials, binomials, 
and trinomials 

Determine the degree of polynomials 

Add and subtract monomials 

Add and subtract polynomials 

Evaluate a polynomial for a given value 


Before you get started, take this readiness quiz. 


i simplify. 8x 43x 

If you missed this problem, review [link]. 
De SUDEACt SMe O)e(2 0 I) 

If you missed this problem, review [link]. 
3. Evaluate: 4y2 when y=5 

If you missed this problem, review [link]. 


Identify Polynomials, Monomials, 
Binomials, and Trinomials 


In Evaluate, Simplify, and Translate Expressions, 
you learned that a term is a constant or the product 


of a constant and one or more variables. When it is 
of the form axm, where a is a constant and m isa 
whole number, it is called a monomial. A monomial, 
or asum and/or difference of monomials, is called a 
polynomial. 


Polynomials 
polynomial—A monomial, or two or more 
monomials, combined by addition or subtraction 


monomial—A polynomial with exactly one term 
binomial— A polynomial with exactly two terms 
trinomial—A polynomial with exactly three terms 


Notice the roots: 
* poly- means many 
* mono- means one 
¢ bi- means two 
* tri- means three 


Here are some examples of polynomials: 


Polynomial b+1 4y2—7y+2 5x5—4x4+x3+8x 


=i] 
1 i 


~ 


° 
Manamial 
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Dinamial Qa_T7 77 _ 
BJLALULLILUE vu v4 


Trinomial x2—5x+6 4y2—7y+2 5a4-—3a3+a 


— g asm ii iA Tae 


Notice that every monomial, binomial, and 
trinomial is also a polynomial. They are special 
members of the family of polynomials and so they 
have special names. We use the words ‘monomial’, 
‘binomial’, and ‘trinomial’ when referring to these 
special polynomials and just call all the rest 
‘polynomials’. 


Determine whether each polynomial is a 
monomial, binomial, trinomial, or other 
polynomial: 


@8x2—7x-—9 

© —5a4 

©x4 — 7x3 —6x2+5x+2 
@11—4y3 

©n 


Solution 


PolynomialNNumber of Type 


terms 
@ 8x2-—7x 3 Trinomial 
~9 
h _ Ead 1 NNaAnamial 
bas wuld = SS LVEVIJLILWVALLIUSL 
© x4 — 7x3 -- 652+ 5x Polynomial 
+2 
CAN 4A 2D cm) Dinanamial 
btaa Z oe © ry wv — hl twists uL 
© n 1 Monomial 


Determine whether each polynomial is a 
monomial, binomial, trinomial, or other 
polynomial. 


@z 
®©2x3—4x2-—x-8 
©6x2—4x+1 
@9-—4y2 


©3x7 


@ monomial 
® polynomial 
© trinomial 
@ binomial 
© monomial 


Determine whether each polynomial is a 
monomial, binomial, trinomial, or other 
polynomial. 


@y3-8 
©9x3—5x2-x 
©x4—3x2-4x-7 
@-yé4 

©w 


@ binomial 
© trinomial 
© polynomial 
@ monomial 
© monomial 


Determine the Degree of Polynomials 


In this section, we will work with polynomials that 
have only one variable in each term. The degree of a 


polynomial and the degree of its terms are 
determined by the exponents of the variable. 


A monomial that has no variable, just a constant, is 
a special case. The degree of a constant is O—it has 
no variable. 


Degree of a Polynomial 
The degree of a term is the exponent of its 
variable. 


The degree of a constant is 0. 
The degree of a polynomial is the highest degree of 
all its terms. 


Let's see how this works by looking at several 
polynomials. We'll take it step by step, starting with 
monomials, and then progressing to polynomials 
with more terms. 


Remember: Any base written without an exponent 
has an implied exponent of 1. 


Find the degree of the following polynomials: 


@4x 
©3x3-—5x+7 
©-11 

@ —6x2+9x-3 
©8x+2 


Solution 


GY 
(a) 


The exponent of x is 


ann w—wl 
Vile AT AL 


Ch) 


Y 


The highest degree oi’ 


all tha tarma ia 2 
ULL LLLY LOLILID lvo Ue 


(cy) 

Y 

The degree of a 
constant is 0. 
(AY 

Yy 


The highest degree oi’ 


all tha tarma ia 9 
ULL LILY LUELILID LO a. 


(a 


The highest degree oi’ 
all the terms is 1. 


Find the degree of the following polynomials: 


@ —6y 
©4x-1 


©3x44+ 4x2-8 
@2y2+3y+9 
©-18 


Ax 
ma 


The degree is 1. 


Q~9 Evil 7 
Vn I 7s 


YAY 


The degree is 3 


= (a 
aa 


The degree is 0. 


—~4Aw9I1taAw_9 
Wings | Pass Vv 


The degree is 2. 


Ow 19 


Va 1 ew 


The degree is 1. 


Find the degree of the following polynomials: 


@47 
®2x2—8x+2 
©x4—-16 
@y5—5y3+y 
©9a3 


Working with polynomials is easier when you list 
the terms in descending order of degrees. When a 
polynomial is written this way, it is said to be in 


standard form. Look back at the polynomials in 
[link]. Notice that they are all written in standard 
form. Get in the habit of writing the term with the 
highest degree first. 


Add and Subtract Monomials 


In The Language of Algebra, you simplified 
expressions by combining like terms. Adding and 
subtracting monomials is the same as combining 
like terms. Like terms must have the same variable 
with the same exponent. Recall that when 
combining like terms only the coefficients are 
combined, never the exponents. 


Add: 17x2+ 6x2. 


Solution 


2/7 fea 1 VA 


Combine like terms. 23x2 


Add: 12x2+ 5x2. 


Add: —11y2+8y2. 


Subtract: 11n—(— 8n). 


Solution 


nl 


11 — Qn) 
idait X vil 


Combine like terms. 19n 


Subtract: 9n—(-—5n). 


Subtract: —7a3 —(-—5a3). 


Simplify: a2 + 4b2 — 7a2. 


Solution 


a9 1 AKAD _749 
ua waa 7ue 


Combine like terms. —6a2+ 4b2 


Remember, — 6a2 and 4b2 are not like terms. 
The variables are not the same. 


Addi 3x24 ays — oxo: 


Add: 2a2 + b2 — 4a2. 


Add and Subtract Polynomials 


Adding and subtracting polynomials can be thought 
of as just adding and subtracting like terms. Look 
for like terms—those with the same variables with 
the same exponent. The Commutative Property 
allows us to rearrange the terms to put like terms 
together. It may also be helpful to underline, circle, 
or box like terms. 


Find the sum: (4x2—5x+1)+(3x2—-8x-—9). 


Solution 


(Ax? om Sx ote Lob (3x2 oe By OY 
Identify like terms. 

Aw2__&v 1 Mili 2.2 @. fal 

= SE ae SEE 
Rearrange to get the 


like terms together. 
dy? 4 3x? — 5x — Ry +{1]_Ia] 


Combine like terms. 


7x? — 13x —8 


Find the sum: (3x2—2x+ 8) +(x2—6x+2). 


4x2 — 8x + 10 


Find the sum: (7y2+ 4y —6)+ (4y2+ 5y +1). 


Ily2 + .9y = 5 


Parentheses are grouping symbols. When we add 
polynomials as we did in [link], we can rewrite the 
expression without parentheses and then combine 
like terms. But when we subtract polynomials, we 
must be very careful with the signs. 


Find the difference: (7u2 —5u+3)—(4u2-— 2). 


Solution 


CT 2 Ke 1 2\ (Aw2 y\ 
\iw “ww ~ J as 


' yra 


Distribute and identily 


like terms. 
Tu? — Su [3] — ay? +[9] 


Rearrange the terms. 


Tu2 — An — Su + % rab) 
= Seer 


Combine like terms. 


3u2— 5u+5 


Find the difference: (6y2 + 3y — 1) —(3y2—4). 


7a BA wae" ara) 


Find the difference: (8u2 — 7u — 2) — (5u2—6u 
— 4), 


Subtract: (m2 —3m+ 8) from (9m2—7m+ 4). 


Solution 


Cothtract fee2 Qe 1 Q\ fran (Que? Ten 1 
SDE a ses SS OO tte 


Distribute and identily 
like terms. 


Rearrange the terms. 


fe] 


site te 


f'1py 


Combine like terms. 


8m? — 4m — 4 


Subtract: (4n2 —7n—3) from (8n2+5n-—3). 


Subtract: (a2 —4a—9) from (6a2+ 4a—1). 


Evaluate a Polynomial for a Given Value 


In The Language of Algebra we evaluated 
expressions. Since polynomials are expressions, we'll 
follow the same procedures to evaluate polynomials 
—substitute the given value for the variable into the 
polynomial, and then simplify. 


Evaluate 3x2—9x+7 when 


@x=38 
®©x=-1 


Solution 


Aw—2 
VY —_wu 


x 
a 


Crithotitutn 29 far wv 
VUVYvLULUL VY UL A 


Simplify the expression 


. 
warith tha awnannant 
VV GULL LLLU CAPULILI1Le 


NAsaltintles 


AVLULLULp Ly 


Simplify. A 


h\) x — — 1 
Eat OS $ Sara ay 
Cithotituitn — 1 far wv 
VUVvLLLULe 2ivi aA 


Simplify the expression 


9~9_Aw 17 
Vvau yoiwds 


BVFO WAY. AVEO 1 ters 


YAYVISoA 2ZV\YI) ' 74 


3-9 —9(3)+7 


9279 _Aw 17 


vane you igs 


ha ae aata | Ke aay 6) V ey [a Vee [ley A 
Fu ay ae 8 


YL aja 
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AvVLULLUL py Lee 


Simplify. 19 


Evaluate: 2x2 +4x—3 when 


Qx—2 
®x=-3 


Evaluate: 7y2—y—2 when 


@y=-4 
®y=0 


The polynomial — 16t2 +300 gives the height 
of an object t seconds after it is dropped from 
a 300 foot tall bridge. Find the height after 
t=3 seconds. 


Solution 


14.27 1. 2nNn 
—LIWUE TT wvy 


Substitute 3 for t 


14/2\2 1 2NN 
avyey 1vwvy 


Simplify the expression 
with the exponent. 
16-94-3200 


'wvy 


Multiply. 


1AA 
it 


Simplify. 


156 


The polynomial — 8t2+24t+4 gives the 
height, in feet, of a ball t seconds after it is 
tossed into the air, from an initial height of 4 
feet. Find the height after t=3 seconds. 


The polynomial — 8t2+24t+4 gives the 
height, in feet, of a ball x seconds after it is 
tossed into the air, from an initial height of 4 
feet. Find the height after t=2 seconds. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Adding Polynomials 
¢ Subtracting Polynomials 


Practice Makes Perfect 


Identify Polynomials, Monomials, Binomials and 
Trinomials 


In the following exercises, determine if each of the 
polynomials is a monomial, binomial, trinomial, or 
other polynomial. 


5x+2 


binomial 


Z2—5z—6 


a2+9a+18 


trinomial 


—12p4 


Vo=6y22y—16 


polynomial 


10- 9x 


23y2 


monomial 


m4+4m3+6m2+4m+1 


Determine the Degree of Polynomials 


In the following exercises, determine the degree of 
each polynomial. 


8a5—2a3+4+1 


5c3+11c2—c-—8 


3x-—12 


4y+17 


=22 


Add and Subtract Monomials 


In the following exercises, add or subtract the 
monomials. 


6x2 + 9x2 


15x2 


4y3 + 6y3 


—12u+4u 


—8u 


—3m+9m 


5a+7b 


5a + 7b 


8y + 62 


Add: 4a, — 3b, — 8a 


—4a —3b 


Add: 4x,3y, — 3x 


18x — 2x 


16x 


13a—3a 


Subtract 5x6from — 12x6 


—17x6 


Subtract 2p4from — 7p4 


Add and Subtract Polynomials 


In the following exercises, add or subtract the 
polynomials. 


(4y2 + 10y +3) + (8y2—6y +5) 


l2y2 + 4y + 8 


(7x2 —9x+2)+ (6x2 —4x+3) 


(x2 + 6x+8)+(-—4x2+11x-—9) 


—3x2 + 17x -—1 


(y2+ 9y + 4) + (— 2y2—5y—1) 


(3a2+7)+(a2—7a—18) 


4q2-— 7a-— 11 


(p2—5p—11)+(3p2+9) 


(6m2 —9m —3)—(2m2+m-—5) 


4m2 — 10m + 2 


(3n2—4n+1)—(4n2—n-—-2) 


(z2+ 82+ 9)—(z2—3z+1) 


llz + 8 


(z2—7z+5)—(z2—8z+6) 


(12s2 — 15s) —(s—9) 


12s2 — 165 + 9 


(10r2 — 20r) — (r— 8) 


Find the sum of (2p3 — 8) and (p2+ 9p +18) 


2p3: + -p2 + 9p: + 10 


Find the sum of (q2+4q+13) and (7q3-—3) 


Subtract (7x2 —4x +2) from (8x2 —x+6) 


x2+ 3x +4 


Subtract (5x2—x+12) from (9x2 —6x— 20) 


Find the difference of (w2+w-— 42) and 
(w2-—10w+ 24) 


llw — 66 


Find the difference of (z2—3z—18) and (z2+5z 
— 20) 


Evaluate a Polynomial for a Given Value 


In the following exercises, evaluate each polynomial 
for the given value. 


Evaluate8y2 — 3y + 2 


@ 187 
® 40 
© 2 


Evaluate5y2 — y — 7when: 


Evaluate4 — 36xwhen: 


@ax=3 
®x=0 
©x=-1 


Evaluate16 — 36x2when: 


@x=-1 
®x=0 
©Ox=2 


A window washer drops a squeegee from a 
platform 275 feet high. The polynomial 
—16t2+ 275 gives the height of the squeegee t 
seconds after it was dropped. Find the height 
after t= 4 seconds. 


19 feet 


A manufacturer of microwave ovens has found 
that the revenue received from selling 
microwaves at a cost of p dollars each is given 
by the polynomial — 5p2+ 350p. Find the 
revenue received when p=50 dollars. 


Everyday Math 


Fuel Efficiency The fuel efficiency (in miles per 
gallon) of a bus going at a speed of x miles per 
hour is given by the polynomial 

—1160x2 + 12x. Find the fuel efficiency when 

x = 40mph. 


10 mpg 


Stopping Distance The number of feet it takes 
for a car traveling at x miles per hour to stop on 
dry, level concrete is given by the polynomial 
0.06x2 + 1.1x. Find the stopping distance when 
x = 60mph. 


Writing Exercises 


Using your own words, explain the difference 
between a monomial, a binomial, and a 
trinomial. 


Answers will vary. 


Eloise thinks the sum 5x2 + 3x4 is 8x6. What is 
wrong with her reasoning? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 
in your road to success. In math, every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no—I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


binomial 
A binomial is a polynomial with exactly two 
terms. 


degree of a constant 
The degree of a constant is 0. 


degree of a polynomial 
The degree of a polynomial is the highest 
degree of all its terms. 


degree of a term 
The degree of a term of a polynomial is the 
exponent of its variable. 


monomial 
A term of the form axm, where a is a constant 
and m is a whole number, is called a 
monomial. 


polynomial 
A polynomial is a monomial, or two or more 
monomials, combined by addition or 
subtraction. 


trinomial 
A trinomial is a polynomial with exactly three 
terms. 


Use Multiplication Properties of Exponents 
By the end of this section, you will be able to: 


¢ Simplify expressions with exponents 

¢ Simplify expressions using the Product Property 
of Exponents 

¢ Simplify expressions using the Power Property 
of Exponents 

¢ Simplify expressions using the Product to a 
Power Property 

¢ Simplify expressions by applying several 
properties 

¢ Multiply monomials 


Before you get started, take this readiness quiz. 


1. Simplify: 34-34. 


If you missed the problem, review [link]. 
Ze Simpliive( = 2) = 2) (2): 
If you missed the problem, review [link]. 


Simplify Expressions with Exponents 


Remember that an exponent indicates repeated 


multiplication of the same quantity. For example, 24 
means to multiply four factors of 2, so 24 means 
2:2:2:2. This format is known as exponential 
notation. 


Exponential Notation 


This is read a to the mth power. 


In the expression am, the exponent tells us how 
many times we use the base a as a factor. 


Before we begin working with variable expressions 
containing exponents, let’s simplify a few 
expressions involving only numbers. 


Simplify: 
@53 
®91 


Solution 


(ey) 
YY 


NAsaltinkiks 2 Fantare af = 
AVAULLIpLy yy surtuiv Ui ve 


Simplify. 


AY 
fh 


Multiply 1 factor of 9. 9 


Simplify: 


@43 
®111 


Simplify: 


@34 
®211 


Simplify: 


@(78)2 
®(0.74)2 


Solution 


(ey) 
Y 


Niaaltinls: tyra fantara 
are het eA / tLvvy LULLVYLVe 


Simplify. 


(A) 
(h) 


NAaaltinls: trrn fantara 
ana eheheth| eA) / Lvvy LULLVILVe 


Simplify. 


Simplify: 


@(58)2 
®(0.67)2 


@2564 
®©0.4489 


Simplify: 
@(25)3 
®(0.127)2 


@8125 
©0.016129 


Simplify: 


@(—3)4 
® — 34 


Solution 


G) 
fa) 


C1 ONA 
vu vj 
Multiply four factors of (— 3)(—3)(—3)(—3) 
=) 
Simplify. 81 
&) 
—34 
NAaaltints, trata fantara aS a Wik tn Talo IN 
BE a BAS) / tvvy LUV. lywvuvuvvy) 
Simplify. —81 


Notice the similarities and differences in parts 
@ and ©. Why are the answers different? In 
part @ the parentheses tell us to raise the 
(—3) to the 4th power. In part © we raise only 
the 3 to the 4th power and then find the 
opposite. 


Simplify: 


@(-2)4 
® — 24 


@ 16 
®r— 16 


Simplify: 


@(-8)2 
® —82 


Simplify Expressions Using the Product 
Property of Exponents 


You have seen that when you combine like terms by 
adding and subtracting, you need to have the same 
base with the same exponent. But when you 
multiply and divide, the exponents may be different, 
and sometimes the bases may be different, too. We’ll 


derive the properties of exponents by looking for 
patterns in several examples. All the exponent 
properties hold true for any real numbers, but right 
now we will only use whole number exponents. 


First, we will look at an example that leads to the 
Product Property. 


a2 3 
x . 


Ww 


What does this mean? 


Ho ¥°% + X+X°x 
to — u J 


alt > factors 3 factors 
L J 


Y 


5 factors 


So, we have 


pe 


~~ 


Notice that 5 is the sum 
of the exponents, 2 and 3. 
x2. Wis x2+3 or x5 
We write: x2°x3 
e2+3 
x5 


The base stayed the same and we added the 
exponents. This leads to the Product Property for 
Exponents. 


Product Property of Exponents 
If a is areal number and m,n are counting 


numbers, then 
am-an=am-+n 
To multiply with like bases, add the exponents. 


An example with numbers helps to verify this 


property. 
22:23 = ?22 + 34-8 = 22532 =32V 


Simplify: x5-x7. 


Solution 


Use the product 
property, am-an=am 
+ wet 


Simplify. x12 


Simplify: x7-x8. 


Simplify: x5-x11. 


Simplify: b4-b. 


Solution 


hA.K 
v v 
Dararrita hH—ht1 bhA.41 


ANU VVEELY, WV” Laie 


Use the product 


property, aman =am 
ae Lt 


Simplify. b5 


Simplify: p9-p. 


Simplify: m-m7. 


Simplify: 27:29. 


Solution 


Use the product 
property, am-an=am 
+197+9 


Simplify. 


Simplify: 6-69. 


Simplify: 96-99. 


Simplify: y17-y23. 


Solution 


Notice, the bases are 
the same, SO add the 


Simplify. 


Simplify: y24-y19. 


Simplify: 215-224. 


We can extend the Product Property of Exponents to 
more than two factors. 


Simplify: x3-x4-x2. 


Solution 


Add the exponents, 
since the bases are the 


anwvit4+2 
vus, 


Simplify. 


Simplify: x7-x5-x9. 


Simplify: y3-y8-y4. 


Simplify Expressions Using the Power 
Property of Exponents 


Now let’s look at an exponential expression that 
contains a power raised to a power. See if you can 
discover a general property. 


(x?) 


+2 a2 . x2 


” ” 


What does this mean? 


Hc X*X . X*X . X*X 


l J { J { j 
7 


alt > factors 2factors 2 factors 


6 factors 


So, we have 


6 


Yr 


Notice that 6 is the 
product of the exponents, 


2¢ (x7) is x23 or x® 

We write: (x2)3 
x2°3 
x6 


We multiplied the exponents. This leads to the 
Power Property for Exponents. 


Power Property of Exponents 
If a is areal number and m,n are whole numbers, 
then 


(am)n=am-n 
TO raise a power to a power, multiply the 


exponents. 


An example with numbers helps to verify this 


property. 
(52)3 = ?52:3(25)3 = ?5615,625 = 15,6257 


Simplify: 


@(x5)7 
@(36)8 


Solution 


CN 

VY 
(xvENT 
Wa0uy7 


Use the Power 
Property, (am)n=amn. 
Po. Fy 


Simplify. x35 


(nh) 
ay 
(24\9 


Ad) SAB 


Use the Power 
AAR 


348 


Simplify. 


Simplify: 


@(x7)4 
®©(74)8 


Simplify: 


@(x6)9 
©(86)7 


@ys4 
® 842 


Simplify Expressions Using the Product to 
a Power Property 


We will now look at an expression containing a 
product that is raised to a power. Look for a pattern. 


69~+7\9 


La-ayy 


Wihhat danna thie maan?d ay: 9x7.9~7 


We group the like factors 2-2-2-x-x-x 


taantha 
wor tines 


How many factors of 2. 23-x3 
and af x? 


unt Vi 


Notice that each factor — (2x)3is23-x3 


° 
warna vraiand ta tha nnrarar 
Vo LUO LY ULI Puen, 


We write: (2x)3 
23°x3 


The exponent applies to each of the factors. This 
leads to the Product to a Power Property for 
Exponents. 


Product to a Power Property of Exponents 
If a and b are real numbers and m is a whole 


To raise a product to a power, raise each factor to 
that power. 


An example with numbers helps to verify this 


property: 
(2:3)2 = 222-3262 = 24-936 = 36V 


Simplify: (— 11x)2. 


Solution 


Use the Power of a 
Product Property, 


(a(-11 ebm 


Simplify. 121x2 


Simplify: (— 14x)2. 


simplify: (—12a)2: 


Simplify: (3xy)3. 


Solution 


(Qxx71\2 
Me™, IY 


Raise each factor to the 
third power. 

2303.3 

4 “ A 


Simplify. 27x3y3 


Simplify: (— 4xy)4. 


256x4y4 


Simplify: (6xy)3. 


216x3y3 


Simplify Expressions by Applying Several 
Properties 


We now have three properties for multiplying 
expressions with exponents. Let’s summarize them 
and then we’ll do some examples that use more than 
one of the properties. 


Properties of Exponents 

If a,b are real numbers and m,n are whole 
numbers, then 

Product Propertyam-an = am + nPower 
Property(am)n = am-nProduct to a Power 
Property(ab)m = ambm 


Simplify: (x2)6(x5)4. 


Solution 


(wIVE(vENVA 
Leer Vv VAY) i 


Use the Power x12-x20 


Dranarti 
pavupricy. 


Add the exponents. x32 


Simplify: (x4)3(x7)4. 


Simplify: (y9)2(y8)3. 


Simplify: (— 7x3y4)2. 


Solution 


( _—TWw2x1rANO 
vu ravy we 


Take each factor to the (— 7)2(x3)2(y4)2 


Use the Power 49x6y8 
Property. 


Simplify: (— 8x4y7)3. 


= JIZxI2y21 


Simplify: (— 3a5b6)4. 


Simplify: (6n)2(4n3). 


Solution 


(652473) 


aiv yj 


Raise 6n to the second 62n2-4n3 


MOWOPL, 
[eeu 
Cimnlifr, 26n)?. An2 


Urlitipiiry. Uilaew 111 


Use the Commutative 36-4n2:n3 


Dranarti 
pavupricy. 


Multiply the constants 144n5 
and add the exponenis. 


Notice that in the first monomial, the exponent 
was outside the parentheses and it applied to 
both factors inside. In the second monomial, 
the exponent was inside the parentheses and 
so it only applied to the n. 


Simplify: (7n)2(2n12). 


Simplify: (4m)2(3m3). 


Simplify: (3p2q)4(2pq2)3. 


Solution 


(2n90ADVAI9N1INNGD 
Ww yey Naepysy 


Use the Power of a 34(p2)4q4-23p3(q2)3 


Use the Power 81p8q4-8p3q6 


Deannanrtrr 
pavpricy-. 


Use the Commutative 81-8-p8-p3-q4-q6 


Deannanrtrr 
pavpricy- 


Multiply the constants 648p11q10 
and add the exponenis 

for 

each variable. 


Simplify: (u3v2)5(4uv4)3. 


64u18v22 


Simplify: (5x2y3)2(3xy4)3. 


675x7y18 


Multiply Monomials 


Since a monomial is an algebraic expression, we can 
use the properties for simplifying expressions with 
exponents to multiply the monomials. 


Multiply: (4x2)(— 5x3). 


Solution 


(Ax2)\( — 5x2) 
Use the Commutative 4-(—5)-x2-x3 
Property to rearrange 


tha fantara 
L1Le LULLULD. 


Multiply. — 20x5 


Multiply: (7x7)(— 8x4). 


Multiply: (— 9y4)(— 6y5). 


Multiply: (34c3d)(12cd2). 


Solution 


Cres dCctedD 
Use the Commutative 34-12-c3-c-d-d2 
Property to rearrange 


tha fantara 
LLL LULLVIVe 


Multiply. 9c4d3 


Multiply: (45m4n3)(15mn3). 


Multiply: (23p5q)(18p6q7). 


12p11q8 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Exponent Properties 
¢ Exponent Properties 2 


Key Concepts 


* Exponential Notation 


This is read a to the mth power. 
* Product Property of Exponents 


© Ifais areal number and m,n are counting 
numbers, then 
am-an=am-+n 

© To multiply with like bases, add the 
exponents. 


* Power Property for Exponents 
© If ais areal number and m,n are counting 
numbers, then 
(am)n =am-n 
* Product to a Power Property for Exponents 
© Ifaand b are real numbers and m is a 


whole number, then 
(ab)m =ambm 


Practice Makes Perfect 
Simplify Expressions with Exponents 


In the following exercises, simplify each expression 
with exponents. 


45 
1,024 
103 


(12)2 


14 


(35)2 


(0.2)3 


0.008 


(0.4)3 


(—5)4 


625 


(=3)5 


—54 


—625 


=35 


—104 


— 10,000 


— 26 


(=23)3 


=52/ 


(—14)4 


=: 52, 


=5205 


—0.14 


Simplify Expressions Using the Product Property 
of Exponents 


In the following exercises, simplify each expression 
using the Product Property of Exponents. 


x3°x6 


x9 


m4-m2 


aa4 


as 


yl2y 


35:39 


314 


5910:56 


ZZ2'Z3 


26 


a‘a3-a5 


xax2 


Xa+2 


ypy3 


yayb 


Yat+b 


Simplify Expressions Using the Power Property 
of Exponents 


In the following exercises, simplify each expression 
using the Power Property of Exponents. 


(u4)2 


us 


(x2)7 


(y5)4 


y20 


(a3)2 


(102)6 


1012 


(28)3 


(x15)6 


x90 


(y12)8 


(x2)y 


X2y 


(y3)x 


(Sx)y 


Oxy 


(7a)b 


Simplify Expressions Using the Product to a 
Power Property 


In the following exercises, simplify each expression 
using the Product to a Power Property. 


(5a)2 


25a2 


(7x)2 


(—6m)3 


2 Ooms 
(—9n)3 
(4rs)2 
16r2s2 
(5ab)3 
(4xyz)4 
256x4y4z4 


(—5abc)3 


Simplify Expressions by Applying Several 
Properties 


In the following exercises, simplify each expression. 


(x2)4-(x3)2 


x14 


(y4)3-(y5)2 


(a2)6-(a3)8 


a36 


(b7)5-(b2)6 


(3x)2(5x) 


45x3 


(2y)3(6y) 


(5a)2(2a)3 


200a5 


(4b)2(3b)3 


(2m6)3 


8m18 


(3y2)4 


(10x2y)3 


1,000x6y3 


(2mn4)5 


(—2a3b2)4 


16a12b8 


(—10u2v4)3 


(23x2y)3 


827x6y3 


(79pq4)2 


(8a3)2(2a)4 


1,024a10 


(5r2)3(3r)2 


(10p4)3(5p6)2 


25,000p24 


(4x3)3(2x5)4 


(12x2y3)4(4x5y3)2 


xX18y18 


(13m3n2)4(9m8n3)2 


(3m2n)2(2mn5)4 


144msn22 


(2pq4)3(Sp6q)2 


Multiply Monomials 


In the following exercises, multiply the following 
monomials. 


(12x2)(— 5x4) 


— 60x6 


(— 10y3)(7y2) 


(—8u6)(— 9u) 


7 2U7 


(—6c4)(— 12c) 


(15r8)(20r3) 


4ri1 


(14a5)(36a2) 


(4a3b)(9a2b6) 


36a5b7 


(6m4n3)(7mn5) 


(47xy2)(14xy3) 


8x2y5 


(58u3v)(24u5v) 


(23x2y)(34xy2) 


12x3y3 


(35m3n2)(59m2n3) 


Everyday Math 


Email Janet emails a joke to six of her friends 
and tells them to forward it to six of their 
friends, who forward it to six of their friends, 


and so on. The number of people who receive 
the email on the second round is 62, on the 
third round is 63, as shown in the table. How 
many people will receive the email on the 
eighth round? Simplify the expression to show 
the number of people who receive the email. 


Mn ~2....4 RIA ee Lee o£ ee ee 1 
NoOunG INUIMDCY G1 pcuopic 
1 4 

Lt VU 

9 49 

ai Va 

Q 42 

vw Vu 

8 ? 

1,679,616 


Salary Raul’s boss gives him a 5% raise every 
year on his birthday. This means that each year, 
Raul’s salary is 1.05 times his last year’s salary. 
If his original salary was $40,000, his salary 
after 1 year was $40,000(1.05), after 2 years 
was $40,000(1.05)2, after 3 years was 
$40,000(1.05)3, as shown in the table below. 
What will Raul’s salary be after 10 years? 
Simplify the expression, to show Raul’s salary 


in dollars. 


N7 Anne o.41..-- 

iLwvcal valaly 

1 CAN ANNS1_ OEY 
a WIiyyvyUVVa1evYs 
9 CAN ANNS1_NEN\9O 
a WIVVVUYLLeVUsa 
Q CAN ANNS1_OE\2 
y WIVVYUYLLeUUsY 
10 ? 


Writing Exercises 


Use the Product Property for Exponents to 
explain why xx =x2. 


Answers will vary. 


Explain why —53=(-—5)3 but —54#(—5)4. 


Jorge thinks (12)2 is 1. What is wrong with his 
reasoning? 


Answers will vary. 


Explain why x3-x5 is x8, and not x15. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Multiply Polynomials 
By the end of this section, you will be able to: 


* Multiply a polynomial by a monomial 


¢ Multiply a binomial by a binomial 
* Multiply a trinomial by a binomial 


Before you get started, take this readiness quiz. 


ie Distribute: 20:4. 3). 
If you missed the problem, review [link]. 


2. Distribute: —11(4- 3a). 

If you missed the problem, review [link]. 
3. Combine like terms: x2 + 9x + 7x+ 63. 

If you missed the problem, review [link]. 


Multiply a Polynomial by a Monomial 


In Distributive Property you learned to use the 
Distributive Property to simplify expressions such as 
2(x— 3). You multiplied both terms in the 
parentheses, xand3, by 2, to get 2x—6. With this 
chapter's new vocabulary, you can say you were 
multiplying a binomial, x—3, by a monomial, 2. 


Multiplying a binomial by a monomial is nothing 
new for you! 


Multiply: 3(x+ 7). 


Solution 


Distribute. 


Multiply: 6(x+ 8). 


Multiply: 2(y +12). 


Multiply: x(x — 8). 


Solution 


viv — 2) 
wwe ~7 


Distribute. 


Simplify. 


x* — &x 


Multiply: y(y — 9). 


Multiply: p(p— 13). 


Multiply: 10x(4x+y). 


Solution 


Te fAw 1 asd 
ee on J 


Distribute. 


Simplify. 


40x? + 10xy 


Multiply: 8x(x + 3y). 


Multiply: 3r(6r+s). 


Multiplying a monomial by a trinomial works in 
much the same way. 


Multiply. —2x(5x2 7x3): 


Solution 


eaA\QVvuAa 1s a vJ 


Distribute. 


rs sy 
—2x( 5x2 4. Tx — 3) 
— 2x:5x2 + (— 2x)-7x 


— f _ 9671.9 


& aeayv 


Simplify. ~10x3 —14x2 + 6x 


Multiply: —4y(8y2+5y—9). 


OVO = OV) ot oOy. 


Miiltiply: —ox(9x2 7x 1): 


— 54x3 — 6x2 + 6x 


Multiply: 4y3(y2—8y +1). 


Solution 


Distribute. 


Simplify. 4y5 — 32y4+4y3 


Multiply: 3x2(4x2—3x+9). 


12x4 — 9x3 + 27x2 


Multiply: 8y2(3y2 — 2y — 4). 


24y4 — 16y3 — 32y2 


Now we will have the monomial as the second 
factor. 


Multiply: (x+3)p. 


Solution 


Wary 
Distribute. 
xr oF 
fo 6 Dio. 
wo SIP 
wen Lb O.n 
a I’ I wv vB 
Simplify. Xp + 3p 


Multiply: (x+8)p. 


Multiply: (a+ 4)p. 


Multiply a Binomial by a Binomial 


Just like there are different ways to represent 
multiplication of numbers, there are several 
methods that can be used to multiply a binomial 
times a binomial. 


Using the Distributive Property 


We will start by using the Distributive Property. 
Look again at [link]. 


fv 1 Bin 
ww ' MJP 


We distributed the p to 


rn t In 
se a 


What if we have (x+7) 
instead of p? 


(x + 3\(x+7) 


Think af tha fy a TW\ ne th-~ -— -L---- 
Pe ReE SIN Wee Meee ya ry 


a vp MN~wYe- 
Distribute (x +7). 


ME+D+364+D 
Distribute-again. 7c ee eee 2 
Combine like terms. x2+10x+21 


Notice that before combining like terms, we had 
four terms. We multiplied the two terms of the first 
binomial by the two terms of the second binomial— 
four multiplications. 


Be careful to distinguish between a sum and a 
product. 

SumProductx + xx-x2xx2combine like termsadd 
exponents of like bases 


Multiply: (x+6)(x+ 8). 


Solution 


\A I VIVA 1 vi 


a | aie 
OVfw 1 OV 
62+-6x i i vy) 


Distribute (x+ 8). 


owls 1 O\1 1 4fw 1 Q 
AY | uy twas roe 


Niatethiuita anain ww 1 Ow 1 Aw 1 AO 
VivuiVULe Usui. Aga | VA TVA IT 1U 


Simplify. x2+14x+48 


Multiply: (x+8)(x+ 9). 


x2 + 17x + 72 


Multiply: (a+4)(a+5). 


Now we'll see how to multiply binomials where the 
variable has a coefficient. 


Multiply: (2x+ 9)(3x+ 4). 


Solution 


\a.% 1 AYZIV\YA | Le 


Distribute. (3x + 4) 


Niatethiuita anain Aw9 1 Ow 1 OTw 1 DL 
VivuiVULe UBuii4. VaAaa 1 UA asa VY 


Simplify. 6x2 + 35x + 36 


Multiply: (5x+ 9)(4x + 3). 


20x2 + 51x + 27 


Multiply: 10m+9)(8m + 7). 


80m2 + 142m + 63 


In the previous examples, the binomials were sums. 
When there are differences, we pay special attention 
to make sure the signs of the product are correct. 


Multiply: (4y + 3)(6y —5). 


Solution 


(Axr 1 QO\VCEx7, EY 
Lily bvwanyy vy) 
Distribute. 


Axl Aw — S\ 4 2fAw — S\ 
TXT ~ J ' Lt aa ~~ 7 


Niiatethiuita anain QAxwrD — OMxr 1 1 Oxvr__ 1E 
av Lu 


PIVULLVULY UHBUIILe aeiyoa a a J av 


Simplify. 24y2—2y—15 


Multiply: (7y +1)(8y — 3). 


OVI boy 35 


Multiply: (3x + 2)(5x — 8). 


15x2 — 14x -— 16 


Up to this point, the product of two binomials has 
been a trinomial. This is not always the case. 


MiubtiplycsGcs, 2) ve 


Solution 


(x + 2x —v) 
Distribute. 
$e — YP) abe Dem YN) 


Distribute again. 


Simplify. There are no like terms 
to combine. 


Multiply: (x+5)(x—y). 


Multiply: (x+2y)(x—-1). 


Using the FOIL Method 


Remember that when you multiply a binomial by a 
binomial you get four terms. Sometimes you can 
combine like terms to get a trinomial, but 
sometimes there are no like terms to combine. Let's 
look at the last example again and pay particular 
attention to how we got the four terms. 

(x +2)(x-y) 

x2 —xy b2x—Zy 


Where did the first term, x2, come from? 


It is the product of xandx, the first terms in (x 
+ 2)and(x-—y). 


The next term, —xy, is the product of xand—y, the 
two outer terms. 


The third term, + 2x, is the product of 2andx, the 
two inner terms. 


And the last term, — 2y, came from multiplying the 
two last terms. 


We abbreviate “First, Outer, Inner, Last” as FOIL. 
The letters stand for ‘First, Outer, Inner, Last’. The 
word FOIL is easy to remember and ensures we find 
all four products. We might say we use the FOIL 
method to multiply two binomials. 


Let's look at (x +3)(x+7) again. Now we will work 
through an example where we use the FOIL pattern 
to multiply two binomials. 


Multiply using the FOIL method: (x+ 6)(x+ 9). 


Solution 


Step 1: Multiply the 
First terms. 


(x + 6)(x + 9) +_o+__+__ 
OQ 1 L 


F 
Step 2: Multiply the 
Outer terms. 


(x + 6)(x + 9) x274+9x4 = 4 __ 

—- POO a 
Step 3: Multiply the 
Inner terms. 

(x + 6)x + 9) x? 4+ 9x + 6x+4+__ 
Step 4: Multiply the 
Last terms. 


AN 
(x + 6)(x + 9) x? + Ox + 6x + 54 
y n I ! 


Step 5: Combine like 
terms, when possible. 
x2 + 15x +54 


Multiply using the FOIL method: (x+ 7)(x +8). 


x2 + 15x + 56 


Multiply using the FOIL method: (y+ 14)(y 
4p 22), 


y2 + 1l6y + 28 


We summarize the steps of the FOIL method below. 
The FOIL method only applies to multiplying 
binomials, not other polynomials! 


Use the FOIL method for multiplying two 
binomials. 


Multiply the First terms. Multiply the Outer terms. 
Multiply the Inner terms. Multiply the Last terms. 
Combine like terms, when possible. 


Multiply: (y—8)(y + 6). 


Solution 


Step 1: Multiply the 
First terms. 


{ ‘\ 
(y — 8)(y + 6) y+_t+_+ 


F U L 
Step 2: Multiply the 
Outer terms. 


i : 
(y — 8)(y + 6) y+ 6y+_+_ 
_ — r a r 1 
Step 3: Multiply the 
Inner terms. 
(y — 8)\(y + 6) y? + 6y — 8y + __ 
7 F ofr. 
——_” 
Step 4: Multiply the 
Last terms. 


fo f% Y . ; 
(y — 8)(y + 6) y* + by — 8y — 48 
— ro. fF 


Step 5: Combine like 


terms 
y’ — 2y— 48 


Multiply: (y—3)(y +8). 


Yae OY = 24 


Multiply: (q—4)(q+5). 


Multiply: (2a+ 3)(3a—1). 


Solution 


(9a 4. 2VIAa — 1\ 
ees =7 


“oN ™ 
(2a + 3)\(3a — 1) 
ees 


a 


Multiply the First 


terms. : 
2a - 3a 6a + + tH 
F U i i. 
Multiply the Outer 
terms. 
2a-(-1) 6a*-2a+__+__ 
i—o— i—;: 
Multiply the Inner 
terms. 
3-3a 6a* — 2a+9a+__ 


a nan 


Multiply the Last 


terms. 
3-(-1) 6a — 2a+9a-—3 
F oO I i 


Combine like terms. 


6a? + Ja — 3 


Multiply: (4a+ 9)(5a— 2). 


20a2 + 37a — 18 


Multiply: (7x+ 4)(7x— 8). 


49x2 — 28x — 32 


Multiply: (5x—y)(2x—7). 


Solution 


(Se — wv — 7) 
\wew Ja ‘7 


Hee) 
ry =f) 
CO 
Multiply the First 
terms. 

10x + + + 


c ay T i 
' v z I» 


Multiply the Outer 


ter 10x? -— 35x +__ + 


Multiply the Inner 
terms. 
10x? — 35x — 2xy+__ 
2 a) I I 
Multiply the Last 
terms. 
10x? — 35x — 2xy + Ty 
£ Oo f £ 


Combine like terms. 
There are none. 
10x? — 35x — 2xy + Ty 


Multiply: (12x — y)(x—5). 


W252 OOK = xy ey, 


Multiply: (6a—b)(2a—9). 


12a2 — 54a — 2ab + 9b 


Using the Vertical Method 


The FOIL method is usually the quickest method for 
multiplying two binomials, but it works only for 
binomials. You can use the Distributive Property to 
find the product of any two polynomials. Another 
method that works for all polynomials is the 
Vertical Method. It is very much like the method 
you use to multiply whole numbers. Look carefully 
at this example of multiplying two-digit numbers. 


You start by multiplying 23 by 6 to get 138. 


Then you multiply 23 by 4, lining up the partial 
product in the correct columns. 


Last, you add the partial products. 


Now we'll apply this same method to multiply two 
binomials. 


Multiply using the vertical method: (5x —1)(2x 
=). 


Solution 


It does not matter which binomial goes on the 
top. Line up the columns when you multiply as 
we did when we multiplied 23(46). 


2x—7 


a2 £.. 1 
Nn 


Multiply 2x—7 by —1. 
—2y + 7_nartial nroduct 


Multiply 2x—7 by 5x. 


1x2 — 25x nartial nroaduct 


10x* — 37x+7 product 


Notice the partial products are the same as the 
terms in the FOIL method. 


Multiply using the vertical method: (4m — 9) 
(3m—7): 


12m2 — 55m + 63 


Multiply using the vertical method: (6n—5)(7n 
— 2). 


42n2 — 47n + 10 


We have now used three methods for multiplying 
binomials. Be sure to practice each method, and try 


to decide which one you prefer. The three methods 
are listed here to help you remember them. 


Multiplying Two Binomials 
To multiply binomials, use the: 


¢ Distributive Property 
¢ FOIL Method 
* Vertical Method 


Remember, FOIL only works when multiplying two 
binomials. 


Multiply a Trinomial by a Binomial 


We have multiplied monomials by monomials, 
monomials by polynomials, and binomials by 
binomials. Now we're ready to multiply a trinomial 
by a binomial. Remember, the FOIL method will not 
work in this case, but we can use either the 
Distributive Property or the Vertical Method. We 
first look at an example using the Distributive 
Property. 


Multiply using the Distributive Property: (x 
+ 3)(2x2 —5x+8). 


Solution 


ar 33 (2x2 = 5x+ 5) 
Distribute. 


af 2 fw. 1 OV 1 19.2 Sw. 1 OV 
AY td J TV ~ x uy 


Multiply. eg a ta pe ono SEs 


1 UiNen buatati 


Combine like terms. 2x3 +x2—7x+24 


Multiply using the Distributive Property: (y 
—1)(y2-7y+2). 


Varn Roy 2ertewg ymue 


Multiply using the Distributive Property: (x 
+ 2)(3x2—4x-- 5). 


3x3 + 2x2 — 3x + 10 


Now let's do this same multiplication using the 
Vertical Method. 


Multiply using the Vertical Method: (x+ 3) 
(2x2 —5x+8). 


Solution 


It is easier to put the polynomial with fewer 
terms on the bottom because we get fewer 
partial products this way. 


2x*— 5x+ 8 
x x+ 3 


Multiply (2x2—5x+ 8) 
by 3. 


Pape 16. 1 9A 
ee La T —<—T 


Multiply (2x2 —5x+8) 
by x. 


2x7 -5x*+ 8x 


Add like terms. 


2x34 x27- 7Tx+24 


Multiply using the Vertical Method: (y— 1) 
V2 fy a): 


V8s— BY¥2 Oy = 92 


Multiply using the Vertical Method: (x + 2) 
(3x2 4x). 


3x3 + 2x2 — 3x + 10 


ACCESS ADDITIONAL ONLINE RESOURCES 


Multiply Monomials 

Multiply Polynomials 

Multiply Polynomials 2 

Multiply Polynomials Review 

Multiply Polynomials Using the Distributive 
Property 

Multiply Binomials 


Key Concepts 


* Use the FOIL method for multiplying two 


hinamin Ta 


BELWHEEEEUEEVCG 


First terms. 


et | 
Step 2. Multiply the 


Osustan tarmac 
Weten LULL. 


Step 3. Multiply the 


Step 4. Multiply the 
Taat tarma 


Step 5. Combine like 
terms, when possible. 


Multiplying Two Binomials: To multiply 
binomials, use the: 


© Distributive Property 
© FOIL Method 
© Vertical Method 


Multiplying a Trinomial by a Binomial: To 
multiply a trinomial by a binomial, use the: 


© Distributive Property 
© Vertical Method 


Practice Makes Perfect 
Multiply a Polynomial by a Monomial 


In the following exercises, multiply. 


4(x+ 10) 


4x + 40 


6(y +8) 


15(r — 24) 


l5f —<360 


12(v —30) 


—3(m+11) 


= 3M 33 


—4(p+ 15) 


—8(z-—5) 


—8z + 40 


— 3(x-9) 


u(u+5) 


u2 + 5u 


q(q+7) 


n(n2 — 3n) 


n3 — 3n2 


s(s2 — 6s) 


12x(x — 10) 


12x2 — 120x 


9m(m—11) 


—9a(3a+5) 


—27a2 — 45a 


—4p(2p +7) 


6x(4x + y) 


24x2 + Oxy 


5a(9a+b) 


sp(11p—5q) 


DSop2 — 25pq 


12u(3u — 4v) 


3(v2 + 10v+25) 


3v2 + 30v + 75 


6(x2+ 8x+ 16) 


2n(4n2 —4n+1) 


8n3 — 8n2 + 2n 


3r(2r2 — 6r + 2) 


— 8y(y2+ 2y — 15) 


=—Sy3 — 16y2-+ 120y 


—5m(m2 + 3m-— 18) 


5q3(q2 —2q+6) 


5q5 — 10q4 + 30q3 


9r3(r2 — 3r+5) 


— 472(3z2 + 12z—-1) 


—1224 — 4823 + 422 


— 3x2(7x2 + 10x—1) 


(2y — Dy 


2y2,. = Oy 


(8b—1)b 


(w—6)8 


8w — 48 


(k—4)-5 


Multiply a Binomial by a Binomial 


In the following exercises, multiply the following 
binomials using: @ the Distributive Property © the 
FOIL method © the Vertical method 


(x+ 4)(x+6) 


x2 + 10x + 24 


(u+8)(u+2) 


(n+12)(n—-3) 


n2 + 9n — 36 


YT DGy=9) 


In the following exercises, multiply the following 
binomials. Use any method. 


(y+8)(y +3) 


y2+ lly + 24 


(x+5)(x+9) 


(a+ 6)(a+16) 


a2 + 22a + 96 


(q+8)(q+ 12) 


(u=s)u=9) 


u2 — 14u + 45 


(f=6)0—2) 


(z—10)(z-—22) 


220 B22 220 


(b—5)(b— 24) 


(x-—4)(x+7) 


ko ox = 28 


(s—3)(s+8) 


(v+12)(v—5) 


v2 + 7v — 60 


(d+15)(d—4) 


(6n+5)(n+ 1) 


6n2 + llin+ 5 


(7y + I)(y +3) 


(2m —9)(10m + 1) 


20m2 — 88m — 9 


(Sr—4)(12r+1) 


(4c—1)(4c +1) 


16c2 — 1 


(8n —1)(8n+1) 


(3u —8)(5u— 14) 


Lota: — 82a 112 


(2q—5)(7q-11) 


(a+ b)(2a+ 3b) 


2a2 + 5ab + 3b2 


(r+s)(3r+ 2s) 


(5x — y)(x- 4) 


5x2 — 20x — xy + 4y 


(4z—y)(z—-6) 


Multiply a Trinomial by a Binomial 


In the following exercises, multiply using © the 
Distributive Property and © the Vertical Method. 


(u+4)(u2+ 3u+ 2) 


u3 + 7u2 + 14u + 8 


(x+5)(k2+ 8x+ 3) 


(a+ 10)(3a2+a—5) 


3a3 + 3la2 + 5a — 50 


(n+8)(4n2+n-7) 


In the following exercises, multiply. Use either 
method. 


(y —6)(y2—10y + 9) 


y3 — 16y2 + 69y — 54 


(k—3)(k2—8k+7) 


(2x + 1)(x2 —5x- 6) 


2x3 — 9x2 — 17x — 6 


(5v+1)(v2-—6v-—10) 


Everyday Math 


Mental math You can use binomial 
multiplication to multiply numbers without a 
calculator. Say you need to multiply 13 times 
15. Think of 13 as 10+3 and 15 as 10 +5. 


@ Multiply (10+3)(10+5) by the FOIL 
method. 

© Multiply 13-15 without using a calculator. 
© Which way is easier for you? Why? 


@ 195 
® 195 
@ Answers will vary. 


Mental math You can use binomial 
multiplication to multiply numbers without a 
calculator. Say you need to multiply 18 times 
17. Think of 18 as 20—2 and 17 as 20—3. 


® Multiply (20 — 2)(20— 3) by the FOIL 
method. 

© Multiply 18-17 without using a calculator. 
© Which way is easier for you? Why? 


Writing Exercises 


Which method do you prefer to use when 
multiplying two binomials—the Distributive 
Property, the FOIL method, or the Vertical 
Method? Why? 


Answers will vary. 


Which method do you prefer to use when 
multiplying a trinomial by a binomial—the 
Distributive Property or the Vertical Method? 
Why? 


Self Check 
@ After completing the exercises, use this checklist 


to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Divide Monomials 
By the end of this section, you will be able to: 


* Simplify expressions using the Quotient 
Property of Exponents 

¢ Simplify expressions with zero exponents 

¢ Simplify expressions using the Quotient to a 
Power Property 

¢ Simplify expressions by applying several 
properties 

* Divide monomials 


Before you get started, take this readiness quiz. 


1. Simplify: 824. 
If you missed the problem, review [link]. 


2. Simplify: (2m3)5. 

If you missed the problem, review [link]. 
3. Simplify: 12x12y. 

If you missed the problem, review [link]. 


Simplify Expressions Using the Quotient 
Property of Exponents 


Earlier in this chapter, we developed the properties 
of exponents for multiplication. We summarize these 
properties here. 


Summary of Exponent Properties for Multiplication 
If a,b are real numbers and m,n are whole 
numbers, then 


Product Propertyam-an = am + nPower 
Property(am)n = am-nProduct to a 
Power(ab)m =ambm 


Now we will look at the exponent properties for 
division. A quick memory refresher may help before 
we get started. In Fractions you learned that 
fractions may be simplified by dividing out common 
factors from the numerator and denominator using 
the Equivalent Fractions Property. This property will 
also help us work with algebraic fractions—which 
are also quotients. 


Equivalent Fractions Property 


If a,b,c are whole numbers where b #0,c 0, then 
ab = a-cb-canda:cb-c = ab 


As before, we'll try to discover a property by looking 
at some examples. 


Considerx5x2andx2x3What do they mean? 
X*X'X'X'Xx'xx'xx'x'xUse the Equivalent Fractions 
Property.x°x'x’x’xx’x: 1x-x:1x-x-xSimplify.x31x 


Notice that in each case the bases were the same 
and we subtracted the exponents. 


* When the larger exponent was in the 
numerator, we were left with factors in the 
numerator and 1 in the denominator, which we 
simplified. 

* When the larger exponent was in the 
denominator, we were left with factors in the 
denominator, and 1 in the numerator, which 
could not be simplified. 


We write: 
x5x2x2x3x5 — 21x3 — 2x31x 


Quotient Property of Exponents 
If a is a real number, a0, and m,n are whole 


numbers, then 
aman =am—n,m>nandaman=1lan—m,n>m 


A couple of examples with numbers may help to 
verify this property. 

3432 = 234 — 25253 = ?153 — 2819 = ?3225125=? 
1519=9/15=15V¥ 


When we work with numbers and the exponent is 
less than or equal to 3, we will apply the exponent. 
When the exponent is greater than 3, we leave the 
answer in exponential form. 


Simplify: 


@x10x8 
©2922 


Solution 


To simplify an expression with a quotient, we 
need to first compare the exponents in the 
numerator and denominator. 


© 


Since 10 > 8, there zrex10x8 
more factors of x in tne 


atar 
TiUsdLCL auul. 


Use the quotient 
property with 


mF _ ahh 
aaar™ __,_ 21a aii ale 


Simplify. x2 


nh) 


Since 9 > 2, there are 2922 
more factors of 2 in tne 


atar 
TiUsdLCL auul. 


Use the quotient 
property with 
: 


mm _ nl 
Ail =, “tEALCLLL aii ale 


Simplify. 27 


Notice that when the larger exponent is in the 
numerator, we are left with factors in the 
numerator. 


Simplify: 


@x12x9 
®71475 


Simplify: 


@y23y17 
©81587 


Simplify: 


@b10b15 
©3335 


Solution 


To simplify an expression with a quotient, we 
need to first compare the exponents in the 
numerator and denominator. 


GY 


Ww 


Since 15 > 10, there b10b15 
are more factors of b in 


. 
tha dannminatar 
Ube U11U111111U LU 


Use the quotient 
property with 
n>—! _ian=lan—m. 


7 15—10 
D 


Simplify. 1b5 


(A) 


Since 5 > 3, there are 3335 
more factors of 3 in tne 


. 
a anaminatar 
MAELLV LLU 


Use the quotient 
property with 


1 
Witkbipiist 


192 
| ee aes 
Apply the exponent. 19 


Notice that when the larger exponent is in the 
denominator, we are left with factors in the 
denominator and 1 in the numerator. 


Simplify: 
@x8x15 
@i2ii1221 


@1x7 
®11210 


Simplify: 


@m17m26 
®78714 


@1m9 
®176 


Simplify: 


@a5a9 
®x11x7 


Solution 


GY 


Ww 


Since 9 > 5, there are a5a9 
more a's in the 

denominator and so we 

will end up with 

factors in the 


. 
dananaminatar 
SSE ACS So oe ee ULULe 


Use the Quotient 
Property for 


— man=lan-—mi. 
a =e 


Simplify. la4 


® 
Notice there are more x11x7 
factors of x in the 

numerator, since 11 > 

7. So we will end up 

with factors in the 


nimaratar 
SBLUEULLLIVLULYLe 


Use the Quotient 
Property for 


Simplify: 


@b19b11 
®z5z11 


Simplify: 


@p9p17 
©w13w9 


Simplify Expressions with Zero Exponents 


A special case of the Quotient Property is when the 
exponents of the numerator and denominator are 
equal, such as an expression like amam. From 
earlier work with fractions, we know that 
22=11717=1-43-43=1 


In words, a number divided by itself is 1. So xx=1, 
for any x (x #0), since any number divided by itself 
is 1. 


The Quotient Property of Exponents shows us how 
to simplify aman when m>n and when n<m by 
subtracting exponents. What if m=n? 


Now we will simplify amam in two ways to lead us 
to the definition of the zero exponent. 


Consider first 88, which we know is 1. 


Qo—1 

Vu st 
Winitan O ac 99 923299 —1 
VValtwe YU uv ave evaev 4 
Cathteant awnananta 99_9-~—1 
VUVULULE CApPYiiELitLDy. au vs 
Simplify. 20=1 


We see aman simplifies to a a0 and to 1. So a0=1. 


Zero Exponent 


If a is anon-zero number, then a0 =1. 
Any nonzero number raised to the zero power is 1. 


In this text, we assume any variable that we raise to 
the zero power is not zero. 


Simplify: 


@120 
®y0 


Solution 


The definition says any non-zero number 
raised to the zero power is 1. 


(ey) 
YY 


; 
Use the definition of 1 


the zero exponent. 


(A) 
(bh) 


(qo) 


be 


Use the definition of 
the zero exponent. 


Simplify: 


@170 
®m0 


Simplify: 


Now that we have defined the zero exponent, we 
can expand all the Properties of Exponents to 
include whole number exponents. 


What about raising an expression to the zero power? 
Let's look at (2x)0. We can use the product to a 
power rule to rewrite this expression. 


Use the Product to a 20x0 


Dararar Diaila 


hUVVYL ELUM 


Use the Zero Exponent — 1-1 


Derannartrr 
pivyvpricy-. 


Simplify. 1 


This tells us that any non-zero expression raised to 


the zero power is one. 


Simplify: (7z)0. 


Solution 


CT27\N1r 
u 


1iujyu 


Use the definition of 1 
the zero exponent. 


Simplify: (— 4y)0. 


Simplify: (23x)0. 


Simplify: 


@(-—3x2y)0 
© — 3x2y0 


Solution 


GY 


Ww 


The product is raised 


tan tha warn navarar 
ty Le Oey PpyUvVes. 


Use the definition of 
the zero exponent. 


(— 3x2y)0 


1 


a) 
Notice that only the —3x2y0 
variable y is being 

raised to the zero 


Use the definition of —3x2:1 


tha varn avnanant 
1e ot1y CApvusieii.e. 


Simplify. —Bx2 


Simplify: 


@(7x2y)0 
@©7x2y0 


Simplify: 


@® —23x2y0 


®(—23x2y)0 


Simplify Expressions Using the Quotient 


to a Power Property 


Now we will look at an example that will lead us to 
the Quotient to a Power Property. 


Thie maanca 


Badditv 111 UCU110 


NAsaltinls: tha frantinna 


AVEULLEL Ly CLI LLU LLULIVe 


Write with exponents. 


N7 eN7eW7 TTT TOT 


Notice that the exponent applies to both the 
numerator and the denominator. 


We see that (xy)3 is x3y3. 
We write:(xy)3x3y3 


This leads to the Quotient to a Power Property for 
Exponents. 


Quotient to a Power Property of Exponents 
If a and b are real numbers, b+0, and misa 
counting number, then 


(ab)m = ambm 
To raise a fraction to a power, raise the numerator 
and denominator to that power. 


An example with numbers may help you understand 
this property: 
(23)3 = ?233323-23-23 = ?827827 = 8277 


Simplify: 


@(58)2 
®©(x3)4 
©(ym)3 


Solution 


(ey 
se! 


\o/; 
Use the Quotient to a 
Power Property, 
(al a =ambm. 

oO 


Simplify. 


\/ 
Use the Quotient to a 
Power Property, 


(alxt =ambm. 
ai 
Simplify. 


x 
81 


vey 
Raise the numerator 
and denominator to the 
thi) dower. 

m- 


Simplify: 


@(79)2 
®(y8)3 
©(pq)6 


@4981 
®y3512 
©p6q6 


Simplify: 


@(18)2 
®(-—5m)3 
©(rs)4 


Simplify Expressions by Applying Several 
Properties 


We'll now summarize all the properties of exponents 
so they are all together to refer to as we simplify 


expressions using several properties. Notice that 
they are now defined for whole number exponents. 


Summary of Exponent Properties 

If a,b are real numbers and m,n are whole 
numbers, then 

Product Propertyam-an = am + nPower 
Property(am)n =am-nProduct to a Power 
Property(ab)m = ambmQuotient 
Propertyaman = am —n,a~0,m>naman= lan 
—m,a~0,n>mZero Exponent 


DefinitionaO = 1,a = OQuotient to a Power 
Property(ab)m = ambm,b #0 


Simplify: (x2)3x5. 


Solution 


2x. 


\Leueyyuayeu 


Multiply the exponents x6x5 
in the numerator, using 


the 


Dawrar Dranartt 
hwvUVVUeL ae NS PASE SFO 


Subtract the exponents. x 


Simplify: (a4)5a9. 


Simplify: (b5)6b11. 


Simplify: m8(m2)4. 


Solution 


m&lm)D)1A 


ahisy\iitiaciy 
Multiply the exponents m8m8 
in the numerator, using 
the 


Dawrar Dranarti 
hwWUVVVUL TNS PASE OD 


Subtract the exponents. m0 


Simplify: k11(k3)3. 


Simplify: (x7x3)2. 


Solution 


feel 3)\ > 
Remember parentheses (x7 — 3)2 
come before exponents, 
and the 
bases are the same so 
we can simplify inside 
the 
parentheses. Subtract 


A AVNAMN 


th antea 
LLiw SSB PI SIO 


Cimnali frr 


Ulliipiiy 


Multiply the 


exponents. 


Simplify: (f14f8)2. 


Simplify: (b6b11)2. 


Simplify: (p2q5)3. 


Solution 


Here we cannot simplify inside the parentheses 
first, since the bases are not the same. 


(nOHLND 
Wweyvsy 


Raise the numerator  (p2)3(q5)3 
and denominator to tne 

third power 

using the Quotient to a 

Power Property, 

febim—ambm 

Use the Power p6q15 
Property, 


(am)n=am-n. 


Simplify: (m3n8)5. 


m15n40 


Simplify: (t10u7)2. 


Simplify: (2x33y)4. 


Solution 


(233794 


De22y)4 
Raise the numerator  (2x3)4(3y)4 
and denominator to tne 

fourth 

power using the 

Quotient to a Power 


Dranartr 
pavupricy. 


Raise each factor to tne24(x3)434y4 
fourth power, using tne 
Power 


tn a Datwrar Dranartir 
ty ULUIVEL Pivpricy. 


Use the Power 16x281y4 
Property and simplify. 


Simplify: (5b9c3)2. 


25b281c6 


Simplify: (4p47q5)3. 


64p12343q15 
Simplify: (y2)3(y2)4(y5)4. 


Solution 


(xr NO e7 PAGE A 
weeny 


Use the Power (y6)(y8)y20 


Deannanrtrr 
zpavpricy- 


Add the exponents in yl4y20 


the numerator, using 


tha Deandiint Deannavtrr 
tee PYLE PE LYpricy. 


Use the Quotient ly6 
Property. 


Simplify: (y4)4(y3)5(y7)6. 


lyll 


Simplify: (3x4)2(x3)4(x5)3. 


Divide Monomials 


We have now seen all the properties of exponents. 
We'll use them to divide monomials. Later, you'll use 
them to divide polynomials. 


Find the quotient: 56x5 + 7x2. 


Solution 


665 
Rewrite-as-a-fractions —S6ns 72 
Use fraction 567°x5x2 
multiplication to 
separate the number 


part from the variable 


nart 
poe Le 


Use the Quotient 8x3 
Property. 


Find the quotient: 63x8 + 9x4. 


Find the quotient: 96y11 + 6y8. 


When we divide monomials with more than one 
variable, we write one fraction for each variable. 


Find the quotient: 42x2y3 — 7xy5. 


Solution 


A 9~79x179 — Tx 7K 
loaayy rayyv 


Use fraction 42 —7-x2x-y3y5 


multiplication. 
Simplify and use the —6-x:ly2 


O11Atinnt Deannrtr 
Wve pb tyupreicy. 


Multiply. — 6xy2 


Find the quotient: — 84x8y37x10y2. 


Find the quotient: —72a4b5 — 8a9b5. 


Find the quotient: 24a5b348ab4. 


Solution 


NQAnRKIQAQahA 
a 1m 8VYs tUUDL 1 


Use fraction 2448-a5a:b3b4 


eae and use the 12-a4-1b 


“Or +i Dennartrrs 
Wwucuciic zpavpricy- 


Multiply. a42b 


Find the quotient: 16a7b624ab8. 


2a63b2 


Find the quotient: 27p4q7 — 45p12q. 


Once you become familiar with the process and 
have practiced it step by step several times, you may 
be able to simplify a fraction in one step. 


Find the quotient: 14x7y1221x11y6. 


Solution 


AAs Es 
Simplify and use the 2y63x4 
Quotient Property. 


Be very careful to simplify 1421 by dividing 
out a common factor, and to simplify the 
variables by subtracting their exponents. 


Find the quotient: 28x5y1449x9y12. 


Find the quotient: 30m5n1148m10n14. 


58m5n3 


In all examples so far, there was no work to do in 
the numerator or denominator before simplifying 
the fraction. In the next example, we'll first find the 


product of two monomials in the numerator before 
we simplify the fraction. 


Find the quotient: (3x3y2)(10x2y3)6x4y5. 


Solution 


Remember, the fraction bar is a grouping 
symbol. We will simplify the numerator first. 


(2721711 AW 917 2)VAw AE 
LY-AAYY SIL yvyJyvalyy 


Simplify the 30x5y56x4y5 


nimaratar 
SBLUEULLLIVLULVYLe 


Simplify, using the 5x 
Quotient Rule. 


Find the quotient: (3x4y5)(8x2y5)12x5y8. 


Find the quotient: (— 6a6b9) 
(— 8a5b8) — 12a10b12. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Simplify a Quotient 

* Zero Exponent 

* Quotient Rule 

¢ Polynomial Division 
¢ Polynomial Division 2 


Key Concepts 


* Equivalent Fractions Property 


© If a,b,c are whole numbers where 
b~0,c 0, then 
ab = a:cb-canda-:cb:c = ab 


- Zero Exponent 


© If ais anon-zero number, then a0=1. 
© Any nonzero number raised to the zero 
power is 1. 


* Quotient Property for Exponents 


© If ais areal number, a~0, and m,n are 
whole numbers, then 
aman = am —n,m>nandaman = lan 
—mn>m 


* Quotient to a Power Property for Exponents 


© If aand b are real numbers, b 0, and m is 
a counting number, then 
(ab)m =ambm 

© To raise a fraction to a power, raise the 
numerator and denominator to that power. 


Practice Makes Perfect 


Simplify Expressions Using the Quotient 
Property of Exponents 


In the following exercises, simplify. 


4842 


46 


31234 


x12x3 


x9 


u9u3 


r5r 


r4 


y4y 


y4y20 


ly16 


x10x30 


1031015 


11012 


r2rgs 


aa9 


1a8 


225 


Simplify Expressions with Zero Exponents 


In the following exercises, simplify. 


50 


100 


a0 


—40 


@(10p)0 
®10p0 


@1 
® 10 


@(3a)0 
®3a0 


@(-—27x5y)0 
© —27x5y0 


@1 
® —27x5 


@(-—92y8z)0 
® — 92y8z0 


2-x0 + 5-y0 


8-m0 — 4-n0 


Simplify Expressions Using the Quotient to a 
Power Property 


In the following exercises, simplify. 


(32)5 


24332 


(45)3 


(m6)3 


m3216 


(p2)5 


(xy)10 


x10y10 


(ab)8 


(a3b)2 


a29b2 


(2xy)4 


Simplify Expressions by Applying Several 
Properties 


In the following exercises, simplify. 


(x2)4x5 


X3 


(y4)3y7 


(u3)4u10 


u2 


(y2)5y6 


y8(ys)2 


ly2 


p11(p5)3 


ror4-r 


a3-a4a7 


(x2x8)3 


1x18 


(uu10)2 


(a4-a6a3)2 


al4 


(x3-x8x4)3 


(y3)5(y4)3 


y3 


(z6)2(z2)4 


(x3)6(x4)7 


1x10 


(x4)8(x5)7 


(2r35s)4 


16r12625s4 


(3m24n)3 


(3y2-y5y15-y8)0 


(1524-z90.3z2)0 


(r2)5(14)2(r3)7 


113 


(p4)2(p3)5(p2)9 


(3x4)3(2x3)2(6x5)2 


oX8 


(— 2y3)4(3y4)2(— 6y3)2 


Divide Monomials 


In the following exercises, divide the monomials. 


48b8 + 6b2 


8b6 


42a14 + 6a2 


36x3 +(—2x9) 


— 18x6 


20u8 + (— 4u6) 


18x39x2 


2x 


36y94y7 


<< 30%/7 — 42513 


56x6 


18x5 — 27x9 


18r5s3r3s9 


6r2s8 


24p7q6p2q5 


8mn1064mn4 


n68 


10a4b50a2b6 


—12x4y915x6y3 


— 4y65x2 


48x11y9z336x6y8z5 


64x5y9z748x7y12z6 


4Z3x2y3 


(10u2v)(4u3v6)5u9v2 


(6m2n)(5m4n3)3m10n2 


10n2m4 


(6a4b3)(4ab5)(12a8b)(a3b) 


(4u5v4)(15u8v)(12u3v)(u6v) 


5u4v3 


Mixed Practice 


@24a5+2a5 
©24a5 —2a5 
©24a5-2a5 

@24a5 +2a5 


@15n10+ 3n10 
®15n10-—3n10 
©15n10-3n10 

@15n10+3n10 


@18n10 
®©12n10 
©45n20 
@5 


@p4-p6 
®©(p4)6 


@q5-q3 
®(q5)3 


@q8 
@®ql15 


@y3y 
®yy3 


@z6z5 
®©z5z6 


@z 
®©lz 


(8x5)(9x) + 6x3 


(4y5)(12y7) + 8y2 


6y6 


27a73a3 + 54a99a5 


32c114c5 + 42c96c3 


15c6 


32y58y2— 60y105y7 


48x66x4 — 35x97x7 


3x2 


63r6s39r4s2 — 72r2s26s 


56y4Z57y3z3 — 45y2z25y 


yz2 


Everyday Math 


Memory One megabyte is approximately 106 
bytes. One gigabyte is approximately 109 bytes. 
How many megabytes are in one gigabyte? 


Memory One megabyte is approximately 106 
bytes. One terabyte is approximately 1012 
bytes. How many megabytes are in one 
terabyte? 


1,000,000 


Writing Exercises 


Vic thinks the quotient x20x4 simplifies to x5. 
What is wrong with his reasoning? 


Mai simplifies the quotient y3y by writing 
y3y =3. What is wrong with her reasoning? 


Answers will vary. 


When Dimple simplified — 30 and (—3)0 she 


got the same answer. Explain how using the 
Order of Operations correctly gives different 
answers. 


Roxie thinks nO simplifies to 0. What would you 
say to convince Roxie she is wrong? 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Glossary 


zero exponent 


If a is a non-zero number, then a0=1. Any 
nonzero number raised to the zero power is 1. 


Integer Exponents and Scientific Notation 
By the end of this section, you will be able to: 


* Use the definition of a negative exponent 

¢ Simplify expressions with integer exponents 

* Convert from decimal notation to scientific 
notation 

* Convert scientific notation to decimal form 

¢ Multiply and divide using scientific notation 


Before you get started, take this readiness quiz. 


1. What is the place value of the 6 in the number 
64,891? 


If you missed this problem, review [link]. 
2. Name the decimal 0.0012. 

If you missed this problem, review [link]. 
5 Oubidct a): 

If you missed this problem, review [link]. 


Use the Definition of a Negative Exponent 


The Quotient Property of Exponents, introduced in 
Divide Monomials, had two forms depending on 


whether the exponent in the numerator or 
denominator was larger. 


Quotient Property of Exponents 
If a is a real number, a0, and m,n are whole 


numbers, then 
aman =am—n,m>nandaman=1lan—m,n>m 


What if we just subtract exponents, regardless of 
which is larger? Let’s consider x2x5. 


We subtract the exponent in the denominator from 
the exponent in the numerator. 

X2X5 

xK2—=5 

x—3 


We can also simplify x2x5 by dividing out common 
factors: x2x5. 


This implies that x -3=1x3 and it leads us to the 
definition of a negative exponent. 


Negative Exponent 
If n is a positive integer and a~0, then a—n=1an. 


The negative exponent tells us to re-write the 
expression by taking the reciprocal of the base and 
then changing the sign of the exponent. Any 
expression that has negative exponents is not 
considered to be in simplest form. We will use the 
definition of a negative exponent and other 
properties of exponents to write an expression with 
only positive exponents. 


Simplify: 


@4-2 
®10-3 


Solution 


© 


Aeese) 
Use the definition of 2 142 
negative exponent, a 


n—1an 
fi 2s 


Simplify. 116 


a 
wy 


Use the definition of 2 1103 
negative exponent, a 


n—1an 
fi” 2s 


Simplify. 11000 


Simplify: 


@2—3 
®10-2 


Simplify: 


@s—2 
®10-—4 


@19 
®110,000 


When simplifying any expression with exponents, 
we must be careful to correctly identify the base 
that is raised to each exponent. 


Simplify: 


Oj 2)=2 
Orsay 


Solution 


The negative in the exponent does not affect 
the sign of the base. 


ex 
The exponent applies (—3)-—2 


tan tha haan — 
ww wiv VUIY» We 


Take the reciprocal of 1(—3)2 
the base and change 

the sign of the 

exponent. 


Simplify. 19 


(h) 


The expression —3—2 —3-2 
means "find the 

opposite of 3— 2". 

The exponent applies 


antl ta tha haan 2 
Wns )/ wy wei VUdIw», We 


Rewrite asa product —1:3-—2 
varith _ 1 

Take the reciprocal of —1-:132 
the base and change 


the sign of the 


awnanant 
SEAS PASE SAE 


Simplify. —19 


Simplify: 


Oa) 
Bly 


Simplify: 


ee). 
2 


Po 


We must be careful to follow the order of 
operations. In the next example, parts © and © 
look similar, but we get different results. 


Simplify: 


@42-1 
®(42)-1 


Solution 


Remember to always follow the order of 
operations. 


GY 


Ww 


Do exponents before 42-1 


. . 
tinlinatian 
dtLULlip1TUutivil. 


TTlan a _n—1an 
vwowru a2 LULL 


A. 
Simplify. 2 


(hy) CLAIDN__1 
wy Lira a 


Simplify inside the (8)-1 


5 
naranthaoacaa firot 
Prt esruieoev iitve. 


Lge-g-— na 101 
Simplify. 18 


Simplify: 


@63-1 
®(6:3)—-1 


Simplify: 


@8-2-—2 
®(8-2)—2 


@2 
®116 


When a variable is raised to a negative exponent, we 
apply the definition the same way we did with 
numbers. 


Simplify: x—6. 


Solution 


Pr i 


Vv 


Use the definition of 1 1x6 
negative exponent, a 
—n= lan. 


Simplify: y —7. 


ly7 


Simplify: z—8. 


When there is a product and an exponent we have 
to be careful to apply the exponent to the correct 
quantity. According to the order of operations, 
expressions in parentheses are simplified before 
exponents are applied. We’ll see how this works in 
the next example. 


Simplify: 


@5y-1 
®(5y)-1 
©(-5y)-1 


Solution 


AN 

Notice the exponent 5y-—1 
applies to just the base 

Take the reciprocal of 5-1lyl 
y and change the sigri 


anf tha awnannant 
VE Ue CApPULiLiie. 


Simplify. Sy 


AY 
fb) 


Here the parentheses (5y)—1 
make the exponent 


annlt ta tha haan Ex 
4Upprly ty ure vuvr vy. 


Take the reciprocal of 1(5y)1 
5y and change the sign 


af tha awnannant 
VE Ue CApuUriLiit. 


Simplify. 15y 


CN 
\ 


(_) Exr) 1 
vu vyJ a 


The base is —5y. Take 1(—5y)1 
the reciprocal of —5y 
and change the sign of 


tha avnanant 
tie CApvuiieii.e. 


Simplify: 


@8p-1 
®(8p)-1 
©(-8p)-1 


Simplify: 


@1llq-1 
®(11q)-1 
©(-—11q)-1 


Now that we have defined negative exponents, the 
Quotient Property of Exponents needs only one 
form, aman =am-—n, where a~0 and m and n are 
integers. 


When the exponent in the denominator is larger 
than the exponent in the numerator, the exponent of 
the quotient will be negative. If the result gives us a 
negative exponent, we will rewrite it by using the 
definition of negative exponents, a—n= lan. 


Simplify Expressions with Integer 
Exponents 


All the exponent properties we developed earlier in 
this chapter with whole number exponents apply to 
integer exponents, too. We restate them here for 


reference. 


Summary of Exponent Properties 

If a,b are real numbers and m,n are integers, then 
Product Propertyam-an = am + nPower 
Property(am)n =am-nProduct to a Power 
Property(ab)m = ambmQuotient 

Propertyaman = am —n,a~OZero Exponent 
Propertya0 = 1,a~ OQuotient to a Power 
Property(ab)m = ambm,b = ODefinition of Negative 
Exponenta —n= lan 


Simplify: 


@x—4-x6 
Oy —6-y4 
©z—-52z—-3 


Solution 


AY 
Ne, 


Use the Product 
Property, am-an=am 


Simplify. 


(A) 
(h) 


The bases are the 
same, so add the 


avnnnanta 
Vapvisriito. 


Cimnali Fr, 


Ulltipiiny 


x— “x6 
x+4+6 
KD, 

ee “ee | 
J Saye 
y¥76+4 
yD 


Use the definition of 4 1y2 


negative exponent, a 
—n=lan. 


CY) 
Y 


The bases are the 
same, so add the 


avnnnanta 
Vapvisriito. 


UrAlitpiiny 


negative exponent, a 
—n=lan. 


Simplify: 


@x — 3-x7 
®Oy-7-y2 
©z-42z-5 


Simplify: 


@a—1-a6 
®b — 8-b4 
©c-—8c—7 


@a5 
©1b4 
©1c15 


In the next two examples, we’ll start by using the 
Commutative Property to group the same variables 
together. This makes it easier to identify the like 
bases before using the Product Property of 
Exponents. 


Simplify: (m4n — 3)(m— 5n — 2). 


Solution 


fm4n—3)im—S5na—2} 
Use the Commutative m4m—5n—2n-3 
Property to get like 


h + + 
VUVILVD tv6~ LLLvle 


Add the exponents for m—1n—5 


VULIL YVUVDLe 


Take reciprocals and 1m1-1n5 
change the signs of tlie 


avnnnanta 
Vapvisriity. 


Simplify. Imn5 


Simplify: (p6q — 2)(p— 9q-— 1). 


Simplity: (ros— 5)(t— 7s — 95): 


If the monomials have numerical coefficients, we 
multiply the coefficients, just as we did in Integer 
Exponents and Scientific Notation. 


Simplity: (2x — Gy 8 )(— 5xoy — 3). 


Solution 


19~ —s 4x70 V0 —* ExExr ——* 97) 
Coa VYVYIN vayy vJ 


Rewrite with the like 2(—5)-(x—6x5)-(y8y 
bases tegether. = oe 


nli fer Se we 
mae ad 


Cim 
Oilipily. aVvA 


Use the definition of 2 —10-1x1l-y5 
negative exponent, a 


Simplify. —10y5x 


Simplify: (3u — 5v7)(— 4u4v — 2). 


Simplity: (— 6c —6d4)(— 5c — 2d — 1): 


— 30d3c8 


In the next two examples, we’ll use the Power 
Property and the Product to a Power Property. 


Simplify: (k3) — 2. 


Solution 


fie2) 3 
Use the Product toa k3(-—2) 


Power Property, 
(ah) 


m —ambhm 
Law Jit” UsLiinviiie 


Lo! 6 
aX VU 


Cimonalifxr, 
nea ee SY / e 
Rewrite with a positive 1k6 
exponent. 


Simplify: (x4) —1. 


Simplify: (y2) —2. 


Simplify: (5x — 3)2. 


Solution 


(Sx—3)2 
Use the Product toa 52(x—3)2 
Power Property, 


Law yrs” Usliviine 


Simplify 52 and 25k — 6 
multiply the exponents 

of x using the 

Power Property, 

Carn 2enee. 

Rewrite x—6 by usinz 25-1x6 
the definition of a 

negative 


Simplify 25x6 


Simplify: (8a —4)2. 


Simplify: (2c — 4)3. 


To simplify a fraction, we use the Quotient Property. 


Simplify: r5r— 4. 


Solution 


7-4 
Use the Quotient 
Property, aman =am 
— had 5—(—4) 


Da eaenfuil ta cuthtenet Cf _A\ 
Se Sarat S-SeS reser 


Simplify. 


r? 


Simplify: x8x — 3. 


Simplify: y7y — 6. 


Convert from Decimal Notation to 
Scientific Notation 


Remember working with place value for whole 
numbers and decimals? Our number system is based 
on powers of 10. We use tens, hundreds, thousands, 
and so on. Our decimal numbers are also based on 
powers of tens—tenths, hundredths, thousandths, 


and so on. 


Consider the numbers 4000 and 0.004. We know 

that 4000 means 4 x 1000 and 0.004 means 

4x 11000. If we write the 1000 as a power of ten in 
exponential form, we can rewrite these numbers in 
this way: 

40000.0044 x 10004 x 110004 x 1034 x 11034 x 10-3 


When a number is written as a product of two 
numbers, where the first factor is a number greater 
than or equal to one but less than 10, and the 
second factor is a power of 10 written in 
exponential form, it is said to be in scientific 
notation. 


Scientific Notation 
A number is expressed in scientific notation when 


it is of the form 
ax10n 
here a=1 and a<10 and n is an integer. 


It is customary in scientific notation to use X as the 
multiplication sign, even though we avoid using this 
sign elsewhere in algebra. 


Scientific notation is a useful way of writing very 


large or very small numbers. It is used often in the 
sciences to make calculations easier. 


If we look at what happened to the decimal point, 
we can see a method to easily convert from decimal 
notation to scientific notation. 


In both cases, the decimal was moved 3 places to 
get the first factor, 4, by itself. 


* The power of 10 is positive when the number is 
larger than 1:4000=4 x 103. 

¢ The power of 10 is negative when the number 
is between 0 and 1:0.004=4 x 10-3. 


Write 37,000 in scientific notation. 


Solution 


Step 1: Move the 
decimal point so that 
the 700 


greater than or equal 
ses 1b has nat lace t than 19, 


Step 2: Count the 3.70000 
number of decimal 4 places 
places, n, that the 
decimal point was 


matad 
dLLUVUUe 


Step 3: Write the 3.7 x 104 
number as a product 


If the original number 
is: 


* greater than 1, the power of 10 will 
be 10n. 


* between 0 and 1, the power of 10 
mall han 1N _— 


WV Lan wre iv in 


Stan A. Chaol, 
Ld ed 


Be NJLEWL Te 


104 is 10,000 and 
10,000 times 3.7 will 


ha 97 NNN 
Ve UI ,UuUY. 


37,000 = 3.7 x 104 


Write in scientific notation: 96,000. 


Write in scientific notation: 48,300. 


4.83 x 104 


Convert from decimal notation to scientific 
notation. 


Move the decimal point so that the first factor is 
greater than or equal to 1 but less than 10. Count 
the number of decimal places, n, that the decimal 
point was moved. Write the number as a product 
with a power of 10. 


¢ If the original number is: 


© greater than 1, the power of 10 will be 
10n. 

© between 0 and 1, the power of 10 will be 
Oe i. 


Check. 


Write in scientific notation: 0.0052. 


Solution 


Move the decimal 
point to get 5.2, a 


nu 0052 5etween 1 arid 
1ft 


iLWVe 


Count the number of 3 places 
decimal places the 


. 
nanint waraa matrad 
PVrste Wo Ltt Vee 


Write as a product with5.2 x10—3 


A KRaAtarAK AF 10 
uu Jee es wi 1WVe 


Check your answer: 
EOVN_ BE AIVIATNIE IOVATNANE 9OVANATN IAN 
Weaivrn tv WUYVeei’N 1 Vv om NY 


hUAIVYVo ei’ Lt VV eVVUaIVeVV' 


0.0052 =5.2 x 10—3 


Write in scientific notation: 0.0078. 


7.8 X 10-3 


Write in scientific notation: 0.0129. 


Convert Scientific Notation to Decimal 
Form 


How can we convert from scientific notation to 

decimal form? Let’s look at two numbers written in 
scientific notation and see. 

9.12 x 1049.12 x 10— 49.12 x 10,0009.12 x 0.000191,2000 


If we look at the location of the decimal point, we 
can see an easy method to convert a number from 
scientific notation to decimal form. 


In both cases the decimal point moved 4 places. 
When the exponent was positive, the decimal moved 
to the right. When the exponent was negative, the 
decimal point moved to the left. 


Convert to decimal form: 6.2 x 103. 


Solution 


Step 1: Determine th: 6.2 x 103 
exponent, n, on the 
facter-10. 
Step 2: Move the 
decimal point n places, 
30.200, croc at peace 
ue LAA See AL LAWVUUUL Le 
* If the exponerit i6,@6€tive, move the 
decimal point i places to the right. 
* If the exponent is negative, move the 


danrimal naint In| nlaces to tha loft 
SS Se ee tea | ag H LU Like’ 1 


Step 3: Check to see if 


your answer makes 
103 is 1000 and 1000 6.2 x103=6,200 
times 6.2 will be 


6,200. 


Convert to decimal form: 1.3 x 103. 


Convert to decimal form: 9.25 x 104. 


Convert scientific notation to decimal form. 


Determine the exponent, n, on the factor 10. Move 
the decimal n places, adding zeros if needed. 


¢ If the exponent is positive, move the decimal 
point n places to the right. 

* If the exponent is negative, move the decimal 
point |n| places to the left. 


Check. 


Convert to decimal form: 8.9 x 10-2. 


Solution 


QQ Vv1IN_9 
Wer wv 41 


_— 


Determine the The exponent is — 2. 


exponent n, on the 
factor nN 


tvit 1WVe 


Move the decimal 


point 2 places to the 
lef — 8.9 


Add zeros as needed 


av_1 [pee We 


The Check is left to 
you. 


Convert to decimal form: 1.2 x 10—4. 


0.00012 


Convert to decimal form: 7.5 x 10-2. 


Multiply and Divide Using Scientific 
Notation 


We use the Properties of Exponents to multiply and 
divide numbers in scientific notation. 


PO 


Multiply. Write answers in decimal form: 
(4x 105)(2 x 10-7). 


Solution 


Use the Commutative 
Property to rearrange 


tha fantara 
LLL LULLVIVe 


Multiply 4 by 2 and 
use the Product 


Property to multiply 

105 by 10-7. 

Change to decimal 0.08 
form by moving the 
decimal two places left. 


Multiply. Write answers in decimal form: 
(3 x 106)(2 x 10-8). 


Multiply. Write answers in decimal form: 
(3x FO 2) (a 10k): 


Divide. Write answers in decimal form: 
9x 1033 x 10-2. 


Solution 


QAVTINIQAVIN—9A 
FJrNnRVVYYI ITN AY =< 


Canara fe tha fantara aQgyv 19210—9) 


vay 
LoS] PACMAN RLY LEAL LVIV ZJ7~uyurn tVUVYVAYV 


Divide 9 by 3 and use 3105 
the Quotient Property 

to divide 103 by 

10-—2: 


Change to decimal 300,000 


form by moving the 
decimal five places 
right. 


Divide. Write answers in decimal form: 
8x1042x10-1. 


400,000 


Divide. Write answers in decimal form: 
8 x 1024x 10-2. 


CCESS ADDITIONAL ONLINE RESOURCES 


¢ Negative Exponents 
¢ Examples of Simplifying Expressions with 


Negative Exponents 
¢ Scientific Notation 


Key Concepts 
* Summary of Exponent Properties 


© If a,b are real numbers and m,n are 
integers, then 
Product Propertyam-an = am + nPower 
Property(am)n = am-nProduct to a Power 
Property(ab)m = ambmQuotient 
Propertyaman = am —n,a~OZero Exponent 
Propertya0 = 1,a = OQuotient to a Power 
Property(ab)m = ambm,b ~ O0Definition of 
Negative Exponenta—n=1an 


¢ Convert from Decimal Notation to Scientific 
Notation: To convert a decimal to scientific 
notation: 


Move the decimal point so that the first factor 
is greater than or equal to 1 but less than 10. 
Count the number of decimal places, n, that the 
decimal point was moved. Write the number as 
a product with a power of 10. 


© If the original number is greater than 1, 
the power of 10 will be 10n. 

© If the original number is between 0 and 1, 
the power of 10 will be 10n. 


Check. 

* Convert Scientific Notation to Decimal 
Form: To convert scientific notation to decimal 
form: 

Determine the exponent, n, on the factor 10. 
Move the decimal n places, adding zeros if 
needed. 
© If the exponent is positive, move the 
decimal point n places to the right. 
© If the exponent is negative, move the 


decimal point |n| places to the left. 


Check. 


Practice Makes Perfect 
Use the Definition of a Negative Exponent 


In the following exercises, simplify. 


a= 


10-1 


110 


yee am Aaa 


2= 25 = 


49 


cee ey eae 


IQA 1 


35 


100=—10=1+10—2 


2021-22 


34 


@(-6)-2 
®—-6-2 


@(-8)-2 
®—-8—-2 


@164 
®—164 


@(-10)—4 


®-10-4 


@(-4)-6 
©-4-6 


@14096 
© —14096 


@5:2-1 
®(5:2)-1 


@103-1 
®(10-3)-1 


@103 
©130 


@410-3 
®(410)—3 


@35-—2 


®(3-5)—2 


@325 
@®1225 


1m5 


@4x-1 
®(4x)-1 
©(-4x)-1 


@3q-1 


®(3q)-1 
©(-3q)-1 


@3q 
®13q 
©-—13q 


@6m-—1 
©®(6m)-1 
©(—6m)-1 


@10k-1 
®(10k)-1 
©(-—10k)-1 


@10k 
®110k 
©-—110k 


Simplify Expressions with Integer Exponents 


In the following exercises, simplify. 


p—4p8s 


r—215 


r3 


n—10n2 


q—8q3 


1q5 


k-3k—-2 


zZ—6z-—2 


1z8 


aa—4 


1m 


po p—2p—4 


x4-x-—2:x-3 


1x 


a3b-—3 


u2v—2 


u2v2 


(x5y — 1)(x—-10y—3) 


(a3b —3)(a—5b-—1) 


1a2b4 


(uv —2)(u—5v-—4) 


(pq — 4)(p — 6q— 3) 


1p5q7 


(-—2r—3s9)(6r4s—5) 


(— 3p —5q8)(7p2q — 3) 


—21q5p3 


(—6m-— 8n—5)(—9m4n2) 


(—8a—5b—4)(— 4a2b3) 


32a3b 


(a3)-—3 


(q10)—10 


1q100 


(n2)-—1 


(4y —3)2 


(3q—5)2 


9q10 


(10p—2)—5 


(2n—3)-6 


n1864 


u9u— 2 


bob=3 


bs 


x — 6x4 


113 


n—4n-—-10 
D=op=6 
p3 


Convert from Decimal Notation to Scientific 
Notation 


In the following exercises, write each number in 
scientific notation. 


45,000 


280,000 


2.8 x 105 


8,750,000 


1,290,000 


1.29 x 106 


0.036 


0.041 


4.1 x 10-2 


0.00000924 


0.0000103 


1.03 x 10-5 


The population of the United States on July 4, 
2010 was almost 310,000,000. 


The population of the world on July 4, 2010 
was more than 6,850,000,000. 


6.85 x 109 


The average width of a human hair is 0.0018 


centimeters. 


The probability of winning the 2010 
Megamillions lottery is about 0.0000000057. 


5.7 X 10-9 


Convert Scientific Notation to Decimal Form 


In the following exercises, convert each number to 
decimal form. 


4.1x102 


8.3 x 102 


830 


5.9 X 108 


1.6 x 1010 


16,000,000,000 


B36 L0H 2 


2.6 X LOS 2 


0.028 


1.93 *x10—5 


6.15x10—8 


0.0000000615 


In 2010, the number of Facebook users each 
day who changed their status to ‘engaged’ was 
2x 104. 


At the start of 2012, the US federal budget had 
a deficit of more than $1.5 x 1013. 


$15,000,000,000,000 


The concentration of carbon dioxide in the 
atmosphere is 3.9 x 10-4. 


The width of a proton is 1 x 10—5 of the width 
of an atom. 


0.00001 


Multiply and Divide Using Scientific Notation 


In the following exercises, multiply or divide and 
write your answer in decimal form. 


(2x 105)(2 x 10-9) 


(3 x 102)(1 x 10—5) 


0.003 


(1.6 x 10—2)(5.2 x 10-6) 


(2.1 x 10—4)(3.5 x 10-2) 


0.00000735 


6x 1043 x 10-2 


8x 1064x10-1 


200,000 


7X10-—21x10-8 


Sx 10—=31 > 10—10 


50,000,000 


Everyday Math 


Calories In May 2010 the Food and Beverage 
Manufacturers pledged to reduce their products 
by 1.5 trillion calories by the end of 2015. 


@ Write 1.5 trillion in decimal notation. 
® Write 1.5 trillion in scientific notation. 


Length of a year The difference between the 
calendar year and the astronomical year is 
0.000125 day. 


@ Write this number in scientific notation. 


© How many years does it take for the 
difference to become 1 day? 


@ 1.25 x 10-4 
@ 8,000 


Calculator display Many calculators 
automatically show answers in scientific 
notation if there are more digits than can fit in 
the calculator’s display. To find the probability 
of getting a particular 5-card hand from a deck 
of cards, Mario divided 1 by 2,598,960 and saw 
the answer 3.848 x 10 —7. Write the number in 
decimal notation. 


Calculator display Many calculators 
automatically show answers in scientific 
notation if there are more digits than can fit in 
the calculator’s display. To find the number of 
ways Barbara could make a collage with 6 of 
her 50 favorite photographs, she multiplied 
50:49-48-47-46-45. Her calculator gave the 
answer 1.1441304 x 1010. Write the number in 
decimal notation. 


11,441,304,000 


Writing Exercises 


@ Explain the meaning of the exponent in 
the expression 23. 

® Explain the meaning of the exponent in 
the expression 2—3 


When you convert a number from decimal 
notation to scientific notation, how do you 
know if the exponent will be positive or 
negative? 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After looking at the checklist, do you think you 


are well prepared for the next section? Why or why 
not? 


Glossary 


negative exponent 
If n is a positive integer and a~0, then a 
—n=lan. 


scientific notation 
A number expressed in scientific notation 
when it is of the form a Xx 10n, where a=1 
and a< 10, and n is an integer. 


Introduction to Factoring Polynomials 
By the end of this section, you will be able to: 


¢ Find the greatest common factor of two or 
more expressions 

* Factor the greatest common factor from a 
polynomial 


Before you get started, take this readiness quiz. 


. Factor 56 into primes. 
If you missed this problem, review [link]. 


. Multiply: —3(6a+11). 

If you missed this problem, review [link]. 
e Multiply-4x2G2 7 3x — 1): 

If you missed this problem, review [link]. 


Find the Greatest Common Factor of Two 
or More Expressions 


Earlier we multiplied factors together to get a 
product. Now, we will be reversing this process; we 
will start with a product and then break it down 
into its factors. Splitting a product into factors is 


called factoring. 


In we factored numbers to 
find the least common multiple (LCM) of two or 
more numbers. Now we will factor expressions and 
find the greatest common factor of two or more 
expressions. The method we use is similar to what 
we used to find the LCM. 


Greatest Common Factor 
The greatest common factor (GCF) of two or more 


expressions is the largest expression that is a factor 
of all the expressions. 


First we will find the greatest common factor of two 
numbers. 


Find the greatest common factor of 24 and 36. 


Solution 


Step 1: Factor Factor 24 ancl 
each coefficie nt36. 


int 
ea /\ a 
va 
exyy® OO OO OO © 


SEES ES ESS LWV4L..dde 


Step 2: List ail 
factors-- 
common 
factors in a 


enlimna 


In each Circle the 2, 2, 
column, anes and 3 that are 
the *4= A agi a 
36 =\2) /\2)- +3 

GCF=2.-2- 3 

GCF = 12 
Step 3: Bring Bring down the 
down the 2,\2, 3 and 


common then multiply. 


factors that all 


expressions 

share: 

Step 4: The GCF of 24 
Multiply the and 36 is 12. 
factors. 


Notice that since the GCF is a factor of both 
numbers, 24 and 36 can be written as 
multiples of 12. 

24 = 12:236=12°3 


Find the greatest common factor: 54,36. 


In the previous example, we found the greatest 
common factor of constants. The greatest common 
factor of an algebraic expression can contain 
variables raised to powers along with coefficients. 
We summarize the steps we use to find the greatest 
common factor. 


Find the greatest common factor. 


Factor each coefficient into primes. Write all 
variables with exponents in expanded form. List all 
factors—matching common factors in a column. In 
each column, circle the common factors. Bring 
down the common factors that all expressions 


share. Multiply the factors. 


Find the greatest common factor of 5xand15. 


Solution 


Factor each number 


Bring down the 


PaAamman fantara 
ReVALLLIIVYAl LULLYIVde 


The GCF of 5x and 15 
is 5. 


Find the greatest common factor: 7y,14. 


In the examples so far, the greatest common factor 
was a constant. In the next two examples we will get 


variables in the greatest common factor. 


Find the greatest common factor of 12x2 and 
1x3: 


Solution 


Factor each coefficient 
into primes and write: 
thd 2x2 —/2\.2.- ; x’ 
ex] 8x° = 


fot 

Ci —— 
GCF = 6x2 

factors Ill CdCl COLUITNTI. 

Bring down the 

common factors. 


Maultiph: tha fantara 
LVEULLUL Llae LULLULD. 


"Xx 


The GCF 
of12x2and18x3is6x2 


Find the greatest common factor: 16x2,24x3. 


Find the greatest common factor: 27y3,18y4. 


Find the greatest common factor of 
14x3,8x2,10x. 


Solution 


Factor each coefficient 
into primes and write: 


Cil GCF = 2x 
factors in each column. 


Bring down the 
common factors. 


Multiply: tha fantara 


LLEWY LUEALLVILVe 


The GCF 
of14x3and8x2, 
and10Oxis2x 


Find the greatest common factor: 
PAM Dono DPAIS DG 


Find the greatest common factor: 
25m4,35m3,20m2. 


5m2 


Factor the Greatest Common Factor from 
a Polynomial 


Just like in arithmetic, where it is sometimes useful 
to represent a number in factored form (for 
example, 12 as 2:-60r3-4), in algebra it can be useful 
to represent a polynomial in factored form. One way 
to do this is by finding the greatest common factor 
of all the terms. Remember that you can multiply a 
polynomial by a monomial as follows: 

2(x + 7)factors 2x + 2:7 2x + 14product 


Here, we will start with a product, like 2x+ 14, and 
end with its factors, 2(x+7). To do this we apply 
the Distributive Property “in reverse”. 


Distributive Property 


If a,b,c are real numbers, then 
a(b +c) =ab+acandab+ac=a(b+c) 


The form on the left is used to multiply. The form 
on the right is used to factor. 


So how do we use the Distributive Property to factor 
a polynomial? We find the GCF of all the terms and 
write the polynomial as a product! 


Factor: 2x + 14. 


Solution 


Step 1: Find Find the GCF 
the GCF of al. of 2x and 14. 


the 2x=/2) x 
the 14=\2/-7 


Step 2: RewriteRewrite 2x and 
each term as a 14 as products 


pri2x + 14 their GCF, 2. 
the2-x+2-7 I= 2°x 

4 = 27. 
Step 3: Use the or 7) 


Distributive 


Property ‘in 
reverse’ to 
factor the 


. 
aAVvNnraAcAinn 
SEAS EAS RevVuUiLvVile 


Step 4: Check Check: 
by multiplying 
the factors. 
2(x + 7) 
2-x+2-7 


Factor: 4x +12. 


Factor: 6a+ 24. 


Notice that in [link], we used the word factor as 
both a noun and a verb: 
Noun7is a factor of 14Verbfactor2from2x + 14 


Factor the greatest common factor from a 
polynomial. 


Find the GCF of all the terms of the polynomial. 
Rewrite each term as a product using the GCF. Use 
the Distributive Property ‘in reverse’ to factor the 


expression. Check by multiplying the factors. 


Solution 


Find the GCF of 3a, 3. 3a =3\ a 


Rewrite each term as a 
prodies sits the GCF. 


A 2 


wee ike Breminutee 
Property 'in reverse’ to 
fac Mat 1) p, 

Check by multiplying 
the factors to get the 


ariainal nalktrmamial 
VEL Hrsias PYLy tt 1111Uide. 


3a43V 


Factor: 9a+ 9. 


Factor: 11x+11. 


The expressions in the next example have several 
factors in common. Remember to write the GCF as 
the product of all the common factors. 


Factor: 12x — 60. 


Solution 
Find the GCF of 12x and 60. =P\ Pay x 
0 =2/313-5 
GCF =2-2-3 
GCF = 12 
12% — 6) 


Rewrite each term as a 
product using the GCF. 
14 19 £ 


tae ~ a | ~ i 


Factor the GCF. 


126—3) 
Check by multiplying 


tha fantara 
L1Le LULLULD. 


12(x — 5) 
12-x-—12-5 
12x — 607 


Factor: 11x — 44. 


Factor: 13y— 52. 


Now we'll factor the greatest common factor from a 


trinomial. We start by finding the GCF of all three 
terms. 


Factor: 3y2+6y+9. 


Solution 


Find the GCF of 3y, 6y, and 9. 3y = B\. yey 
6y = 23} y 
9= (3/3 
GCF= 3 


Rewrite each term asa 
product using the GCF. 


22 2. Day 2.2 


2 — ~y <7 


Factor the GCF. 


Bad 1 Mart 20 
“VW ! ~J '-yJ 


Chaals her marltinlrina 
tse Vy rttuitipiy i116. 


Factor: 4y2+ 8y+ 12. 


A(y2 + 2y + 3) 


Factor: 6x2 + 42x —12. 


6(x2 + 7x — 2) 


In the next example, we factor a variable from a 
binomial. 


Factor: 6x2 + 5x. 


Solution 


Find the GCF of 6x2 
and 5x and the math 
th 


| 
Rewrite each term as a 


product. 


+. fer t + 4 
“> 


' ~ 


Dantar tha CCT wlGxw 1 FY 
PRULCYL LLIW WWLe AYIA 1 Vy) 


Chaals her marltinlrina 
NULAEENA Vy 111uitipry i116. 


x(6x+ 5) 
x6x+x°5 
6x2 + 5x¥ 


Factor: 9x2 + 7x. 


Factor: 5a2 — 12a. 


When there are several common factors, as we'll see 
in the next two examples, good organization and 
neat work helps! 


Factor: 4x3 — 20x2. 


Solution 


Find the GCF of 4x? and 20x?. 4x3 =) 2\. (aye yx 
20x? 2/12): 5 ee) 


GCF=2-2- x-x 
GCF = 4x7 


Aw3_ M22 
me a 


het I 


Rewrite each 


2.§ 


Av2 (+ _ §\ 
~J 


Check. 
4x? (x —5) 
4x? «x — 4x? -5 
4x3 —20x? Y 


Factor: 2x3 + 12x2. 


2x2(x + 6) 


Factor: 6y3 — 15y2. 


Sy2(Zy = 5) 


Factor: 2ly2 + 35y. 


Solution 


Find the GCF 
of 21y2 and 
35 21y?=3. 


Rewrite each 
term 


"Tas Aas ts Tas 4 
’ wy Ty ~ 


Factor the GCT. 


Ty(3y + 5) 


Factor: 18y2+ 63y. 


Oy(2y + 7) 


Factor: 32k2 + 56k. 


8k(4k + 7) 


Factor: 14x3 + 8x2 — 10x. 


Solution 


Previously, we found the GCF of 
14x3,8x2,and10x to be 2x. 


iA 3 | Oe 10 
Rewrite each term 
using the GCF, 2x. 
2 a ee a. a AQ. «§ 
feat ~ 1A ein . ee, eee 
Factor the GCF BC 
Check. 2x (7x? + 4x — 5) 


2x 7x2 + 2x 4x — 2x +5 
14x3 + 8x2— 10x ¥ 


Factor: 16y3'—6y2 —24y. 


6yGy2— y — 4) 


Factor: 16x3 + 8x2 — 12x. 


4x(4x2 + 2x — 3) 


When the leading coefficient, the coefficient of the 
first term, is negative, we factor the negative out as 
part of the GCF. 


BACIOR = OY ma 2.7- 


Solution 


When the leading 
coefficient is em 
the Y= 


E> 
< 


Since the expression 
—9y—27 hasa 
negative leading 
coefficient, we use — 9 


aa tha GCE, 


Uv tlin Wwe 


Rewrite each term 
using the GCF. 


=O. te (0). 3 


Bantar tho CCE — Afx, 1 2) 
buvcevyvi wie wu. F\Y ' vs 
Check. —(y + 3) 
—9y —- 277 


FACIOn == OV oo: 


Factor: —16z—56. 


Pay close attention to the signs of the terms in the 


next example. 


Factor: —4a2+ 16a. 


Solution 


The leading coefficient 
is negative, so the GCF 


mall ha nnantixra 
Vv baa Ue 11V Hutive. 


ecelala.a' 


GCF=2-2- 


Since the leading 
coefficient is negative, 
the GCF is negative, 


—An 
Ete 


Bantar tho CCE — Aala _ A) 
purcevi wu e mayu Wy 


ivy Wwe. 


Check on your own by 
multiplying. 


Factor: —7a2+ 21a. 


Factor: —6x2+x. 


ACCESS ADDITIONAL ONLINE RESOURCES 


¢ Factor GCF 
¢ Factor a Binomial 
¢ Identify GCF 


Key Concepts 
¢ Find the greatest common factor. 


Factor each coefficient into primes. Write all 
variables with exponents in expanded form. 
List all factors—matching common factors in a 
column. In each column, circle the common 
factors. Bring down the common factors that all 
expressions share. Multiply the factors. 


¢ Distributive Property 


© Ifa, b, c are real numbers, then 
a(b+c)=ab+ac and ab+ac=a(b+c) 


* Factor the greatest common factor from a 
polynomial. 


Find the GCF of all the terms of the polynomial. 
Rewrite each term as a product using the GCF. 
Use the Distributive Property ‘in reverse’ to 
factor the expression. Check by multiplying the 
factors. 


Section Exercises 


Practice Makes Perfect 


Find the Greatest Common Factor of Two or 
More Expressions 


In the following exercises, find the greatest common 
factor. 


40,56 


45,75 


15 


72,162 


150;275 


25 


3x12 


4y,28 


l6oy,24y2 


9x,15x2 


3x 


18m3,36m2 


12p4,48p3 


12p3 


10x,25x2,15x3 


18a,6a2,22a3 


2a 


24u,6u2,30u3 


40y,10y2,90y3 


10y 


15a4,9a5,21a6 


35x3,10x4,5x5 


5x3 


27y2,45y3,9y4 


14b2,35b3,63b4 


7b2 


Factor the Greatest Common Factor from a 


Polynomial 


In the following exercises, factor the greatest 
common factor from each polynomial. 


2x+8 


Ssy+15 


5(y + 3) 


3a— 24 


4b —20 


4(b — 5) 


S9y-9 


7X—7 


7(x -— 1) 


5m2+20m+ 35 


3n2+ 21n+12 


3(n2 + 7n + 4) 


8p2+32p +48 


6q2+30q+ 42 


6(G2- Fg FZ) 


8q2+ 15q 


9c2 + 22c 


c(9c + 22) 


13k2+5k 


17x2 + 7x 


x(17x + 7) 


5c2+9c 


4q2+7q 


q(4q + 7) 


op2+ 25p 


3r2 + 27r 


3r(r + 9) 


24q2—12q 


30u2—10u 


10u(3u — 1) 


yz+4z 


ab+8b 


b(a + 8) 


60x — 6x3 


55y —11ly4 


11y(5 — y3) 


48r4 —12r3 


45ce3 — 15¢c2 


15c2(3c — 1) 


4a3 — 4ab2 


6c3 — 6cd2 


6c(c2 — d2) 


30u3 + 80u2 


48x3 + 72x2 


24x2(2x + 3) 


120y6 + 48y4 


144a6 + 90a3 


18a3(8a3 + 5) 


4q2+24q+28 


10y2+50y +40 


10(Qyv2 + 5y + 4) 


15z2=30z>=90 


12u2— 36u— 108 


12(u2 — 3u — 9) 


3a4 — 24a3 + 18a2 


5p4 — 20p3 — 15p2 


op2(p2°— 4p: => 3) 


11x6 + 44x5 — 121x4 


8c5 + 40c4 — 56c3 


8c3(c2 + 5c — 7) 


—3n-24 


=/p—oF 


“70 4-19) 


—15a2—40a 


— 18b2—66b 


—6b(3b + 11) 


—10y3+ 60y2 


— 8a3 + 32a2 


—8a2(a — 4) 


— 4u5+ 56u3 


— 9b5 + 63b3 


—9b3(b2 — 7) 


Everyday Math 


Revenue A manufacturer of microwave ovens 
has found that the revenue received from 
selling microwaves a cost of p dollars each is 
given by the polynomial —5p2+150p. Factor 
the greatest common factor from this 
polynomial. 


Height of a baseball The height of a baseball 
hit with velocity 80 feet/second at 4 feet above 
ground level is —16t2+ 80t+4, with t= the 
number of seconds since it was hit. Factor the 
greatest common factor from this polynomial. 


—4(4t2 — 20t — 1) 


Writing Exercises 


The greatest common factor of 36 and 60 is 12. 
Explain what this means. 


What is the GCF of y4, y5, and y10? Write a 
general rule that tells how to find the GCF of 
ya, yb, and yc. 


Self Check 
@ After completing the exercises, use this checklist 


to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next Chapter? 
Why or why not? 


Chapter Review Exercises 


Add and Subtract Polynomials 


Identify Polynomials, Monomials, Binomials and 
Trinomials 


In the following exercises, determine if each of the 
following polynomials is a monomial, binomial, 
trinomial, or other polynomial. 


y2+ 8y—20 
trinomial 
—6a4 

9x3 —-1 


binomial 


n3—3n2+3n-1 


Determine the Degree of Polynomials 


In the following exercises, determine the degree of 
each polynomial. 


16x2—40x-—25 
2 

om+9 

—15 

0 
y2+ 6y3 + 9y4 


Add and Subtract Monomials 


In the following exercises, add or subtract the 
monomials. 


4p+11p 


15p 


— 8y3—5y3 


Add 4n5, —n5, —6n5 


—3n5 


Subtract 10x2 from 3x2 


Add and Subtract Polynomials 


In the following exercises, add or subtract the 
polynomials. 


(4a2 + 9a—11)+(6a2—5a+10) 


10a2 + 4a —- 1 


(8m2 + 12m — 5) —(2m2 —7m-—1) 


(y2—3y+12)+(Sy2—9) 


6y2 = 3V +3 


(5u2+ 8u) —(4u—7) 


Find the sum of 8q3—27 and q2+6q—2 


8q3 + q2 + 6q — 29 


Find the difference of x2+6x+8 and x2— 8x 
+15 


Evaluate a Polynomial for a Given Value of the 
Variable 


In the following exercises, evaluate each polynomial 
for the given value. 


200x — 15x2 when x=5 


995 


200x — 15x2 when x=0 


200x — 15x2 when x=15 


2,995 


5+ 40x — 12x2 when x=10 


5+ 40x — 12x2 when x= —4 


= 163 


5+ 40x — 12x2 when x=0 


A pair of glasses is dropped off a bridge 640 
feet above a river. The polynomial —16t2+ 640 
gives the height of the glasses t seconds after 
they were dropped. Find the height of the 
glasses when t=6. 


64 feet 


The fuel efficiency (in miles per gallon) of a bus 
going at a speed of x miles per hour is given by 
the polynomial — 1160x2 + 12x. Find the fuel 
efficiency when x= 20 mph. 


Use Multiplication Properties of Exponents 


Simplify Expressions with Exponents 


In the following exercises, simplify. 


63 


216 


(12)4 


C=0:5)2 


0.25 


= 32 


Simplify Expressions Using the Product Property 
of Exponents 


In the following exercises, simplify each expression. 


p3-p10 


pi3 


226 


a‘a2-a3 


a6 


xx8 


Simplify Expressions Using the Power Property 
of Exponents 


In the following exercises, simplify each expression. 


(y4)3 


yl2 


(r3)2 


(32)5 


310 


(al0)y 


Simplify Expressions Using the Product to a 
Power Property 


In the following exercises, simplify each expression. 


(8n)2 


64n2 


(-—5x)3 


(2ab)8 


256as8bs 


(—10mnp)4 


Simplify Expressions by Applying Several 
Properties 


In the following exercises, simplify each expression. 


(3a5)3 


27al15 


(4y)2(8y) 


(x3)5(x2)3 


X21 


(S5st2)3(2s3t4)2 


Multiply Monomials 


In the following exercises, multiply the monomials. 


(—6p4)(9p) 


—54p5 


(13c2)(30c8) 


(8x2y5)(7xy6) 


56x3y11 


(23m3n6)(16m4n4) 


Multiply Polynomials 
Multiply a Polynomial by a Monomial 


In the following exercises, multiply. 


7(10-x) 

70= 7X 

a2(a2 —9a— 36) 
— 5y(125y3 — 1) 
—625y4 + 5y 


(4n — 5)(2n3) 


Multiply a Binomial by a Binomial 


In the following exercises, multiply the binomials 
using various methods. 


(a+5)(at+2) 


a2 + 7a + 10 


y=)G+ 2) 


(3x + 1)(2x — 7) 


6x2 — 19x — 7 


(6p —11)(3p—10) 


(n+8)(n+1) 


n2+ 9n+ 8 


(k+6)(k—9) 


(5u—3)(u+8) 


5u2 + 37u — 24 


(2y — 9)(5y — 7) 


(p+ 4)(p +7) 


pe Lipa 2s 


(x—8)(x+9) 


(3c +1)(9c — 4) 


27c2 — 3c — 4 


(10a —1)(3a-—3) 


Multiply a Trinomial by a Binomial 


In the following exercises, multiply using any 
method. 


(x+1)(x2-—3x—-—21) 


x3 — 2x2 — 24x -— 21 


(5b — 2)(3b2 + b— 9) 


(m+ 6)(m2 — 7m — 30) 


m3 — m2 — 72m — 180 


(4y —1)(6y2—12y+5) 


Divide Monomials 


Simplify Expressions Using the Quotient 
Property of Exponents 


In the following exercises, simplify. 


2822 


26 or 64 


aba 


n3n12 


1n9 


xx5 


Simplify Expressions with Zero Exponents 


In the following exercises, simplify. 


30 


yO 


(14t)O 


12a0 — 15b0 


Simplify Expressions Using the Quotient to a 
Power Property 


In the following exercises, simplify. 


(35)2 


925 


(x2)5 


(5mn)3 


125m3n3 


(s10t)2 


Simplify Expressions by Applying Several 
Properties 


In the following exercises, simplify. 


(a3)2a4 


a2 


u3u2-u4 


(xx9)5 


1x40 


(p4-p5p3)2 


(n5)3(n2)8 


ln 


(5s24t)3 


Divide Monomials 


In the following exercises, divide the monomials. 


72p12+ 8p3 
9p9 

— 26a8 = (2a2) 
45y6 — 15y10 
— 3y4 

— 30x8 — 36x9 
28a9b7a4b3 


4a5b2 


11u6v355u2v8 


(5m9n3)(8m3n2)(10mn4)(m2n5) 


4m9n4 


42r2s46rs3 — 54rs29s 


Integer Exponents and Scientific Notation 
Use the Definition of a Negative Exponent 


In the following exercises, simplify. 


o=2 


516 


(8n)-1 


Simplify Expressions with Integer Exponents 


In the following exercises, simplify. 


x — 3x9 


x6 


r= Si=4 


(uv —3)(u—4v—-2) 


1lu3v5 


(m5)-1 


(k= 2)=—3 


ke 


q4q20 


b8b—2 


bio 


n-—3n-5 


Convert from Decimal Notation to Scientific 
Notation 


In the following exercises, write each number in 
scientific notation. 


5,300,000 


5.3 x 106 


0.00814 


The thickness of a piece of paper is about 0.097 
millimeter. 


9.7 xX 10-2 


According to www.cleanair.com, U.S. 
businesses use about 21,000,000 tons of paper 


per year. 


Convert Scientific Notation to Decimal Form 


In the following exercises, convert each number to 
decimal form. 


2.9 x 104 


29,000 


1.5x 108 


3.79% 10—1 


B7O 


9.413 x10—5 


Multiply and Divide Using Scientific Notation 


In the following exercises, multiply and write your 
answer in decimal form. 


(3 x 107)(2 x 10-4) 


6,000 


(1.5 x 10—3)(4.8 x 10-1) 


6x 1092 x10-1 


30,000,000,000 


9x10-—-31x10-—6 


Introduction to Factoring Polynomials 


Find the Greatest Common Factor of Two or 
More Expressions 


In the following exercises, find the greatest common 
factor. 


5n,45 


8a,72 


12x2,20x3,36x4 


4x2 


9y4,21y5,15y6 


Factor the Greatest Common Factor from a 
Polynomial 


In the following exercises, factor the greatest 
common factor from each polynomial. 


l6u—24 


8(2u — 3) 


15r+ 35 


6p2 + 6p 


6p(p + 1) 


10c2—10c 


—9a5 — 9a3 

— 9a3(a2 + 1) 
=7%8 = 28x3 
Sy2—55y +45 
5(y2 — lly + 9) 


2q5— 16q3 + 30q2 


Chapter Practice Test 


For the polynomial 8y4—3y2+1 
@ Is ita monomial, binomial, or trinomial? 


© What is its degree? 


@ trinomial 


® 4 


In the following exercises, simplify each expression. 


(5a2 + 2a—12)+(9a2+ 8a—4) 


(10x2 — 3x +5) —(4x2—6) 


6x2 — 3x + 11 


(—34)3 


nn4 


ns 


(10p3q5)2 


(8xy3)(— 6x4y6) 


— 48xsy9 


4u(u2—9u+1) 


(s+8)(s+9) 


s2 + 17s + 72 


(m+ 3)(7m — 2) 


(lla—6)(Sa—1) 


55a2 — 4la + 6 


(n—8)(n2—4n+11) 


(4a + 9b)(6a — 5b) 


24a2 + 34ab — 45b2 


53658 


(x3-x9x5)2 


x14 


(47a18b23c5)0 


24r3s6r2s7 


4rs6 


8y2— 16y + 204y 


(15xy3 — 35x2y) + 5xy 


3y2 — 7x 


4-1 


(2y)-3 


12y 


p—3p—8 


x4x-—5 


x9 


(2.4 x 108)(2 x 10—5) 


In the following exercises, factor the greatest 
common factor from each polynomial. 


80a3 + 120a2 + 40a 

= Ox2 = 30x 

=6x(x 4:5) 
Convert 5.25 x 10—4 to decimal form. 


0.000525 


In the following exercises, simplify, and write your 
answer in decimal form. 


9x1043x10-1 
3 x 105 


A hiker drops a pebble from a bridge 240 feet 
above a canyon. The polynomial — 16t2 + 240 
gives the height of the pebble t seconds a after 


it was dropped. Find the height when t =3. 


According to www.cleanair.org, the amount of 
trash generated in the US in one year averages 
out to 112,000 pounds of trash per person. 
Write this number in scientific notation. 


Glossary 


greatest common factor 
The greatest common factor (GCF) of two or 
more expressions is the largest expression that 
is a factor of all the expressions. 


Graphs 
class = "introduction" Cyclists speed toward the 
finish line. (credit: ewan traveler, Flickr) 


Which cyclist will win the race? What will the 
winning time be? How many seconds will separate 
the winner from the runner-up? One way to 
summarize the information from the race is by 
creating a graph. In this chapter, we will discuss the 
basic concepts of graphing. The applications of 
graphing go far beyond races. They are used to 
present information in almost every field, including 
healthcare, business, and entertainment. 


Use the Rectangular Coordinate System 
By the end of this section, you will be able to: 


* Plot points on a rectangular coordinate system 

* Identify points on a graph 

* Verify solutions to an equation in two variables 

* Complete a table of solutions to a linear 
equation 

¢ Find solutions to linear equations in two 
variables 


Before you get started, take this readiness quiz. 


1. Evaluate: x +3 when x= —1. 
If you missed this problem, review [link]. 


2. Evaluate: 2x —5y when x=3,y= —2. 

If you missed this problem, review [link]. 
3. Solve for y:40 — 4y = 20. 

If you missed this problem, review [link]. 


The rectangular coordinate system.The four 
quadrants of the rectangular coordinate system 


Plot Points on a Rectangular Coordinate 
System 


Many maps, such as the Campus Map shown in 

, use a grid system to identify locations. Do 
you see the numbers 1,2,3, and 4 across the top and 
bottom of the map and the letters A, B, C, and D 
along the sides? Every location on the map can be 
identified by a number and a letter. 


For example, the Student Center is in section 2B. It 
is located in the grid section above the number 2 
and next to the letter B. In which grid section is the 
Stadium? The Stadium is in section 4D. 


Use the map in 


@ Find the grid section of the Residence 
Halls. 
© What is located in grid section 4C? 


Solution 


@ Read the number below the Residence 
Halls, 4, and the letter to the side, A. So the 
Residence Halls are in grid section 4A. 

® Find 4 across the bottom of the map and 
C along the side. Look below the 4 and next 
to the C. Tiger Field is in grid section 4C. 


Use the map in [link]. 
@ Find the grid section of Taylor Hall. 
® What is located in section 3B? 


@1C 
® Engineering Building 


Use the map in [link]. 


@ Find the grid section of the Parking 


Garage. 
® What is located in section 2C? 


@1A 
® Library 


Just as maps use a grid system to identify locations, 
a grid system is used in algebra to show a 
relationship between two variables in a rectangular 
coordinate system. To create a rectangular 
coordinate system, start with a horizontal number 
line. Show both positive and negative numbers as 
you did before, using a convenient scale unit. This 
horizontal number line is called the x-axis. 


Now, make a vertical number line passing through 
the x-axis at 0. Put the positive numbers above 0 
and the negative numbers below 0. See [link]. This 
vertical line is called the y-axis. 


Vertical grid lines pass through the integers marked 
on the x-axis. Horizontal grid lines pass through the 
integers marked on the y-axis. The resulting grid is 
the rectangular coordinate system. 


The rectangular coordinate system is also called the 
x-y plane, the coordinate plane, or the Cartesian 
coordinate system (since it was developed by a 
mathematician named René Descartes.) 


The x-axis and the y-axis form the rectangular 
coordinate system. These axes divide a plane into 
four areas, called quadrants. The quadrants are 
identified by Roman numerals, beginning on the 
upper right and proceeding counterclockwise. See 


In the rectangular coordinate system, every point is 
represented by an ordered pair. The first number in 
the ordered pair is the x-coordinate of the point, and 
the second number is the y-coordinate of the point. 


Ordered Pair 

n ordered pair, (x,y) gives the coordinates of a 
point in a rectangular coordinate system. 
The first number is thex-coordinate.The second 
number is they-coordinate. 


So how do the coordinates of a point help you locate 
a point on the x-y plane? 


Let’s try locating the point (2,5). In this ordered 
pair, the x-coordinate is 2 and the y-coordinate is 5. 


We start by locating the x value, 2, on the x-axis. 
Then we lightly sketch a vertical line through x= 2, 
as shown in 


Now we locate the y value, 5, on the y-axis and 


sketch a horizontal line through y=5. The point 
where these two lines meet is the point with 
coordinates (2,5). We plot the point there, as shown 
in 


Plot (1,3) and (3,1) in the same rectangular 
coordinate system. 


Solution 


The coordinate values are the same for both 
points, but the x and y values are reversed. 
Let’s begin with point (1,3). The x-coordinate 
is 1 so find 1 on the x-axis and sketch a 


vertical line through x=1. The y-coordinate is 
3 so we find 3 on the y-axis and sketch a 
horizontal line through y= 3. Where the two 
lines meet, we plot the point (1,3). 


To plot the point (3,1), we start by locating 3 
on the x-axis and sketch a vertical line through 
x = 3. Then we find 1 on the y-axis and sketch 
a horizontal line through y=1. Where the two 
lines meet, we plot the point (3,1). 


Notice that the order of the coordinates does 
matter, so, (1,3) is not the same point as (3,1). 


Plot each point on the same rectangular 


coordinate system: (2,5),(5,2). 


Plot each point on the same rectangular 
coordinate system: (4,2),(2,4). 


Plot each point in the rectangular coordinate 
system and identify the quadrant in which the 
point is located: 


ON 1) 
Oe 4) 
©(2, —3) 
@(3,52) 


Solution 


The first number of the coordinate pair is the 
x-coordinate, and the second number is the y- 
coordinate. 


@ Since x= —1,y =3, the point (—1,3) is in 
Quadrant II. 


® Since x= —3,y = —4, the point (—3, — 4) is 
in Quadrant III. 


© Since x=2,y= —1, the point (2, —1) is in 
Quadrant IV. 


@ Since x=3,y=52, the point (3,52) is in 
Quadrant I. It may be helpful to write 52 as 
the mixed number, 212, or decimal, 2.5. Then 
we know that the point is halfway between 2 
and 3 on the y-axis. 


Plot each point on a rectangular coordinate 
system and identify the quadrant in which the 
point is located: 


(S21) 
Ol = a= 1) 
©(4, — 4) 
@(— 4,32) 


Plot each point on a rectangular coordinate 
system and identify the quadrant in which the 
point is located 


@(-4,1) 
(= 272) 
GG >) 
@(— 3,52) 


How do the signs affect the location of the points? 


Plot each point: 


Ot] 52) 
Ol = a,=2) 
©(5,2) 
OG, 2) 


Solution 


As we locate the x-coordinate and the y- 
coordinate, we must be careful with the signs. 


Plot each point: 


@(4, —3) 
®(4,3) 
©(—4,-3) 
@(—4,3) 


Plot each point: 


®(1,4) 


You may have noticed some patterns as you graphed 
the points in the two previous examples. 


For each point in Quadrant IV, what do you notice 
about the signs of the coordinates? 


What about the signs of the coordinates of the 
points in the third quadrant? The second quadrant? 
The first quadrant? 


Can you tell just by looking at the coordinates in 
which quadrant the point (— 2, 5) is located? In 
which quadrant is (2, —5) located? 


We can summarize sign patterns of the quadrants as 
follows. Also see 


Quadrant I Quadrant II Quadrant Quadrant 
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What if one coordinate is zero? Where is the point 
(0,4) located? Where is the point (— 2,0) located? 
The point (0,4) is on the y-axis and the point (— 2,0) 


is on the x-axis. 


Points on the Axes 


Points with a y-coordinate equal to 0 are on the x- 
axis, and have coordinates (a,0). 


Points with an x-coordinate equal to 0 are on the y- 
axis, and have coordinates (0,b). 

What is the ordered pair of the point where the 
axes cross? At that point both coordinates are zero, 
so its ordered pair is (0,0). The point has a special 
name. It is called the origin. 


The Origin 
The point (0,0) is called the origin. It is the point 
here the x-axis and y-axis intersect. 


Plot each point on a coordinate grid: 


@(0,5) 
®(4,0) 
©(—3,0) 
@(0,0) 
CO, 


Solution 


@) Since x =0, the point whose coordinates 
are (0,5) is on the y-axis. 
® Since y=0, the point whose coordinates 
are (4,0) is on the x-axis. 


© Since y=0, the point whose coordinates 
are (—3,0) is on the x-axis. 

@ Since x=0 and y=0, the point whose 
coordinates are (0,0) is the origin. 

© Since x=0, the point whose coordinates 
are (0, — 1) is on the y-axis. 


Plot each point on a coordinate grid: 


@(4,0) 
®(— 2,0) 
©(0,0) 
@(0,2) 


©(0, —3) 


Plot each point on a coordinate grid: 


@(—5,0) 
®(3,0) 
©(0,0) 
@(0, —-1) 
©(0,4) 


Identify Points on a Graph 


In algebra, being able to identify the coordinates of 
a point shown on a graph is just as important as 
being able to plot points. To identify the x- 
coordinate of a point on a graph, read the number 
on the x-axis directly above or below the point. To 
identify the y-coordinate of a point, read the 
number on the y-axis directly to the left or right of 
the point. Remember, to write the ordered pair 
using the correct order (x,y). 


Name the ordered pair of each point shown: 


Solution 


Point A is above —3 on the x-axis, so the x- 
coordinate of the point is — 3. The point is to 
the left of 3 on the y-axis, so the y-coordinate 
of the point is 3. The coordinates of the point 
are (—3,3). 


Point B is below —1 on the x-axis, so the x- 
coordinate of the point is —1. The point is to 
the left of —3 on the y-axis, so the y- 
coordinate of the point is — 3. The coordinates 
Of the point are (— 1) 3). 


Point C is above 2 on the x-axis, so the x- 
coordinate of the point is 2. The point is to the 
right of 4 on the y-axis, so the y-coordinate of 
the point is 4. The coordinates of the point are 
(2,4). 


Point D is below 4 on the x-axis, so the x- 
coordinate of the point is 4. The point is to the 
right of — 4 on the y-axis, so the y-coordinate 
of the point is — 4. The coordinates of the 
point are (4, — 4). 


Name the ordered pair of each point shown: 
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Name the ordered pair of each point shown: 


Solution 


Point A is on the x-axis The coordinates of 


atw— _A nnint A avn (__A NY 
aut A” Te | PAS CS fa Use | To5V Je 


Point B is on the y-axis The coordinates of 


oy | nnint D avn (NM —_9)1 
5 = pyle ware vv, aije 


Point C is on the x-axis The coordinates of 


atwvw—2 nanint © aro (2 1) 
uta vu. Pvt VY ure (usu). 


Point D is on the y-axis The coordinates of 
at y=1. point D are (0,1). 


Name the ordered pair of each point shown: 


Name the ordered pair of each point shown: 


Verify Solutions to an Equation in Two 
Variables 


All the equations we solved so far have been 
equations with one variable. In almost every case, 
when we solved the equation we got exactly one 
solution. The process of solving an equation ended 
with a statement such as x= 4. Then we checked the 
solution by substituting back into the equation. 


Here’s an example of a linear equation in one 
variable, and its one solution. 
3x +5=173x=12x=4 


But equations can have more than one variable. 
Equations with two variables can be written in the 
general form Ax + By=C. An equation of this form is 
called a linear equation in two variables. 


Linear Equation 
An equation of the form Ax+ By =C, where AandB 


are not both zero, is called a linear equation in two 
variables. 


Notice that the word “line” is in linear. 


Here is an example of a linear equation in two 


variables, x and y: 


Is y= —5x+1 a linear equation? It does not appear 
to be in the form Ax+ By =C. But we could rewrite 
it in this form. 


w= — Sv 1 1 
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a 
Add 5x to both sides. 
y+ 5x—-—-Sy+144r 
Simplify. 
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Use the Commutative 


Property to put it in Ax 
Ix+ y=l 


By rewriting y= —5x+1 as 5x+y=1, we can see 
that it is a linear equation in two variables because 
it can be written in the form Ax+ By=C. 


Linear equations in two variables have infinitely 
many solutions. For every number that is substituted 
for x, there is a corresponding y value. This pair of 
values is a solution to the linear equation and is 
represented by the ordered pair (x,y). When we 
substitute these values of x and y into the equation, 
the result is a true statement because the value on 
the left side is equal to the value on the right side. 


Solution to a Linear Equation in Two Variables 

An ordered pair (x,y) is a solution to the linear 
equation Ax+ By =C, if the equation is a true 
statement when the x- and y-values of the ordered 
pair are substituted into the equation. 


Determine which ordered pairs are solutions of 
the equation x + 4y =8: 


@(0,2) 


Solution 


Substitute the x- andy-values from each 


ordered pair into the equation and determine 
if the result is a true statement. 


ALIN 97 M9 —_ AY fA 2) 
WY Ye) \ 5 ty Vu Tyv) 
x=-4,y=3 
x+4y=8 
9 
—44+4-3=8 
9 
—4+12=8 
R—RS 
(0,2) isa (2, —4) is not a (—4,3) isa 
solution. solution. solution. 


Determine which ordered pairs are solutions to 
the given equation: 2x+3y=6 


@(3,0) 
®(2,0) 
©(6, — 2) 


Determine which ordered pairs are solutions to 
the given equation: 4x—y=8 


@(0,8) 
©(2,0) 


Determine which ordered pairs are solutions of 
the equation. y=5x—1: 


@(0,—-1) 
(1,4) 
a2 7) 


Solution 


Substitute the x- and y-values from each 


ordered pair into the equation and determine 
if it results in a true statement. 


IN _1) m\i1 AY Af 9 _ 7) 
SW» a) Vato Vo ay 
x=-2,y=-/ 
y=5x-1 
a7 (9) = 1 
-72-10-1 
—7#-11 
(0,—1)isa (1,4) isa (—2;—7)is- not 
solution. solution. a solution. 


Determine which ordered pairs are solutions of 
the given equation: y= 4x—3 


@(0,3) 
®(1,1) 
©(1,1) 


Determine which ordered pairs are solutions of 


the given equation: y= —2x+6 


@(0,6) 
(1,4) 
©(=2,;—2) 


Complete a Table of Solutions to a Linear 
Equation 


In the previous examples, we substituted the x- 
andy-values of a given ordered pair to determine 
whether or not it was a solution to a linear 
equation. But how do we find the ordered pairs if 
they are not given? One way is to choose a value for 
x and then solve the equation for y. Or, choose a 
value for y and then solve for x. 


We'll start by looking at the solutions to the 
equation y=5x—1 we found in [link]. We can 
summarize this information in a table of solutions. 
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To find a third solution, we’ll let x= 2 and solve for 
y. 
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The ordered pair is a solution to y=5x-1. We will 
add it to the table. 
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We can find more solutions to the equation by 
substituting any value of x or any value of y and 
solving the resulting equation to get another 
ordered pair that is a solution. There are an infinite 
number of solutions for this equation. 


Complete the table to find three solutions to 
the equation y = 4x — 2: 


«T («7 xr\ 


J CT 2 


Solution 


Substitute x =0,x = —1, and x=2 into y= 4x 
— 2. 
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Complete the table to find three solutions to 
the equation: y=3x-—1. 
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Complete the table to find three solutions to 
the equation: y=6x+1 
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Complete the table to find three solutions to 
the equation 5x — 4y = 20: 


«7 (x7 «r\ 


J iy 


Solution 


The results are summarized in the table. 
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Complete the table to find three solutions to 
the equation: 2x — 5y= 20. 
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Complete the table to find three solutions to 
the equation: 3x —4y=12. 
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Find Solutions to Linear Equations in 
Two Variables 


To find a solution to a linear equation, we can 
choose any number we want to substitute into the 
equation for either x or y. We could choose 
1,100,1,000, or any other value we want. But it’s a 
good idea to choose a number that’s easy to work 
with. We'll usually choose 0 as one of our values. 


Find a solution to the equation 3x + 2y =6. 


Solution 


Step 1: Choose 
any value for 


one of the 
variables in the 
equation. 
Step 2: 
Substitute thet Substitute O for 
va 3x + 2y= 6 
eq 3-0+2y=6 
ee 0+2y=6 
O 

2y= 6 

“5 = 2 


the solution es x=0,y=3. 


an ordered 
pair. 
Step 4: Check. 
3x + 2y= 6 
3-042-326 
0+6=6 


6=67 
Yes! 


We can 
substitute any 
value we want 
for x or any 
value for y. 
Let's pick x=0. 
What is the 


value of y if 
xO? 


This solution is 
represented by 
the ordered 
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Find a solution to the equation: 4x + 3y =12. 


Answers will vary. 


Find a solution to the equation: 2x+ 4y=8. 


Answers will vary. 


We said that linear equations in two variables have 
infinitely many solutions, and we’ve just found one 
of them. Let’s find some other solutions to the 
equation 3x+ 2y=6. 


Find three more solutions to the equation 3x 
+2y=6. 


Solution 


To find solutions to 3x + 2y =6, choose a value 
for x or y. Remember, we can choose any 
value we want for x or y. Here we chose 1 for 
x, and 0 and —3 for y. 


Substitute 
it into the 
eq y=-3 
3x + 2y= 6 
33-23 = § 
Simplify 
Solve. 
3x —6=6 
ac i12 
x=4 
Z 5 
Write the (2,0) (1,32) (4, —3) 
ordered 
pair. 


Check your answers. 
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3x + 2y=6 
? 
3-4+42(—3)=6 


12+ (-6) 26 
6=6v 


So (2,0),(1,32) and (4, —3) are all solutions to 
the equation 3x + 2y =6. In the previous 
example, we found that (0,3) is a solution, too. 
We can list these solutions in a table. 
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Find three solutions to the equation: 2x 
+ 3y=6. 


Answers will vary. 


Find three solutions to the equation: 4x 
+ 2y=8. 


Answers will vary. 


Let’s find some solutions to another equation now. 


Find three solutions to the equation x — 4y =8. 


Solution 


Choose a | 

value for x | 

ar V= - 

Substitute 

it into the 

aaxr—4-3=8 

ces | 

Solve. 
x-—12=8 

¢-= 20 

Write the (0,—2) (8,0) (20,3) 

ordered 

pair. 


So (0, — 2),(8,0), and (20,3) are three solutions 
to the equation x—4y =8. 
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Remember, there are an infinite number of 
solutions to each linear equation. Any point 
you find is a solution if it makes the equation 
true. 


Find three solutions to the equation: 4x+y=8. 


Answers will vary. 


Find three solutions to the equation: x 
+ 5y=10. 


Answers will vary. 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Plotting Points 
¢ Identifying Quadrants 
* Verifying Solution to Linear Equation 


Key Concepts 
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* Coordinates of Zero 


© Points with a y-coordinate equal to 0 are 
on the x-axis, and have coordinates (a, 0). 

© Points with a x-coordinate equal to 0 are 
on the y-axis, and have coordinates ( 0, b). 

© The point (0, 0) is called the origin. It is 
the point where the x-axis and y-axis 
intersect. 


Practice Makes Perfect 
Plot Points on a Rectangular Coordinate System 


In the following exercises, plot each point on a 
coordinate grid. 


(3,2) 


(4,1) 


(1,5) 


(3,4) 


(4,1),(1,4) 


(3,2),(2,3) 


(3,4), (4,3) 


In the following exercises, plot each point on a 
coordinate grid and identify the quadrant in which 
the point is located. 


@(— 4,2) 
®(—1,—2) 
©(3, —5) 
@(2,52) 


@(- 2, —3) 
®(3, —3) 
©(-4,1) 
@(1,32) 


@(-1,1) 
®(-2,—-1) 
©O(1,—-4) 
@(3,72) 


@(3,-2) 
®(- 3,2) 
©(-3, — 2) 
@ (3,2) 


@(4,-1) 
O(-4,-1) 
@(4,1) 


* @(—2,0) 
* ©(-3,0) 
- ©(0,4) 
* @(0,2) 


Identify Points on a Graph 


In the following exercises, name the ordered pair of 
each point shown. 


Verify Solutions to an Equation in Two Variables 


In the following exercises, determine which ordered 


pairs are solutions to the given equation. 
2x+y=6 
@(1,4) 


®(3,0) 
©(2,3) 


@/(4,0) 
©(2,-3) 
©(1,6) 


@(4,3) 
®(-1,-1) 
©(12,5) 


y=13x+1 
@(-3,0) 


(9,4) 
©(-6,-1) 


Find Solutions to Linear Equations in Two 
Variables 


In the following exercises, complete the table to find 
solutions to each linear equation. 
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Everyday Math 


(x xr 
Leany7 


Weight of a baby Mackenzie recorded her 
baby’s weight every two months. The baby’s 
age, in months, and weight, in pounds, are 
listed in the table, and shown as an ordered 
pair in the third column. 


@ Plot the points on a coordinate grid. 
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® Why is only Quadrant I needed? 


@ 


© Age and weight are only positive. 


Weight of a child Latresha recorded her son’s 
height and weight every year. His height, in 
inches, and weight, in pounds, are listed in the 
table, and shown as an ordered pair in the third 
column. 


@ Plot the points on a coordinate grid. 
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® Why is only Quadrant I needed? 


Writing Exercises 


Have you ever used a map with a rectangular 
coordinate system? Describe the map and how 
you used it. 


Answers may vary. 


How do you determine if an ordered pair is a 
solution to a given equation? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 
in your road to success. In math, every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no—I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


linear equation 
An equation of the form Ax+By=C, where 
AandB are not both zero, is called a linear 
equation in two variables. 


ordered pair 
An ordered pair (x,y) gives the coordinates of 
a point in a rectangular coordinate system. 
The first number is the x-coordinate. The 
second number is the y-coordinate. 
(x,y)x-coordinate,y-coordinate 


origin 
The point (0,0) is called the origin. It is the 
point where the the point where the x-axis 
and y-axis intersect. 


quadrants 
The x-axis and y-axis divide a rectangular 
coordinate system into four areas, called 
quadrants. 


solution to a linear equation in two variables 
An ordered pair (x,y) is a solution to the 
linear equation Ax + By =C, if the equation is 
a true statement when the x- and y-values of 
the ordered pair are substituted into the 
equation. 


X-axis 


The x-axis is the horizontal axis in a 
rectangular coordinate system. 


y-axis 
The y-axis is the vertical axis on a rectangular 
coordinate system. 


Graphing Linear Equations 
By the end of this section, you will be able to: 


* Recognize the relation between the solutions of 
an equation and its graph 

* Graph a linear equation by plotting points 

* Graph vertical and horizontal lines 


Before you get started, take this readiness quiz. 


1. Evaluate: 3x +2 when x= —1. 
If you missed this problem, review [link]. 


2. Solve the formula: 5x+ 2y = 20 for y. 

If you missed this problem, review [link]. 
3. Simplify: 38(— 24). 

If you missed this problem, review [link]. 


Recognize the Relation Between the 
Solutions of an Equation and its Graph 


In Use the Rectangular Coordinate System, we found 
a few solutions to the equation 3x + 2y=6. They are 
listed in the table below. So, the ordered pairs (0,3), 
(2,0), (1,32), (4,-—-3), are some solutions to the 


equation3x + 2y=6. We can plot these solutions in 
the rectangular coordinate system as shown on the 
graph at right. 


Notice how the points line up perfectly? We connect 
the points with a straight line to get the graph of the 
equation 3x+ 2y=6. Notice the arrows on the ends 
of each side of the line. These arrows indicate the 
line continues. 


Every point on the line is a solution of the equation. 
Also, every solution of this equation is a point on 
this line. Points not on the line are not solutions! 


Notice that the point whose coordinates are (— 2,6) 
is on the line shown in . If you substitute x= 
— 2 and y=6 into the equation, you find that it is a 
solution to the equation. 


So (4,1) is not a solution to the equation 3x + 2y =6 
. Therefore the point (4,1) is not on the line. 


This is an example of the saying,” A picture is worth 
a thousand words.” The line shows you all the 
solutions to the equation. Every point on the line is 
a solution of the equation. And, every solution of 
this equation is on this line. This line is called the 
graph of the equation 3x+ 2y =6. 


Graph of a Linear Equation 
The graph of a linear equation Ax + By=C is a 
straight line. 


¢ Every point on the line is a solution of the 
equation. 

* Every solution of this equation is a point on 
this line. 


The graph of y=2x—3 is shown below. 


For each ordered pair decide 


@ Is the ordered pair a solution to the 
equation? 
® Is the point on the line? 


@ (0,3) 
(ONG = 3) 
Oe = 2)) 
OL, =), 


Substitute the x- and y-values into the 
equation to check if the ordered pair is a 
solution to the equation. 


@ 

® Plot the points A: (0, — 3) B: (3,3) C: (2,—3) 
and D: (—1,-—5). 

ihe poms (O;—3).(5.5).andi(— 1. — 5) areon 


the line y = 2x — 3, and the point (2, — 3) is not 
on the line. 


The points which are solutions to y=2x—3 are 
on the line, but the point which is not a 
solution is not on the line. 


The graph of y=3x—1 is shown. 
For each ordered pair, decide 
@ is the ordered pair a solution to the 


equation? 
® is the point on the line? 


a Oo) 
a) 
ae 
C= 4) 


BRWNEH 


. @ yes © yes 
. @ no © no 
. @ no © no 
. @ yes © yes 


Look at the difference between (a) and (b). All 
three points in (a) line up so we can draw one line 
through them. The three points in (b) do not line 
up. We cannot draw a single straight line through 
all three points. 


Graph a Linear Equation by Plotting 
Points 


There are several methods that can be used to graph 
a linear equation. The method we used at the start 
of this section to graph is called plotting points, or 
the Point-Plotting Method. 


Let’s graph the equation y=2x+1 by plotting 
points. 


We start by finding three points that are solutions to 
the equation. We can choose any value for x or y, 
and then solve for the other variable. 


Since y is isolated on the left side of the equation, it 
is easier to choose values for x. We will use 0,1, and 
-2 for x for this example. We substitute each value 
of x into the equation and solve for y. 


We can organize the solutions in a table. See [link]. 
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Now we plot the points on a rectangular coordinate 
system. Check that the points line up. If they did not 
line up, it would mean we made a mistake and 
should double-check all our work. See 


Draw the line through the three points. Extend the 
line to fill the grid and put arrows on both ends of 
the line. The line is the graph of y=2x+1. 


Graph a linear equation by plotting points. 


Find three points whose coordinates are solutions 
to the equation. Organize them in a table. Plot the 
points on a rectangular coordinate system. Check 
that the points line up. If they do not, carefully 
check your work. Draw the line through the points. 
Extend the line to fill the grid and put arrows on 
both ends of the line. 


It is true that it only takes two points to determine a 
line, but it is a good habit to use three points. If you 
plot only two points and one of them is incorrect, 
you can still draw a line but it will not represent the 
solutions to the equation. It will be the wrong line. 
If you use three points, and one is incorrect, the 
points will not line up. This tells you something is 
wrong and you need to check your work. See [link]. 


Graph the equation y= — 3x. 


Solution 


Find three points that are solutions to the 
equation. It’s easier to choose values for x, and 
solve for y. Do you see why? 


List the points in a table. 


o- 
va 


¥ 
ww «T (xz x7\ 
a= J AEG J 7 
Nn nn (1 N\ 
Vv Vv iv 
1 Q (As 1 Ep Ja 
1 vy Kas v) 
—2 6 (— 2,6) 


Plot the points, check that they line up, and 
draw the line as shown. 


Graph the equation by plotting points: y= 
— 4x. 


Graph the equation by plotting points: y =x. 


When an equation includes a fraction as the 
coefficient of x, we can substitute any numbers for 
x. But the math is easier if we make ‘good’ choices 
for the values of x. This way we will avoid fraction 
answers, which are hard to graph precisely. 


Graph the equation y= 12x+3. 


Solution 


Find three points that are solutions to the 
equation. Since this equation has the fraction 
12 as a coefficient of x, we will choose values 


of x carefully. We will use zero as one choice 
and multiples of 2 for the other choices. 


The points are shown in the table. 
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Plot the points, check that they line up, and 
draw the line as shown. 


Graph the equation: y=13x—1. 


Graph the equation: y=14x+ 2. 


So far, all the equations we graphed had y given in 
terms of x. Now we'll graph an equation with x and 
y on the same side. 


Graph the equation x+y=5. 


Solution 


Find three points that are solutions to the 
equation. Remember, you can start with any 
value of x or y. 


We list the points in a table. 
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Then plot the points, check that they line up, 
and draw the line. 


Graph the equation: x + y= — 2. 


Graph the equation: x—y=6. 


In the previous example, the three points we found 
were easy to graph. But this is not always the case. 

Let’s see what happens in the equation 2x+ y=3. If 
y is O, what is the value of x? 


The solution is the point (32,0). This point has a 
fraction for the x-coordinate. While we could graph 
this point, it is hard to be precise graphing fractions. 
Remember in the example y= 12x+ 3, we carefully 


chose values for x so as not to graph fractions at all. 
If we solve the equation 2x+ y=3 for y, it will be 
easier to find three solutions to the equation. 
2x+y=3 

y= —-2x+3 


Now we can choose values for x that will give 
coordinates that are integers. The solutions for 


x=0,x=1, and x= —1 are shown. 
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Graph the equation 3x+ y= -—1. 


Solution 


Find three points that are solutions to the 
equation. 


First, solve the equation for y. 


3x+y=—-ly=-3x-1 


We'll let x be 0,1, and —1 to find three points. 
The ordered pairs are shown in the table. Plot 
the points, check that they line up, and draw 
the line. 
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If you can choose any three points to graph a 
line, how will you know if your graph matches 
the one shown in the answers in the book? If 
the points where the graphs cross the x- and y- 
axes are the same, the graphs match. 


Graph each equation: 2x+y=2. 


Graph each equation: 4x+y= —3. 


Graph Vertical and Horizontal Lines 


Can we graph an equation with only one variable? 
Just x and no y, or just y without an x? How will we 
make a table of values to get the points to plot? 


Let’s consider the equation x= — 3. The equation 
says that x is always equal to — 3, so its value does 


not depend on y. No matter what y is, the value of x 
is always —3. 


To make a table of solutions, we write — 3 for all 
the x values. Then choose any values for y. Since x 
does not depend on y, you can chose any numbers 
you like. But to fit the size of our coordinate graph, 
we'll use 1,2, and 3 for the y-coordinates as shown 
in the table. 
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Then plot the points and connect them with a 
straight line. Notice in [link] that the graph is a 
vertical line. 


Vertical Line 

A vertical line is the graph of an equation that can 
be written in the form x=a. 

The line passes through the x-axis at (a,0). 


Graph the equation x= 2. What type of line 
does it form? 


Solution 


The equation has only variable, x, and x is 
always equal to 2. We make a table where x is 
always 2 and we put in any values for y. 
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Plot the points and connect them as shown. 


The graph is a vertical line passing through the 
x-axis at 2. 


Graph the equation: x=5. 


Graph the equation: x= — 2. 


What if the equation has y but no x? Let’s graph the 
equation y = 4. This time the y-value is a constant, 
so in this equation y does not depend on x. 


To make a table of solutions, write 4 for all the y 
values and then choose any values for x. 


We'll use 0,2, and 4 for the x-values. 
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Plot the points and connect them, as shown in 
. This graph is a horizontal line passing 
through the y-axis at 4. 


Horizontal Line 
A horizontal line is the graph of an equation that 
can be written in the form y=b. 


The line passes through the y-axis at (0,b). 


Graph the equation y= —1. 


Solution 


The equation y= —1 has only variable, y. The 
value of y is constant. All the ordered pairs in 
the table have the same y-coordinate, —1. We 
choose 0,3, and —3 as values for x. 


The graph is a horizontal line passing through 
the y-axis at -1 as shown. 


Graph the equation: y= — 4. 


Graph the equation: y =3. 


The equations for vertical and horizontal lines look 
very similar to equations like y=4x. What is the 
difference between the equations y = 4x and y= 4? 


The equation y = 4x has both x and y. The value of y 
depends on the value of x. The y-coordinate changes 
according to the value of x. 


The equation y =4 has only one variable. The value 
of y is constant. The y-coordinate is always 4. It 
does not depend on the value of x. 


The graph shows both equations. 


Notice that the equation y = 4x gives a slanted line 
whereas y = 4 gives a horizontal line. 


Graph y = — 3x and y= —3 in the same 
rectangular coordinate system. 


Solution 


Find three solutions for each equation. Notice 


that the first equation has the variable x, while 
the second does not. Solutions for both 
equations are listed. 


The graph shows both equations. 


Graph the equations in the same rectangular 
coordinate system: y= — 4x and y= — 4. 


Graph the equations in the same rectangular 
coordinate system: y=3 and y=3x. 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Use a Table of Values 
¢ Graph a Linear Equation Involving Fractions 
¢ Graph Horizontal and Vertical Lines 


Key Concepts 
* Graph a linear equation by plotting points. 


Find three points whose coordinates are 


solutions to the equation. Organize them in a 
table. Plot the points on a rectangular 
coordinate system. Check that the points line 
up. If they do not, carefully check your work. 
Draw the line through the points. Extend the 
line to fill the grid and put arrows on both ends 
of the line. 


Graph of a Linear Equation:The graph of a 
linear equation ax + by=c is a straight line. 


© Every point on the line is a solution of the 
equation. 


© Every solution of this equation is a point 
on this line. 


Practice Makes Perfect 


Recognize the Relation Between the Solutions of 
an Equation and its Graph 


For each ordered pair, decide 


@) is the ordered pair a solution to the equation? 
® is the point on the line? 


y=x+2 


1. (0,2) 
2. (1,2) 
e(=1A) 
4. (—3,1) 


@ yes © yes 
@ no ® no 

@ yes © yes 
@ yes ®yes 


. (0, — 4) 
(3—1) 
“(2,2) 

(1,=5) 
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. @ yes © yes 
. @ yes © yes 
. @ no © no 
. @ no ®no 
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y=12x-—3 


1. (0,-3) 
9 (9:29) 
5. (=2,=4) 
4. (4,1) 


@ yes © yes 
@ yes © yes 
@ yes © yes 
@ no ®no 


y=13x+2 


110.2) 
2. (3,3) 
3. (=—2,2) 
4. (— 6,0) 


@ yes ® yes 
@ yes ® yes 
@ no © no 

@ yes ®yes 


Graph a Linear Equation by Plotting Points 


In the following exercises, graph by plotting points. 


y=3x-1 


y=2x+3 


y= —-—2x+2 


y==— 35 rl 


y=xt+2 


y=13x-1 


y=43x—-5 


y =32x—3 


y= —-25x+1 


y= —45x—-1 


y= —32x+2 


y= —53x+4 


x+y=6 


xty=4 


x+ty=-3 


—x+y=3 


—-x-y=95 


—x-y=1 


3x+y=7 


ox+y=6 


2x+y=-3 


4x+y=-5 


2x+ 3y=12 


3x—4y=12 


13x+y=2 


1l2x+y=3 


Graph Vertical and Horizontal lines 


In the following exercises, graph the vertical and 
horizontal lines. 
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x=54 


In the following exercises, graph each pair of 
equations in the same rectangular coordinate 
system. 


y= —12x and y= —-12 


y= —13x and y= -13 


y = 2x and y=2 


y=5x and y=5 


Mixed Practice 


In the following exercises, graph each equation. 


y= 4x 


y= —12x+3 


4x+y=2 


2x+y=6 


2x+ 6y=12 


ox + 2y=10 


Everyday Math 


Motor home cost The Robinsons rented a 
motor home for one week to go on vacation. It 
cost them $594 plus $0.32 per mile to rent the 
motor home, so the linear equation 

y = 594 + 0.32x gives the cost, y, for driving x 
miles. Calculate the rental cost for driving 
400,800,and1,200 miles, and then graph the 
line. 


$722, $850, $978 


Weekly earning At the art gallery where he 


works, Salvador gets paid $200 per week plus 
15% of the sales he makes, so the equation 

y = 200 + 0.15x gives the amount y he earns for 
selling x dollars of artwork. Calculate the 
amount Salvador earns for selling $900, 
$1,600,and$2,000, and then graph the line. 


Writing Exercises 


Explain how you would choose three x-values 
to make a table to graph the line y=15x—2. 


Answers will vary. 


What is the difference between the equations of 
a vertical and a horizontal line? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 


to become confident for all objectives? 


Glossary 


horizontal line 
A horizontal line is the graph of an equation 
that can be written in the form y =b. The line 
passes through the y-axis at (0,b). 


vertical line 
A vertical line is the graph of an equation that 
can be written in the form x=a. The line 
passes through the x-axis at (a,0). 


Graphing with Intercepts 
By the end of this section, you will be able to: 


* Identify the intercepts on a graph 

¢ Find the intercepts from an equation of a line 

* Graph a line using the intercepts 

* Choose the most convenient method to graph a 
line 


Before you get started, take this readiness quiz. 


1. Solve: 3x+ 4y = —12 for x when y=0. 
If you missed this problem, review [link]. 
2. Is the point (0, —5) on the x-axis or y-axis? 


If you missed this problem, review [link]. 
3. Which ordered pairs are solutions to the 

equation 2x—y=6? 

@(6,0)®(0, — 6) ©(4, — 2). 


If you missed this problem, review [link]. 


Identify the Intercepts on a Graph 


Every linear equation has a unique line that 
represents all the solutions of the equation. When 


graphing a line by plotting points, each person who 
graphs the line can choose any three points, so two 
people graphing the line might use different sets of 
points. 


At first glance, their two lines might appear 
different since they would have different points 
labeled. But if all the work was done correctly, the 
lines will be exactly the same line. One way to 
recognize that they are indeed the same line is to 
focus on where the line crosses the axes. Each of 
these points is called an intercept of the line. 


Intercepts of a Line 


Each of the points at which a line crosses the x-axis 
and the y-axis is called an intercept of the line. 


Let’s look at the graph of the lines shown in [link]. 


First, notice where each of these lines crosses the x- 
axis: 


Figure: The line cross 2s Ordered pair of 
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Do you see a pattern? 


For each row, the y- coordinate of the point where 
the line crosses the x- axis is zero. The point where 
the line crosses the x- axis has the form (a,0); and is 
called the x-intercept of the line. The x- intercept 
occurs when y is zero. 


Now, let's look at the points where these lines cross 
the y-axis. 
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- intercept and y- intercept of a line 
The x-intercept is the point, (a, 0), where the graph 


crosses the x-axis. The x-intercept occurs when y is 
AO 

The y-intercept is the point, (0, b), where the graph 
crosses the y-axis. 

The y-intercept occurs when x is zero. 


Find the x- andy-intercepts of each line: 


@x+2y=4 


®3x-y=6 


©x+y=—-5 


Solution 
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x-axis at the point (4. 
ra) 
Use 


The graph crosses the: 


y-axis at the point (0, 
2). 


AY 
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The graph crosses the: 


x-axis at the point (2. 
ran) 
Use 


The graph crosses the: 


y-axis at the point (0, 
— 6). 
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The graph crosses the: 


y-axis at the point (0, 


The graph crosses the: 


The graph crosses the: 


The x-intercept is (4, 
0). 


The x-intercept is (0, 
2)I 


The x-intercept is (2, 
0) 


The y-intercept is (0, 
— 6). 


The x-intercept is (—5, 


0). 


The y-intercept is (0, 
—5). 


=): 


Find the x- and y-intercepts of the graph: x 
—y=2. 


x-intercept (2,0): y-intercept (0, — 2) 


Find the x- and y-intercepts of the graph: 2x 
+ 3y=6. 


x-intercept (3,0); y-intercept (0,2) 


Find the Intercepts from an Equation of a 
Line 


Recognizing that the x-intercept occurs when y is 
zero and that the y-intercept occurs when x is zero 
gives us a method to find the intercepts of a line 


from its equation. To find the x-intercept, let y=0 
and solve for x. To find the y-intercept, let x=0 and 
solve for y. 


Find the x and y from the Equation of a Line 
Use the equation to find: 


* the x-intercept of the line, let y=0 and solve 
for x. 

* the y-intercept of the line, let x=0 and solve 
for y. 


Find the intercepts of 2x +y=6 


We'll fill in [link]. 


To find the x- intercept, let y =0: 
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Substitute O for y. 


2x4+90=6 

Add. 
2-=- 
Divide by 2. 
x3 


The x-intercept is (3, 
0). 


To find the y- intercept, let x=0: 
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Substitute O for x. 


2-O---y=-6 
Multiply. 
0+ y= 6 
Add. 
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The y-intercept is (0, 
6). 


The intercepts are the points (3,0) and (0,6). 


Find the intercepts: 3x + y=12 


(4,0) and (0,12) 


Find the intercepts: x + 4y =8 


(8,0) and (0,2) 


Find the intercepts of 4x —3y=12. 


Solution 


To find the x-intercept, let y=0. 
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The x-intercept is (3, 0). 


To find the y-intercept, let x=0. 
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The y-intercept is (0, — 4). 


The intercepts are the points (— 3,0) and (0, 
— 4). 


CD <! 


Find the intercepts of the line: 3x —4y =12. 


x-intercept (4,0); y-intercept: (0, — 3) 


Find the intercepts of the line: 2x —4y =8. 


x-intercept (4,0); y-intercept: (0, — 2) 


Graph a Line Using the Intercepts 


To graph a linear equation by plotting points, you 
can use the intercepts as two of your three points. 
Find the two intercepts, and then a third point to 
ensure accuracy, and draw the line. This method is 
often the quickest way to graph a line. 


Graph —x+2y=6 using intercepts. 


Solution 


First, find the x-intercept. Let y =0, 
—x+2y=6—x+2(0)=6—-x=6x= —6 
The x-intercept is (—6, 0). 

Now find the y-intercept. Let x =0. 
—x+2y=6—-0+2y=62y=6y=3 

The y-intercept is (0, 3). 

Find a third point. We’ll use x= 2, 
—x+2y=6-2+ 2y=62y=8y=4 

A third solution to the equation is (2, 4). 


Summarize the three points in a table and then 
plot them on a graph. 
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Do the points line up? Yes, so draw line 
through the points. 


Graph the line using the intercepts: x — 2y = 4. 


Graph the line using the intercepts: —x 
+ 3y=6. 


Graph a line using the intercepts. 
Find the x- and y-intercepts of the line. 


* Let y=O and solve for x 
* Let x=0 and solve for y. 


Find a third solution to the equation. Plot the three 
points and then check that they line up. Draw the 
line. 


Graph 4x — 3y =12 using intercepts. 


Solution 


Find the intercepts and a third point. 


We list the points and show the graph. 
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Graph the line using the intercepts: 5x 
—2y=10. 


Graph the line using the intercepts: 3x 
—4y=12. 


Graph y = 5x using the intercepts. 


Solution 


This line has only one intercept! It is the point 
(0,0). 


To ensure accuracy, we need to plot three 
points. Since the intercepts are the same point, 
we need two more points to graph the line. As 
always, we can choose any values for x, so 
we'll let x be 1 and —1. 


Organize the points in a table. 
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Plot the three points, check that they line up, 
and draw the line. 


Graph using the intercepts: y = 3x. 


Graph using the intercepts: y= —x. 


Choose the Most Convenient Method to 
Graph a Line 


While we could graph any linear equation by 
plotting points, it may not always be the most 
convenient method. This table shows six of 
equations we’ve graphed in this chapter, and the 
methods we used to graph them. 
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#6 4x—3y=12 Intercepts 


What is it about the form of equation that can help 
us choose the most convenient method to graph its 
line? 


Notice that in equations #1 and #2, y is isolated on 
one side of the equation, and its coefficient is 1. We 
found points by substituting values for x on the 
right side of the equation and then simplifying to 
get the corresponding y- values. 


Equations #3 and #4 each have just one variable. 
Remember, in this kind of equation the value of that 
one variable is constant; it does not depend on the 
value of the other variable. Equations of this form 
have graphs that are vertical or horizontal lines. 


In equations #5 and #6, both x and y are on the 
same side of the equation. These two equations are 
of the form Ax +By=C. We substituted y=0 and 
x=0 to find the x- and y- intercepts, and then found 
a third point by choosing a value for x or y. 


This leads to the following strategy for choosing the 


most convenient method to graph a line. 


Choose the most convenient method to graph a 
line. 


If the equation has only one variable. It is a vertical 
or horizontal line. 


* x=a is a vertical line passing through the x- 
axis ata 

* y=bis a horizontal line passing through the 
y-axis at b. 


If y is isolated on one side of the equation. Graph 
by plotting points. 


* Choose any three values for x and then solve 
for the corresponding y- values. 


If the equation is of the form Ax+By=C, find the 
intercepts. 


¢ Find the x- and y- intercepts and then a third 
point. 


Identify the most convenient method to graph 


each line: 


@y=-3 
®4x-6y=12 
©x=2 

@y =25x-1 


Solution 


This equation has only one variable, y. Its 
graph is a horizontal line crossing the y-axis at 
= 


®©4x-6y=12 


This equation is of the form Ax+ By =C. Find 
the intercepts and one more point. 


There is only one variable, x. The graph is a 
vertical line crossing the x-axis at 2. 


@y=25x-1 


Since y is isolated on the left side of the 
equation, it will be easiest to graph this line by 
plotting three points. 


Identify the most convenient method to graph 
each line: 


@3x+2y=12 
®Oy=4 
©y=15x-4 
@x=—7 


@ intercepts 

© horizontal line 
© plotting points 
@ vertical line 


Identify the most convenient method to graph 
each line: 


Oe 

®y= —34x+1 
©Oy=-8 
@4x-3y=-1 


@ vertical line 
® plotting points 


© horizontal line 
@ intercepts 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Graph by Finding Intercepts 
* Use Intercepts to Graph 
¢ State the Intercepts from a Graph 


Key Concepts 
* Intercepts 


© The x-intercept is the point, (a,0), where 
the graph crosses the x-axis. The x- 
intercept occurs when y is zero. 

© The y-intercept is the point, (0,b), where 
the graph crosses the y-axis. The y- 
intercept occurs when y is zero. 

© The x-intercept occurs when y is zero. 

© The y-intercept occurs when x is zero. 


¢ Find the x and y intercepts from the 


equation of a line 


© To find the x-intercept of the line, let y=0 
and solve for x. 
© To find the y-intercept of the line, let x=0 
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* Graph a line using the intercepts 
Find the x- and y- intercepts of the line. 


© Let y=0 and solve for x. 
© Let x=0 and solve for y. 


Find a third solution to the equation. Plot the 
three points and then check that they line up. 
Draw the line. 


* Choose the most convenient method to 
graph a line 


Determine if the equation has only one 
variable. Then it is a vertical or horizontal line. 
x=a is a vertical line passing through the x- 
axis at a. 

y=b is a vertical line passing through the y- 
axis at b.Determine if y is isolated on one side 
of the equation. The graph by plotting points. 


Choose any three values for x and then solve 
for the corresponding y- values.Determine if the 
equation is of the form Ax + By =C, find the 
intercepts. 

Find the x- and y- intercepts and then a third 
point. 


Practice Makes Perfect 
Identify the Intercepts on a Graph 


In the following exercises, find the x- and y- 
intercepts. 


(3,0),(0,3) 


(9,0), (0, ~ 5) 


( _ 2,0),(0, = 2) 


(= 1,0);(0,1) 


(0,0) 


Find the x and y Intercepts from an Equation of 
a Line 


In the following exercises, find the intercepts. 


xty=4 


(4,0),(0,4) 


x+ty=3 


x+y=-2 


( = 2,0),(0, =s 2) 


x+y=-5 
X-y=9 
(5,0), (0, —5) 
x-y=1 
x-y=-—3 
(—3,0),(0,3) 
x-y=-4 
x+2y=8 
(8,0),(0,4) 


x+2y=10 


3x+y=6 


(2,0),(0,6) 


3x+y=9 


x—3y=12 


(12,0),(0, _ 4) 


x—2y=8 


4x-—y=8 


(2,0), (0, _ 8) 


OX-y=5 


2x+ 5y=10 


(5,0), (0,2) 


2x+ 3y=6 


3x—2y=12 


(4,0), (0, = 6) 


3x — 5y = 30 


y=13x-1 


(3,0), (0, a Ly 


y=14x-1 


y=15x+2 


( = 10,0),(0,2) 


y=13x+4 


y=3x 


y =ox 


Graph a Line Using the Intercepts 


In the following exercises, graph using the 
intercepts. 


—x+5y=10 


—x+4y=8 


x+2y=4 


x+2y=6 


x+ty=2 


x+y=5 


xty=-3 


3x+y=3 


3x-—y=-6 


2x-—y=-8 


2x+ 4y=12 


3x+ 2y=12 


3x— 2y=6 


ox— 2y=10 


2x — 5y = — 20 


y=3x 


Choose the Most Convenient Method to Graph a 
Line 


In the following exercises, identify the most 
convenient method to graph each line. 


* 
I 
i) 


vertical line 


y=4 


y=95 


horizontal line 


x=-—3 


y= —3x+4 


plotting points 


y= —9x+2 


X-y=95 


intercepts 


x-y=1 


y=23x-1 


plotting points 


horizontal line 


yoat 


3x—2y=—-12 


intercepts 


2x=Sy=— 10 


y=—14x+3 


plotting points 


y=—-13x+5 


Everyday Math 


Road trip Damien is driving from Chicago to 
Denver, a distance of 1,000 miles. The x-axis on 
the graph below shows the time in hours since 
Damien left Chicago. The y-axis represents the 
distance he has left to drive. 


@ Find the x- and y- intercepts 


® Explain what the x- and y- intercepts mean 
for Damien. 


@ (0,1,000),(15,0). © At (0,1,000) he left 
Chicago 0 hours ago and has 1,000 miles left to 
drive. At (15,0) he left Chicago 15 hours ago 
and has 0 miles left to drive. 


Road trip Ozzie filled up the gas tank of his 
truck and went on a road trip. The x-axis on the 


graph shows the number of miles Ozzie drove 
since filling up. The y-axis represents the 
number of gallons of gas in the truck’s gas tank. 


@ Find the x- and y- intercepts. 


® Explain what the x- and y- intercepts mean 
for Ozzie. 


Writing Exercises 


How do you find the x-intercept of the graph of 
3x— 2y =6? 


Answers will vary. 


How do you find the y-intercept of the graph of 
5x—y=10? 


Do you prefer to graph the equation 4x + y= 
— 4 by plotting points or intercepts? Why? 


Answers will vary. 


Do you prefer to graph the equation y = 23x — 2 
by plotting points or intercepts? Why? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Glossary 


intercepts of a line 
Each of the points at which a line crosses the 
x-axis and the y-axis is called an intercept of 
the line. 


Understand Slope of a Line 
By the end of this section, you will be able to: 


* Use geoboards to model slope 

¢ Find the slope of a line from its graph 

¢ Find the slope of horizontal and vertical lines 

* Use the slope formula to find the slope of a line 
between two points 

¢ Graph a line given a point and the slope 

* Solve slope applications 


Before you get started, take this readiness quiz. 


iesimplity= 46 — 2. 

If you missed this problem, review [link]. 
2. Divide: 04,40. 

If you missed this problem, review [link]. 
> olmplityva ao lo lo 

If you missed this problem, review [link]. 


As we’ve been graphing linear equations, we’ve seen 
that some lines slant up as they go from left to right 
and some lines slant down. Some lines are very 
steep and some lines are flatter. What determines 
whether a line slants up or down, and if its slant is 
steep or flat? 


The steepness of the slant of a line is called the 
slope of the line. The concept of slope has many 
applications in the real world. The pitch of a roof 
and the grade of a highway or wheelchair ramp are 
just some examples in which you literally see slopes. 
And when you ride a bicycle, you feel the slope as 
you pump uphill or coast downhill. 


Use Geoboards to Model Slope 


In this section, we will explore the concepts of 
slope. 


Using rubber bands on a geoboard gives a concrete 
way to model lines on a coordinate grid. By 
stretching a rubber band between two pegs on a 
geoboard, we can discover how to find the slope of 
a line. And when you ride a bicycle, you feel the 
slope as you pump uphill or coast downhill. 


Doing the Manipulative Mathematics activity 


"Exploring Slope" will help you develop a better 
understanding of the slope of a line. 


We'll start by stretching a rubber band between two 
pegs to make a line as shown in [link]. 


Does it look like a line? 


Now we stretch one part of the rubber band straight 
up from the left peg and around a third peg to make 
the sides of a right triangle as shown in [link]. We 
carefully make a 90° angle around the third peg, so 
that one side is vertical and the other is horizontal. 


To find the slope of the line, we measure the 
distance along the vertical and horizontal legs of the 
triangle. The vertical distance is called the rise and 
the horizontal distance is called the run, as shown 


in 


To help remember the terms, it may help to think of 
the images shown in 


On our geoboard, the rise is 2 units because the 
rubber band goes up 2 spaces on the vertical leg. 
See 


What is the run? Be sure to count the spaces 
between the pegs rather than the pegs themselves! 
The rubber band goes across 3 spaces on the 
horizontal leg, so the run is 3 units. 


The slope of a line is the ratio of the rise to the run. 
So the slope of our line is 23. In mathematics, the 
slope is always represented by the letter m. 


Slope of a line 
The slope of a line is m=riserun. 


The rise measures the vertical change and the run 
measures the horizontal change. 


What is the slope of the line on the geoboard in 
[link]? 

m =riserun 

m=23 

The line has slope23. 


When we work with geoboards, it is a good idea to 
get in the habit of starting at a peg on the left and 


connecting to a peg to the right. Then we stretch the 
rubber band to form a right triangle. 


If we start by going up the rise is positive, and if we 
stretch it down the rise is negative. We will count 
the run from left to right, just like you read this 
paragraph, so the run will be positive. 


Since the slope formula has rise over run, it may be 
easier to always count out the rise first and then the 
run. 


What is the slope of the line on the geoboard 
shown? 


Solution 


Use the definition of slope. 

m=riserun 

Start at the left peg and make a right triangle 
by stretching the rubber band up and to the 
right to reach the second peg. 


Count the rise and the run as shown. 


The rise is3units.m = 3runThe run 
is4units.m = 34The slope is34. 


What is the slope of the line on the geoboard 
shown? 


What is the slope of the line on the geoboard 
shown? 


What is the slope of the line on the geoboard 
shown? 


Solution 

Use the definition of slope. 

m=riserun 

Start at the left peg and make a right triangle 
by stretching the rubber band to the peg on 


the right. This time we need to stretch the 
rubber band down to make the vertical leg, so 


the rise is negative. 


The rise is— 1.m= — 1lrunThe run is3.m= 
—13m=-—13The slope is—13. 


What is the slope of the line on the geoboard? 


What is the slope of the line on the geoboard? 


Notice that in the first example, the slope is positive 
and in the second example the slope is negative. Do 
you notice any difference in the two lines shown in 


As you read from left to right, the line in Figure A, 
is going up; it has positive slope. The line Figure B is 
going down; it has negative slope. 


PO 


Use a geoboard to model a line with slope 12. 


Solution 


To model a line with a specific slope on a 
geoboard, we need to know the rise and the 
run. 
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Replace m with 12. 12=riserun 


So, the rise is 1 unit and the run is 2 units. 


Start at a peg in the lower left of the geoboard. 
Stretch the rubber band up 1 unit, and then 
right 2 units. 


The hypotenuse of the right triangle formed by 
the rubber band represents a line with a slope 
Of 2 


Use a geoboard to model a line with the given 
slope: m= 13. 


Use a geoboard to model a line with the given 
slope: m= 32. 


Use a geoboard to model a line with slope 
Sie 


Solution 


TTan tha celana farmiiles Mm — riann84in 
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Replace m with -—14 —14=riserun 


So, the rise is — 1 and the run is 4. 


Since the rise is negative, we choose a starting 
peg on the upper left that will give us room to 
count down. We stretch the rubber band down 
1 unit, then to the right 4 units. 


The hypotenuse of the right triangle formed by 
the rubber band represents a line whose slope 
is —14. 


Use a geoboard to model a line with the given 
slope: m= — 32. 


Use a geoboard to model a line with the given 


slope: m= — 13. 


Find the Slope of a Line from its Graph 


Now we'll look at some graphs on a coordinate grid 
to find their slopes. The method will be very similar 
to what we just modeled on our geoboards. 


Doing the Manipulative Mathematics activity 
Slope of Lines Between Two Points" will help you 


develop a better understanding of how to find the 
slope of a line from its graph. 


To find the slope, we must count out the rise and 
the run. But where do we start? 


We locate any two points on the line. We try to 
choose points with coordinates that are integers to 
make our calculations easier. We then start with the 
point on the left and sketch a right triangle, so we 
can count the rise and run. 


Find the slope of the line shown: 


Solution 


Locate two points on the graph, choosing 
points whose coordinates are integers. We will 
use (0, —3) and (5,1). 


Starting with the point on the left, (0, — 3), 
sketch a right triangle, going from the first 
point to the second point, (5,1). 


| 
Count the rise on the The rise is 4 units. 


vertical leg of the 


trinnala 
t11u1161r. 


Count the run onthe The run is 5 units. 
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Substitute the values ofm=45 


. 
La eian and we11n 
Ltd Low ULL LUdLte 


The slope of the line is 
45. 


Notice that the slope is positive since the line 
slants upward from left to right. 


Find the slope of the line: 


Find the slope of the line: 


Find the slope from a graph. 


Locate two points on the line whose coordinates 
are integers. Starting with the point on the left, 
sketch a right triangle, going from the first point to 
the second point. Count the rise and the run on the 
legs of the triangle. Take the ratio of rise to run to 
find the slope. m=riserun 


Find the slope of the line shown: 


Solution 


Locate two points on the graph. Look for 
points with coordinates that are integers. We 


can choose any points, but we will use (0, 5) 
and (3, 3). Starting with the point on the left, 
sketch a right triangle, going from the first 
point to the second point. 


Count the rise — it is 
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Substitute the values of m= 
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The rise is —2. 


The slope of the line is 
=). 


Notice that the slope is negative since the line 


slants downward from left to right. 


What if we had chosen different points? Let’s 
find the slope of the line again, this time using 
different points. We will use the points (— 3,7) 
and (6,1). 


Starting at (— 3,7), sketch a right triangle to 
(6,1). 
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Substitute the values of m= — 69 
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The slope of the line is 
= 2S. 


It does not matter which points you use—the 
slope of the line is always the same. The slope 
of a line is constant! 


Find the slope of the line: 


Find the slope of the line: 


The lines in the previous examples had y-intercepts 
with integer values, so it was convenient to use the 
y-intercept as one of the points we used to find the 
slope. In the next example, the y-intercept is a 
fraction. The calculations are easier if we use two 
points with integer coordinates. 


Find the slope of the line shown: 


Solution 


Locate two points on (2,3) and (7,6) 
the graph whose 
coordinates are 


. 
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Which point is on the (2,3) 


loft+9 
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Starting at (2,3), sketch 
a right angle to (7,6) as 
shown below. 
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Substitute the values ofm=35 
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The slope of the line is 
35. 


Find the slope of the line: 


Find the slope of the line: 


Find the Slope of Horizontal and Vertical 
Lines 


Do you remember what was special about horizontal 
and vertical lines? Their equations had just one 
variable. 


horizontal line y =b; all the y-coordinates are 
the same. 
vertical line x=a; all the x-coordinates are the 


same. 


So how do we find the slope of the horizontal line 

y = 4? One approach would be to graph the 
horizontal line, find two points on it, and count the 
rise and the run. Let’s see what happens in [link]. 
We'll use the two points (0,4) and (3,4) to count the 
rise and run. 
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The slope of the horizontal line y = 4 is 0. 


All horizontal lines have slope 0. When the y- 
coordinates are the same, the rise is 0. 


Slope of a Horizontal Line 
The slope of a horizontal line, y=b, is 0. 


Now we'll consider a vertical line, such as the line 
x = 3, shown in [link]. We’ll use the two points (3,0) 
and (3,2) to count the rise and run. 
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But we can’t divide by 0. Division by 0 is undefined. 
So we say that the slope of the vertical line x =3 is 
undefined. The slope of all vertical lines is 
undefined, because the run is 0. 


Slope of a Vertical Line 
The slope of a vertical line, x =a, is undefined. 


Find the slope of each line: 


@x=8 
®Oy=-5 


Solution 


This is a horizontal line, so its slope is 0. 


Find the slope of the line: x= — 4. 


Find the slope of the line: y=7. 


Quick Guide to the Slopes of Lines 


Use the Slope Formula to find the Slope 
of a Line between Two Points 


Sometimes we need to find the slope of a line 
between two points and we might not have a graph 
to count out the rise and the run. We could plot the 
points on grid paper, then count out the rise and the 
run, but there is a way to find the slope without 
graphing. 


Before we get to it, we need to introduce some new 
algebraic notation. We have seen that an ordered 
pair (x,y) gives the coordinates of a point. But when 
we work with slopes, we use two points. How can 
the same symbol (x,y) be used to represent two 
different points? 


Mathematicians use subscripts to distinguish 
between the points. A subscript is a small number 
written to the right of, and a little lower than, a 
variable. 


(x1,y1)readxsub1,ysub1 
(x2,y2)readxsub2,ysub2 


We will use (x1,y1) to identify the first point and 
(x2,y2) to identify the second point. If we had more 
than two points, we could use (x3,y3),(x4,y4), and 
so on. 


To see how the rise and run relate to the coordinates 
of the two points, let’s take another look at the slope 
of the line between the points (2,3) and (7,6) in 
[link]. 


Since we have two points, we will use subscript 
notation. 
(2,3)x1,y1(7,6)x2,y2 


On the graph, we counted the rise of 3. The rise can 
also be found by subtracting the y-coordinates of the 
points. 

y2—yl6—33 


We counted a run of 5. The run can also be found by 
subtracting the x-coordinates. 
e2—317—25 

Wolnow =i 
Ss ars 

We rewrite the rise and m=6—37-—2 
run by putting in the 
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But 6 is the y-coordinate m=y2—y17—2 
of the second point, y2 

and 3 is the y-coordinate 

of the first point y1. 

So we can rewrite the rise 

using-subseript netation: 

Also 7 is the x-coordinate m=y2—y1x2—x1 
of the second point, x2 

and 2 is the x-coordinate 

of the first point x2. 

So we rewrite the run 

using subscript notation. 


We’ve shown that m=y2—y1x2~—x1 is really 
another version of m=riserun. We can use this 
formula to find the slope of a line when we have 
two points on the line. 


Slope Formula 
The slope of the line between two points (x1,y1) 


and (x2,y2) is 
m=y2—ylx2-xl 


Say the formula to yourself to help you remember it: 
Slope isyof the second point minusyof the first point 
over 

xof the second point minusxof the first point. 


PO 


Doing the Manipulative Mathematics activity 
“Slope of Lines Between Two Points” will help you 
develop a better understanding of how to find the 
slope of a line between two points. 


Find the slope of the line between the points 
(1,2) and (4,5). 


Solution 


We'll call (1,2) point (1,2)x1,yland(4,5)x2,y2 


#1 and (A B\nnint #5 


ok Ube | Lid] ENS AE Il dle 


TTan tha alann farmiailes m — tT 
YU EELS OLY Pe LUYLALLULLe ban Ty 


Substitute the values in 


tha alana farmiila: 
LLiw RNS ES AVALLLILULIe 


y of the second point m=5-—2x2— xl 
minus y of the first 


. 
naint 
pvr 


x of the second point m=5—24-1 
minus x of the first 


° 
naint 
pvr 


Simplify the numerator m= 33 


° 
and tha dAnnaminatar 
CALLE ULE U1 11111. 


m=1 


Let’s confirm this by counting out the slope on 
the graph. 


The rise is 3 and the run is 3, so 


m=riserunm = 33m=1 


Find the slope of the line through the given 
points: (8,5) and (6,3). 


Find the slope of the line through the given 
points: (1,5) and (5,9). 


How do we know which point to call #1 and which 
to call #2? Let’s find the slope again, this time 
switching the names of the points to see what 
happens. Since we will now be counting the run 
from right to left, it will be negative. 


We'll call (4,5) point #1 


and (6 Wannint #9 
BY 


une oy ALLL // dete 


TIan tha slone farmiila 
Vow use o1 ee 2u11110u.. 


Substitute the values in 


tha slooe farmiuila- 
ULE oL ve 1V1111uU1U. 


y of the second point 


. ° ° 
miniia iw af tha fixrct nnint 
ddnnaiuy y Vi Use titbot puiszic 


x of the second point 


mind w af tha fixrot naint 
d4nntiuiy A YE Ue Lato purist 


Simplify the numerator 


. 
and tha Annnaminatar 
ULL LLe UL1U111111U Le 


(4,5)x1,yland(1,2)x2,y2 


m=2-—51-4 


m= —3-3 


= 
] 


The slope is the same no matter which order we use 
the points. 


Find the slope of the line through the points 
(—2,-—3) and (-—7,4). 


Solution 


We'll call (— 2, —3) (-2, 
point #1 and (—7,4) —3)xl,yland(—7,4)x2,y2 


nnint #9 
pvt ae 


TTan tha alann faemiailes mm — tT 
YU EELS OLY Pe LUYLALLULLe = 4an Ty 


° 
Cathotituita tha valine 
VELLLULY LLY vVuUuLULD 


y of the second point m=4-—(-—3)x2— x1 
minus y of the first 


. 
naint 
pvr 


x of the second point m=4-—(—3)—7-(-2) 
minus x of the first 


. 
naint 
pvrrse 


Cimonalifxr, 


Ullitipiizy. 


Let’s confirm this on the graph shown. 


m=riserunm = —75m= —75 


Find the slope of the line through the pair of 
points: (— 3,4) and (2, —1). 


Find the slope of the line through the pair of 
points: (— 2,6) and (— 3, —4). 


Graph a Line Given a Point and the Slope 


In this chapter, we graphed lines by plotting points, 
by using intercepts, and by recognizing horizontal 
and vertical lines. 


Another method we can use to graph lines is the 
point-slope method. Sometimes, we will be given 
one point and the slope of the line, instead of its 
equation. When this happens, we use the definition 
of slope to draw the graph of the line. 


Graph the line passing through the point (1, 
— 1) whose slope is m= 34. 


Solution 


Plot the given point, (1, —1). 


Use the slope formula m=riserun to identify 
the rise and the run. 
m = 34riserun = 34rise = 3run = 4 


Starting at the point we plotted, count out the 
rise and run to mark the second point. We 
count 3 units up and 4 units right. 


Then we connect the points with a line and 
draw arrows at the ends to show it continues. 


We can check our line by starting at any point 
and counting up 3 and to the right 4. We 
should get to another point on the line. 


Graph the line passing through the point with 
the given slope: 


(2,—2),m=43 


Graph the line passing through the point with 


the given slope: 


(—2,3),m=14 


Graph a line given a point and a slope. 


Plot the given point. Use the slope formula to 
identify the rise and the run. Starting at the given 
point, count out the rise and run to mark the 
second point. Connect the points with a line. 


Graph the line with y-intercept (0,2) and slope 
m= —23. 


Solution 


Plot the given point, the y-intercept (0,2). 


Use the slope formula m=riserun to identify 
the rise and the run. 
m= — 23riserun = — 23rise =—2run = 3 


Starting at (0,2), count the rise and the run 
and mark the second point. 


Connect the points with a line. 


Graph the line with the given intercept and 
slope: 


y-intercept 4,m= —52 


Graph the line with the given intercept and 
slope: 


x-intercept —3,m= — 34 


Graph the line passing through the point (—1, 
— 3) whose slope is m= 4. 


Solution 


Plot the given point. 


Identify the rise and 


thn viin 
tae Lute 


VWAleita A aaa Frantian 
VattuU 1F Uv U LLULLIVIL 


Count the rise and run. 


m=4 


. 
riaanriin — A 
2LOLLUEL 


rise = 4run=1 


Mark the second point. Connect the two points 
with a line. 


Graph the line with the given intercept and 
slope: (— 2,1),m=3. 


Graph the line with the given intercept and 
slope: (4, —2),m= —2. 


Solve Slope Applications 


At the beginning of this section, we said there are 
many applications of slope in the real world. Let’s 
look at a few now. 


The pitch of a building’s roof is the slope of 
the roof. Knowing the pitch is important in 
climates where there is heavy snowfall. If the 
roof is too flat, the weight of the snow may 


cause it to collapse. What is the slope of the 


roof shown? 


Solution 


TTan tha elann farmiiles 


WMvuoe tiiv ed AWVLLILLULLIULe 


Substitute the values 


. 
Far rian and v119n 
2VUL Livow ULL LULL 


nli far 


Cim 
Oilipay 


. 
m — rianriin 
ait” LdvwLtuUusiL 


m=9 ft18 ft 


a IE} 


The slope of the roof is 
2. 


Find the slope given rise and run: A roof with 
arise =14 and run = 24. 


Find the slope given rise and run: A roof with 
arise =15 and run =36. 


Have you ever thought about the sewage pipes 
going from your house to the street? Their slope is 
an important factor in how they take waste away 
from your house. 


Sewage pipes must slope down 14 inch per 
foot in order to drain properly. What is the 
required slope? 


Solution 


alann fa aale — Kianndin 
ivper TOL.ULcle HH — £Lovei Ui 


m — —_1Ain 1 ft 


pe Bb Title Lit 


Convert 1 foot to 12 


Cimntlifr 


AR ee / e 
The aoe of the pipe is 
— 148. 


Find the slope of the pipe: The pipe slopes 
down 13 inch per foot. 


Find the slope of the pipe: The pipe slopes 
down 34 inch per yard. 


ACCESS ADDITIONAL ONLINE RESOURCES 


* Determine Positive slope from a Graph 
¢ Determine Negative slope from a Graph 
¢ Determine Slope from Two Points 


Key Concepts 
¢ Find the slope from a graph 


Locate two points on the line whose 
coordinates are integers. Starting with the point 
on the left, sketch a right triangle, going from 
the first point to the second point.Count the 


rise and the run on the legs of the triangle. 
Take the ratio of rise to run to find the slope, 
m=riserun 
¢ Slope of a Horizontal Line 
© The slope of a horizontal line, y=b, is 0. 


¢ Slope of a Vertical Line 


© The slope of a vertical line, x=a, is 
undefined. 


¢ Slope Formula 


© The slope of the line between two points 
(x1,y1) and (x2,y2) is m=y2-y1x2-x1 


* Graph a line given a point and a slope. 
Plot the given point. Use the slope formula to 
identify the rise and the run. Starting at the 
given point, count out the rise and run to mark 


the second point. Connect the points with a 
line. 


Section Exercises 


Practice Makes Perfect 


Use Geoboards to Model Slope 


In the following exercises, find the slope modeled on 
each geoboard. 


14 


In the following exercises, model each slope. Draw a 
picture to show your results. 


23 


34 


14 


43 


=12 


=32 


Find the Slope of a Line from its Graph 


In the following exercises, find the slope of each line 
shown. 


20 


Find the Slope of Horizontal and Vertical Lines 


In the following exercises, find the slope of each 
line. 


y=3 


undefined 


y=-2 

0 

y=-3 
x=-—5 
undefined 
x=—4 


Use the Slope Formula to find the Slope of a Line 
between Two Points 


In the following exercises, use the slope formula to 
find the slope of the line between each pair of 
points. 


(1,4),(3,9) 


52 


(233)55,7) 


(0,3),(4,6) 


34 


(0,1),(5,4) 


(2,5),(4,0) 


=52 


(3,6),(8,0) 


( ~~ D3) 23 a 5) 


=85 


( = 2,4);(3, = 1) 


( = ae a 2),(2,5) 


73 


(2. 1),(6,5) 
(4,—5),(1, —2) 
= 

(3, -6),(2,—2) 


Graph a Line Given a Point and the Slope 


In the following exercises, graph the line given a 
point and the slope. 


(1, —2);m = 34 


(1,-—1);m=12 


(2,5):m= —13 


(1,4);m= —12 


(—3,4);m = —32 


(—2,5);m= —54 


(-—1,-4);m=43 


(—3,—5);m=32 


(0,3):m= —25 


(0,5);m= —43 


(—2,0);m = 34 


(-—1,0);m=15 


(— 3,3);m = 2 


(—4,2);m=4 


(1,5);m= —3 


(2,3);m= —1 


Solve Slope Applications 


In the following exercises, solve these slope 
applications. 


Slope of a roof A fairly easy way to determine 
the slope is to take a 12-inch level and set it on 
one end on the roof surface. Then take a tape 
measure or ruler, and measure from the other 
end of the level down to the roof surface. You 
can use these measurements to calculate the 
slope of the roof. What is the slope of the roof 
in this picture? 


13 


What is the slope of the roof shown? 


Road grade A local road has a grade of 6%. 
The grade of a road is its slope expressed as a 
percent. 


@ Find the slope of the road as a fraction 


and then simplify the fraction. 
© What rise and run would reflect this slope 
or grade? 


@350@Orise = 3;run = 50 


Highway grade A local road rises 2 feet for 
every 50 feet of highway. 


@ What is the slope of the highway? 

® The grade of a highway is its slope 
expressed as a percent. What is the grade of 
this highway? 


Everyday Math 


Wheelchair ramp The rules for wheelchair 
ramps require a maximum 1 inch rise for a 12 
inch run. 


@ How long must the ramp be to 
accommodate a 24-inch rise to the door? 
© Draw a model of this ramp. 


@ 288 inches (24 feet) 
© Models will vary. 


Wheelchair ramp A 1-inch rise for a 16-inch 
run makes it easier for the wheelchair rider to 
ascend the ramp. 


@ How long must the ramp be to easily 
accommodate a 24-inch rise to the door? 
® Draw a model of this ramp. 


Writing Exercises 


What does the sign of the slope tell you about a 
line? 


Answers will vary. 


How does the graph of a line with slope m= 12 
differ from the graph of a line with slope m= 2? 


Why is the slope of a vertical line undefined? 


Answers will vary. 


Explain how you can graph a line given a point 


and its slope. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Chapter Review Exercises 


Use the Rectangular Coordinate System 
Plot Points in a Rectangular Coordinate System 


In the following exercises, plot each point in a 
rectangular coordinate system. 


(1,3),@,1) 


(2,5),(5,2) 


In the following exercises, plot each point in a 
rectangular coordinate system and identify the 
quadrant in which the point is located. 


Gt —1,=5) 
©(-3,4) 
©(2, —3) 
@(1,52) 


@ Ill 
® II 


@(3, — 2) 
®(-—4,-1) 
©(-5,4) 
@(2,103) 


Identify Points on a Graph 


In the following exercises, name the ordered pair of 
each point shown in the rectangular coordinate 
system. 


@ (5,3) 


® (2,-1) 


© (-—3,-2) 


@® (2,0) 
® (0,—5) 
© (—4,0) 
@ (0,3) 


Verify Solutions to an Equation in Two Variables 


In the following exercises, find the ordered pairs 
that are solutions to the given equation. 


ox+y=10 
@(5,1) 


®(2,0) 
©(4, — 10) 


®©®,© 


y=6x-2 
@(1,4) 


®(13,0) 
©(6, —2) 


Complete a Table of Solutions to a Linear 
Equation in Two Variables 


In the following exercises, complete the table to find 
solutions to each linear equation. 


y=4x-1 


“7 «T (<7 xr\ 
oo J Lays 
n 
VU 
1 
it 
—2 
“7 «T (=z xr\ 
oe J Lays 
re) —1 (ON 1. 
4 = Ww, ay 
q 2 (1.2) 
. = Lhe) 
y=—12x+3 
“7 «T (=z «r\ 
i J ways 
fay 
VV 
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x+2y=5 


“7 «T (<7 xr\ 
x y laiys 
ray 
VU 
4 
i 
—] 
“7 «TT (=z «r\ 
x y laiys 
=~ Nn re NY 
v Vv Lvs 
1 9 19) 
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3x—2y=6 


«7 («7 xr\ 


J Lays 


CD pe 


CD 


Find Solutions to a Linear Equation in Two 
Variables 


In the following exercises, find three solutions to 
each linear equation. 


x+ty=3 


Answers will vary. 


x+ty=-—4 


y=3x+1 


Answers will vary. 


y=-x-l 


Graphing Linear Equations 


Recognize the Relation Between the Solutions of 
an Equation and its Graph 


In the following exercises, for each ordered pair, 
decide 


@ if the ordered pair is a solution to the 


equation. 
® if the point is on the line. 


y=-x+4 


@(0,4) 
®(-1,3) 
©(2,2) 
@(- 2,6) 


@ yes ® no © yes @ yes 
@ yes ® no © yes @ yes 


y=23x-1 


@(0, -1) 
®(3,1) 
©(-3,-3) 
@O(6,4) 


Graph a Linear Equation by Plotting Points 


In the following exercises, graph by plotting points. 


y=4x-3 


Graph Vertical and Horizontal lines 


In the following exercises, graph the vertical or 
horizontal lines. 


y=-2 


ms 
lI 
ww 


Graphing with Intercepts 
Identify the Intercepts on a Graph 


In the following exercises, find the x- and y- 
intercepts. 


(0,3) (3,0) 


Find the Intercepts from an Equation of a Line 


In the following exercises, find the intercepts. 


x+y=5 
x-y=—-1 
C=1,0):(0,.7) 
y =34x-12 
y=3x 

(0,0) 


Graph a Line Using the Intercepts 


In the following exercises, graph using the 
intercepts. 


—x+3y=3 


xt+ty=-2 


Choose the Most Convenient Method to Graph a 
Line 


In the following exercises, identify the most 
convenient method to graph each line. 


horizontal line 


2x+y=5 


x-y=2 


intercepts 


y=12x+2 


y=34x-1 


plotting points 


Understand Slope of a Line 
Use Geoboards to Model Slope 


In the following exercises, find the slope modeled on 
each geoboard. 


= 25 


In the following exercises, model each slope. Draw a 
picture to show your results. 


13 


32 


+23 


=12 


Find the Slope of a Line from its Graph 


In the following exercises, find the slope of each line 
shown. 


— 


=12 


Find the Slope of Horizontal and Vertical Lines 


In the following exercises, find the slope of each 
line. 


undefined 


x=-3 


Use the Slope Formula to find the Slope of a Line 
between Two Points 


In the following exercises, use the slope formula to 


find the slope of the line between each pair of 
points. 


(2,1),(4,5) 


(= yg 7 1),(0, oe 5) 


—4 

(3,5),(4, -1) 
(—5, —2),(3,2) 
12 


Graph a Line Given a Point and the Slope 


In the following exercises, graph the line given a 
point and the slope. 


(2, —2);m=52 


(-—3,4);m=—-13 


Solve Slope Applications 


In the following exercise, solve the slope 
application. 


A roof has rise 10 feet and run 15 feet. What is 


its slope? 


Chapter Practice Test 


Plot and label these points: 


@(2,5) 
®(—1,-3) 
©(—4,0) 
@(3, —5) 
©(=2;1) 


Name the ordered pair for each point shown. 


Find the x-intercept and y-intercept on the line 


shown. 


(4,0), (0, _ 2) 


Find the x-intercept and y-intercept of the 
equation 3x—y=6. 


Is (1,3) a solution to the equation x + 4y=12? 
How do you know? 


no;31l+4-:3412 


Complete the table to find four solutions to the 
equation y= —x+1. 


17 (x7 «1\ 
Lee (Ad 


CO Fa CD bd 
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Complete the table to find three solutions to the 
equation 4x+y=8 


wT T (<7 xr\ 
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n 
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n 
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In the following exercises, find three solutions to 
each equation and then graph each line. 


In the following exercises, find the slope of each 
line. 


=52 


Use the slope formula to find the slope of the 


line between (0, — 4) and (5,2). 


Find the slope of the line y= 2. 


Graph the line passing through (1,1) with slope 
m= 32. 


A bicycle route climbs 20 feet for 1,000 feet of 
horizontal distance. What is the slope of the 
route? 


150 


Glossary 


slope of a line 
The slope of a line is m=riserun. The rise 
measures the vertical change and the run 
measures the horizontal change. 


Cumulative Review 


Note: Answers to the Cumulative Review can be 
found in the Supplemental Resources. Please visit 
http://openstaxcollege.org to view an updated list 
of the Learning Resources for this title and how to 
access them. 


Chapter 1 Whole Numbers 


No exercises. 
Chapter 2 The Language of Algebra 
Simplify: 


1.503 +2:6)—82 


Solve: 
2.17=y-—13 
3.p+14=23 


Translate into an algebraic expression. 
4.11 less than the product of 7 and x. 


Translate into an algebraic equation and solve. 


5.Twice the difference of y and 7 gives 84. 
6.Find all the factors of 72. 
7.Find the prime factorization of 132. 


8.Find the least common multiple of 12 and 20. 


Chapter 3 Integers 
Simplify: 

9.|8—9| —|3-8| 
10.—2+4(-—3+7) 
11.27 =—(-—4=7) 
12.28 +(—4)—-7 


Translate into an algebraic expression or 
equation. 


13.The sum of —5 and 13, increased by 11. 
14.The product of —11and8. 

15.The quotient of 7 and the sum of —4andm. 
16.The product of —3 and is —51. 


Solve: 


17.—6r=24 


Chapter 4 Fractions 


18.Locate the numbers on a number line. 
78,53,314,5. 


Simplify: 
19.21p57q 
20.37-(— 2845) 
21.—634+92 
22,3336 

23. — 423(— 67) 
24.— 214-38 
25.7°8 + 4(7 —12)9-6—2-9 
26. — 2336+ 1720 
27 12+1334—13 
28.358 — 212 


29. — 23r= 24 


Chapter 5 Decimals 
Simplify: 

30.24.76 — 7.28 
31,12,9-F15,633 
32.(—5.6)(0.25) 
33.96.29 + 12 
34.34(13.44 — 9.6) 
35.64 +225 
36.121x2y2 


37.Write in order from smallest to largest: 
58,0.75,815 


Solve: 

38. — 8.6x = 34.4 

39.Using 3.14 as the estimate for pi, approximate 
the (a) circumference and (b) area of a circle whose 
radius is 8 inches. 


40.Find the mean of the numbers, 18,16,20,12 


41.Find the median of the numbers, 24,29,27,28,30 


42.Identify the mode of the numbers, 
6,4,4,5,6,6,4,4,4,3,5 


43.Find the unit price of one t-shirt if they are sold 
at 3 for $28.97. 


Chapter 6 Percents 


44.Convert 14.7% to (a) a fraction and (b) a 
decimal. 


Translate and solve. 
45.63 is 35% of what number? 


46.The nutrition label on a package of granola bars 
says that each granola bar has 180 calories, and 81 
calories are from fat. What percent of the total 
calories is from fat? 


47 Elliot received $510 commission when he sold a 
$3,400 painting at the art gallery where he works. 
What was the rate of commission? 


48.Nandita bought a set of towels on sale for 
$67.50. The original price of the towels was $90. 
What was the discount rate? 


49.Alan invested $23,000 in a friend’s business. In 5 
years the friend paid him the $23,000 plus $9,200 
interest. What was the rate of interest? 


Solve: 


50.9p= —614 


Chapter 7 The Properties of Real Numbers 


51.List the (a) whole numbers, (b) integers, (c) 
rational numbers, (d) irrational numbers, 


(e) real numbers —5, — 214, —4,0.25 ,135,4 
Simplify: 

52.(815 + 47) + 37 

53.3(y +3) -8(y-4) 

54.817-49:178 


55.A playground is 55 feet wide. Convert the width 
to yards. 


56.Every day last week Amit recorded the number 
of minutes he spent reading. The recorded number 
of minutes he read each day was 
48,26,81,54,43,62,106. How many hours did Amit 
spend reading last week? 


57.June walked 2.8 kilometers. Convert this length 
to miles knowing 1 mile is 1.61 kilometer. 


Chapter 8 Solve Linear Equations 
Solve: 

58.y+13=—-8 
59.p+25=85 

60.48 = 23x 
61.4(a—3)—6a=—-18 
62.7q+14= —35 

63.4v —27=7v 

64.78y —6=38y —8 

65.26 — 4(z—2)=6 
66.34x — 23 =12x—56 
67.0.7y + 4.8 =0.84y — 5.3 
Translate and solve. 


68.Four less than n is 13. 


Chapter 9 Math Models and Geometry 


69.One number is 8 less than another. Their sum is 
negative twenty-two. Find the numbers. 


70.The sum of two consecutive integers is — 95. 
Find the numbers. 


71.Wilma has $3.65 in dimes and quarters. The 
number of dimes is 2 less than the number of 
quarters. How many of each coin does she have? 


72.Two angles are supplementary. The larger angle 
is 24° more than the smaller angle. Find the 
measurements of both angles. 


73.One angle of a triangle is 20° more than the 
smallest angle. The largest angle is the sum of the 
other angles. Find the measurements of all three 
angles. 


74.Erik needs to attach a wire to hold the antenna 
to the roof of his house, as shown in the figure. The 
antenna is 12 feet tall and Erik has 15 feet of wire. 
How far from the base of the antenna can he attach 
the wire? 


75.The width of a rectangle is 4 less than the length. 
The perimeter is 96 inches. Find the length and the 
width. 

76.Find the (a) volume and (b) surface area of a 


rectangular carton with length 24 inches, width 18 
inches, and height 6 inches. 


Chapter 10 Polynomials 
Simplify: 
77{8m2— 2m — 5) —(2m2=—7m— 1) 


78.p3-p10 


79.(y4)3 

80.(3a5)3 
81.(x3)5(x2)3 
82.(23m3n6)(16m4n4) 
83.(y—4)(y +12) 
84.(3c+1)(9e—4) 
85.(x— 1)(x2— 3x2) 
86.(8x)0 
87.(x3)5(x2)4 
88.32a7b212a3b6 
89.(ab — 3)(a — 3b6) 


90.Write in scientific notation: 
(a)4,800,000(b)0.00637 


Factor the greatest common factor from the 
polynomial. 


91.3x4 — 6x3 — 18x2 


Chapter 11 Graphs 


Graph: 

92.y=4x—-—3 

93.y = — 3x 

94.y=12x+3 

95.x-y=6 

96.y= —2 

97.Find the intercepts. 2x+ 3y=12 
Graph using the intercepts. 
98.2x—4y=8 


99.Find the slope of the line shown. 


100.Use the slope formula to find the slope of the 
line between the points (—5, — 2),(3,2). 


101.Graph the line passing through the point 
(— 3,4) and with slope m= — 13. 
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Geometric Formulas 


AT. ~ fe?) . ers 

INGLIIT ULI ape BULIILUIGAD 

Rectangle Perimeter:P = 21 
+ 2wArea:A =lw 


Square Perimeter:P = 4sArea:A j 


Triangle Perimeter:P =a 
+b 
+ cArea:A = 12bhSum 
of Angles:A +B 
+C=180° 


ST 
Right Triangle Pythagorean 


Theorem:a2 + b2=c2Ar 
i” 


a 
Circle C= 2nrCircumference:o 


Perimeter:P = 2a 
+ 2bArea:A= bh 


 — 
Parellelogram 


eS 
Perimeter:P =a 


+b+c 
+BArea:A=12(B 
+b)h 


Trapezoid 


2 Dimensions 


Naimeé Snape Formulas 
Rectangular Volume:V = lwhSurface 
Solid Area:SA = 2lw 


+ 2wh + 2hl 


Cube Volume:V = s3Surface 
Area:SA = 6s2 


Cone Volume:V = 13ar2hSurf 
Area:SA =ar2 + mrh2 +1 


Sphere Volume:V = 43ar3Surfa 
Area:SA = 4x12 


ed 
Right Circular Volume:V = sr2hSurfac 
Cylinder Area:SA = 20r2 + 2rh 


3 Dimensions 


